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Photoelectron angular distributions from electron-atom collisions
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The differential cross section for electron-impact ionization of atoms has been derived

for the general case and the dipole (E1) limit of the Born approximation. Emphasis was

placed on the theoretical description of the (e,2e) angular correlation between fast electrons

scattered in the forward direction and electrons ejected by the ionization process. The gen-

eral angular-momentum treatment of this work results in a more complete description of
the dipole (e,2e) angular distribution than previous purely kinematic analyses.

I. INTRODUCTION

The dipole (e,2e) quantitative simulation of pho-
toelectron spectroscopy' has proven to be an ex-
tremely valuable tool for the determination of
energy-dependent photoionization cross sections of
atoms and molecules. The technique utilizes the
fact that, at vanishingly small momentum transfers,
electron-impact excitation proceeds predominantly
via electric dipole (E 1) transitions and thereby fol-
lows optical selection rules. ' In addition to these
cross-section measurements, which are taken at a
fixed detector geometry, the dipole (e,2e) angular
correlation can also be used to obtain the asym-
metry parameter p which determines the photoelec-
tron angular distribution for an E 1 process. ' The
first measurements of this kind by Brion and co-
workers' clearly demonstrated the feasibility of
determining P parameters by dipole (e,2e), however,
the data suffered from an incomplete, empirical
analysis of the reaction kinematics. A later, more
detailed kinematic study by Hamnett et al, resulted
in an approximate expression for the dipole (e,2e)
differential cross section in terms of scattering
parameters and slit geometries. Although their for-
mula does not . have a straightforward angular
dependence, it does account for the existence of a
"magic" angle (8=54'44'), between the two outgo-
ing electrons at which the differential cross section
is independent of the p parameter. The fact that
this angle is identical to the magic angle for pho-
toionization in the dipole approximation =uggests
that the underlying angular dependence has a more
general form and is independent of the approxima-
tions used in Ref. 3. That this is so is clear from
Yang's theorem, which restricts the angular distri-
bution of products from any cylindrically sym-

metric E 1 process to even polynomials of cos0 with

a maximum exponent of two, i.e.,

Ao+A2Pp(cos8). ' Hence, the existence of a magic
angle at 8=54'44' for the dipole (e,2e) technique is
a natural consequence of detecting (in a cylindrical-

ly symmetric fashion) only those collisions which
have small momentum transfers and thus dominat-

ed by electric dipole transitions. " In a related
kinematic study, Kim' derived the angular distri-
bution of secondary electrons produced by charged
particle impact for which the scattered particle is
undetected. For the region of small momentum
transfers Kim found that the angular distribution of
secondary electrons was approximately that of pho-
toelectrons produced by unpolarized light, i.e.,
1 pPq(cos—8)i2 Howeve. r, the differential cross
section derived by Kim also included an additional

angularly dependent term which was left unspeci-
fied.

In this work, I report the results of a general
angular-momentum derivation of the atomic (e,2e)
differentical cross section in the Born approxima-
tion. Particular attention is paid to the optical (E 1)
limit of the differential cross section and its appli-
cation to the dipole (e,2e) technique. The dipole
(e,2e) angular correlation is found to have the gen-
eral form expected from symmetry arguments and
explicit expressions for the coefficients Ao and A2
are given. This study is complementary to similar
theoretical analyses of charged-particle impact ioni-
zation by Manson et al. ' and Theodosiou' in
which the optical limit and the (e,2e) reactions were

not explicitly treated. The application of these re-

sults to the deterinination of p parameters from fu-
ture dipole (e,2e) experiments and its extension to
nondipole processes are discussed.

II. THEORY

A. General

Consider an ionizing collision between a fast elec-
tron with initial momentum A'k (initial nonrelativis-
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tic kinetic energy T=mu /2) with a stationary
atom with atomic number Z. The kinematics of
such a collision are shown in Fig. 1. The scattered
and ejected e1ectrons have final momenta of A'k'

and A'k„respectively, and 0 represents the scatter-
ing angle relative to the incident beam direction.
The momentum transferred in the collision is given
by

A'q =A'k —A'k',

where the three momenta lie in a "reaction" plane
defined by the xz axes and where 0~ is the angle be-
tween the momentum-transfer direction and the
beam axis. The trajectory of the ejected electron is
described by the polar angles 8, and P, as shown.

For fast electron-impact ionization (fast relative
to the mean orbital velocity of the electron before
ejection), the atomic (e,2e) differential cross section
can be formulated in the Born approximation to
give615 16

4kk' 1
J J

5E e I——
Ja Mr ——Jr ~—+1/2

where dk' and dk, are the solid angles for the scat-
tered and ejected electrons, respectively, e is the ki-
netic energy of the ejected electron, [Jz] represents
the quantity 2J& + 1, and R is the Rydberg constant.
The Born excitation matrix element gives the
strength of the transition between a neutral atom in
state

~
JqMq ) to a final state consisting of an ion

core in state
~
JIMI) and a continuum electron

with linear momentum haik, and helicity o..' The
summations over Mz, Ml, and o represent averag-

ing over initial-state orientations and summing over
degenerate final states. The delta function
5(E e I) im—pos—es energy conservation on the ob-
served ionization event; here E is the energy loss of
the scattered particle

[E/R =(kao) —(k'ao) l

and the symbol I represents the ionization energy

given by the energy difference between the neutral
and ionic atomic states, i.e., I=E (JI ) E(J„).—Ex-
change affects have been ignored in writing Eq. (1)
as I am interested predominantly in describing in-
elastic collisions with energy losses up to —100 eV.
As the incident electron-beam energy is several kilo-
volts or higher, the scattered and ejected electrons
have substantially different energies

[e/( T E) & 0.05]—

and, as a consequence, the effects of exchange are
negligible. '

To evaluate the matrix element on the right-hand
side of Eq. (1), an explicit form of the coupled final
state is required. Following Eichler and Fritsch, '

the ejected continuum electron is written as a
partial-wave expansion over one-electron angular-
momentum eigenstates

l s j
X Oo. —o.

)&D' (k, )e '
~

(1—, )jm ),

FIG. 1. Collision geometry for inelastic electron-atom
scattering leading to the ejection of a bound electron.
Vectors k and k' correspond to the initial and final mo-
menta of the scattered electron, q is the momentum
transferred in the collision, and k, is the momentum of
the ejected electron. Momenta k, k', and q all lie in the
"reaction" plane defined by the xz axes.

where l is the orbital angular momentum, the quan-
tity in parentheses is a 3-j symbol, D~ (k, ) is a ro-
tation matrix element, ' and a represents the quanti-

ty v'2a+1. The radial part of
~

jm) has the
asymptotic form of a Coulomb wave with phase
shift 5J-. The many-electron wave function is then
obtained by coupling the ionic state wave function
and the continuum electron state of Eq. (2) to give
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I+j J l s
I JrMr kerr&= ( —1) i ij J
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The
I
JM) represent continuum eigenfunctions of

the full Z-electron Hamiltonian which are allowed

by symmetry to contribute to the asymptotic
(», —+ ao ) dissociation channel specified by

I
JrMr, k, rr)

Use is also made of the multipole expansion of
the exponential operator, i.e.,

Z ~ ~ OQ

g e '= g g i [A]Cg„(q)Tg,(»;),
i=1 A, =O v= —A,

(4a)

and where C~ are modified spherical harmonics
(Yz„V'4n/A, )

.and jx are spherical Bessel functions
of order A, .

After substitution of Eqs. (3) and (4), Eq. (1) can
be reduced by the application of standard angular-
momentum algebra, after which the (e,2e} differen-
tial cross section can be written as

'I-'~ 4kk' g Ar; (q)Pr, (k, q ),
dk'dk, de (T/&)q r. =o

where
Z

TA, (» }=y jX(q» )CA, (» ) (4b)
where the coefficients Az(q) are given by

(5a)

r

A1 A2 E
x y "'"[x][x]

o o o
kfpA2

.—s —~2+~2+J],+J2+J~+~Z JI ~ = rX J1J2~ 1~2
j»z JiJ2

ll l2 + ~1 ~2 + J1 J2
x '. ''J J J ''J J J '&JwllTx IIJi&exp[ i(6—

where the quantities in curly braces are 6-J symbols
and the (Jz II Txl IJ) represent the reduced ioniza-
tion matrix elements. The above expressions are
completely general in that no particular coupling
scheme has been chosen to describe the internal
structure of the neutral atom or residual ion core.
The use of Jr coupling ( J = Jr+ j ) in the con-
struction of the

I
JM) continuum eigenstates (Eq.

3), however, implicitly assumes that the interaction
of the ion core and continuum electron is weak.
For Ax (q) coefficients in alternative coupling
schemes, the reader is referred to the single-particle
results of Manson et al. (I.S coupling}' and Theo-
dosiou (jj coupling}. '

Of particular interest here is the measurement of
the (e,2e) angular correlations in which the scat-

I

tered electron detector is fixed along the incident
beam direction and collects only a cone of scattered
electrons in the "forward" direction. The integra-
tion of Eq. (4a) over the scattered electrons' collect-
ed solid angle dk in this detector geometry is sim-
plified by the use of the relationship

dk'=, dq dP'

which follows from

q2=k +k —2kk'cos8 .
The integration over d4' (corresponding at arbitrary
choice of the reaction plane) is accomplished via the
identity
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f Px(k, .q)dg'= Px(cos8, )Px(cos8») f dP'

+2g; Px(cos8, )P~~(cos8») f cos[p(P, P'—)]dP',|(L +P)!
(7)

where Pf are associated I.egendre polynomials. As
scattered electrons are collected in a cone symmetric
about the beam axis„ the integration is from P'=0'
to P'=2m;the . integral in the summation of Eq. (7)
can be evaluated by noting that a I['otation about

P, —P' is equivalent to a rotation about P' (see Fig.
1). Hence, this latter integral is identically zero and

Eq. (7) becomes simply

O'J ~J2

dk, de
g Px (cos8, )

Sm

T/R

&( f Ax(q)Px. (cos8»)
&min

d (lnq)
X

where the limits of integration for q are determined
from

q =k +k —2kk'cos0,

with 8=0' and I9=00, where I90 is the acceptance
angle of the scattered electron detector. Hence, for
a fixed collection solid angle in the scattered elec-
tron detector (fixed 80) and a given energy loss (

which fixes k' by k'ao ——[(kao) —E/R]'~ ) the an-

gular distribution of ejected electrons relative to the
beam direction reduces to a Legendre-polynomial
expansion of the form QAxPz(cos8, ). This angu-

lar distribution has the same general form as that
for photoionization by unpolarized, multipole radia-
tion for which the even K terms represent contribu-
tions (incoherent) from the various multipole waves,
e.g., electric dipole (E 1) and magnetic dipole (M 1)
processes contribute to the coefficients with E=O,
2, and 4, while the odd-E terms give their interfer-
ence, e.g., K= 1 includes the (E1,M1) and (E 1,E2)
interference terms. For electron excitation only
electric multipoles exist, so that by analogy with ra-
diation, excitation by electric I.-pole processes con-
tribute to the even-E terms up to 2L, and the in-
terference between these processes is given by the

2w

Px(k, .q)dg'=2rrPx(cos8, )Px.(cos8») .
0

The (e,2e) differential cross section can then be
written as

odd-E terms. For photon excitation, the various
multipole contributions are determined only by the
relative magnitudes of dynamical coefficients simi-

lar in form to the Az coefficients given by Eq.
(5b). ' In the case of electron excitation, however,
the relative magnitudes of these dynamical terms
are multiplied by the purely kinematic factor

q P2(cos8») which when integrated over q can em-

phasize different excitation multipolarities depend-

ing on the limits q;„and q,„. For example, for
vanishingly small momentum transfers

(q,„,q;„—+0) only dipole (E 1) excitations are
readily observable (see Sec. IIB), while for larger
momentum transfers electron impact becomes in-

creasingly sensitive to quadrupole and higher-order
excitations.

Finally, it should be noted that cylindrical sym-
metry is imposed on the ionization process,
described by Eq. (8), by choosing the scattered elec-

tron detector to lie symmetrically about the beam
axis. If instead, measurements were made off axis,
the integration over dP' [Eq. (7)] would no longer
be straightforward as then P' would be a function of
the scattered electron detector's collection angles.
This will, in general, introduce an azimuthal depen-
dence into the (e,2e) differential cross sections, i.e.,

For most scattering experiments this additional de-

gree of freedom is highly undesirable, however, the
binary (e,2e) coincidence technique makes exclusive
use of this azimuthal dependence for the determina-
tion of momentum distributions.

B. Electric dipole limit (q ~0)

For small momentum transfers and high incident
electron velocities [conditions typical for the dipole
(e,2e) experiment ], the Bethe approximation to the
Born transition operator can be employed, i.e.,

lim e '-1+iq r;,
E~O

where the I term is appropriate for elastic scatter-
ing only. For ease of manipulation it is useful to
put the Bethe-Born operator into spherical form as
follows:
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where

1

=iq g Ci„(q)T„(r;),
v= —1

z
Ti,(r;)= g r;Ci„(r;)

z z
g i q. r; =iq g r;cos(8~„.)

(9a)

(9b)

which reduces to qr;/3 for A, =i. The operator
Ti„(r; ) defined by Eq. (9b) is the familiar spherical
representation of the electric dipole (E 1) operator in
the length form.

The dipole limit of the general (e,2e) differential
cross section can then be obtained by substituting
A, i ——A,2

——1 in Eq. (5b) and replacing the reduced
matrix elements &J~IITxllJ& by q&J~II illJ& as
required by Eqs. (9a) and (9b). From the triangular

condition
and where Eq. (9a) follows from the use of the
spherical-harmonic addition theorem. Comparison
of Eqs. (9a) and (9b) with the general multipole ex-
pansion [Eq. (4)] shows that the Bethe approxima-
tion is equivalent to restricting the sum over A, to
the single term A, =1 and using the hmiting form
(qr; ~0) of the spherical Bessel functions

hm Jx qr;—

lii —A2I &E& IA, , +A,

imposed by the 3-j symbol ( p p p ) in Eq. (Sb) and
~1 ~2 K

the fact that A, i+ Aq+E must be even for this coef-
ficient to be nonzero, K is restricted to take the
values of 0 and 2. Furthermore, the 3-j symbol

2K
(p o p ) requires that ii and 12 have the same pari-
ty. With these considerations the dipole (e,2e)
"photoelectron" angular distribution is given by

d OJ~J2

dk, de

where

Ap(E1) f d(lnq)+A2(E1)P2(cos8, ) f P2(cos8~)d(lnq)
(T/R) &min qmin

(10a)

Ao(EI)= g I &J~ IITillJ[(is)jJ11& I'
V'3o[~~) tie

lo 1 2l I 2
A2(E 1)= g lil2 () () ()30[JR] I, I,

(10b)

X Z„g ( —1) jij2JiJ2
~+ 2+J1+J2+ 1+2J2 I

J1J2 1 2

I1 2 1 1 2 J1 J2

j1 J2 J1 JA J2 J) ~I

X & JA
I I

Ti
I IJi &exp[ —i(ti ', —&', )l& J21 ITi I IJ~ & (10c)

and where Ti is defined by Eq. (9b). From Eq.
(10a) it is clear that the dipole (e,2e) angular distri-
bution is of the form Ap+AqP2(cos8, ) in accor-
dance with Yang's theorem as discussed earlier. In
addition, the magic angle for which the differential
cross section is independent of P is confirmed to be
that at which P2(cos8, ) is zero, i.e., 8, =54'44'.

By comparison of Eq. (10a) with the differential
cross section for photoionization, one finds the
following relationships:

df ao
dE (E/R)

Ai(E1)
Ap(E1)

where df /dE is the integrated photoionization os-
cillator strength and P is the usual asymmetry
parameter. In terms of these quantities, the dipole
(e,2e) differential cross section becomes
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OJ~J2

Gfk~cjg

where

28~a p qmRx
'

d~o
(E/E. )(T/&) ~-. . dE

d(lnq)

1 ——P2(cos8, )F( q )

1.0

0.8—
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I I—- —T =1.5 keV

q
mRX

F(q)= 1 —3 I cos 8~d(lnq)
qmin

r

I d(lnq } (1 lb)

-0.6
—0.8
—1.0—
—1.2—

x +Op+4
02

x +0
Op

2 '1-'
ln 1+——

x

In Fig. 2 the function F(q) is plotted versus energy
loss [for dipole (e,2e) the energy loss is analogous to
the photon energy] for incident electron energies of
1.5, 3.5, and 10 keV. The acceptance angle used to
calculate these curves was that used in the dipole
(e,2e) apparatus of Brion and co-workers
(80=1.25X10 rad). ' For T =3.5 keV, which

Apart from the kinematic factor F(q), the angular
dependence for dipole (e,2e) is identical to photoion-
ization with unpolarized light. ' ' Furthermore,
as the momentum transfer decreases, the angle Oq

approaches m/2 (q becomes nearly perpendicular to
the beam axis) and F(q)~1, in which case the an-

gular distributions for dipole (e,2e} and photoioni-
zation becomes equivalent. Experimentally, this
limit is unattainable as the acceptance angle of the
forward detector (80) must decrease to zero which
would lead to a vanishingly small collection solid
angle.

The kinematic factor F(q) can be evaluated for
typical experimental conditions by first expressing
cos Oq in terms of momentum variables, i.e.,

(k 2 k i2+ 2)2
cosOq =

4k q

which can be substituted in Eq. (11b) and then
readily integrated. Following the analysis of Ham-
mett et al. for small angle scattering, the integra-
tion limits can be written analytically (to second or-
der in the parameter x =E/2T) as q;„-kx and

q,„-k(x +80)', where 80 is the acceptance an-

gle of the forward detector. Utilizing these expres-
sions, the integrated form of Eq. (11b) can be
evaluated to give

F(q)- 1 —3x

—1.4
0

I

10
I I I ~ I

20 30 40 50
ENERGY LOSS (eV)

60

FIG. 2. Kinematic factor E( q ) as a function of energy
loss (photon energy) for three different incident beam en-

ergies. These curves were calculated for 00——1.25)&10
rad {see Sec. IIX of the text).

is the energy for which the early dipole (e,2e)p mea-
surements were made, ' one can see that the sensi-
tivity of the dipole (e,2e) technique to the photoelec-
tron angular anisotropy [in comparison to photoion-
ization experiments for which F(q) —= 1 for all pho-
ton energies] is fair [F(q)&0.2] for low- (E &15
eV) and high- (E&30 eV} energy losses but very
poor at intermediate energies, with F(q)=0 near
-21 eV. The curves for T=1.5 and 10 keV illus-

trate that the sensitivity or anisotropy can be in-

creased in certain spectral regions by changing the
incident beam energy; in fact, at higher energies the
T=1.5-keV curve approaches the anisotropy ex-

pected for linearly polarized light, i.e.,
1+pP2(cos8, ). The curves are shown to 60-eV en-

ergy loss as this represents the practical limit for
which dipole (e,2e) coincidence measurements can
be made at present. This upper energy-loss limit re-
sults from the kinematic factor E ' Jd(lnq) [see

Eq. (11a)], which can be shown to behave as E
for 80«x. ' Hence, the observable dipole (e,2e)
intensity falls rapidly with increasing energy loss,
making coincidence measurements at higher energy
extremely difficult.

Comparison of Eq. (11a) with the kinematically
derived dipole (e,2e) differential cross section of
Hammett et al. suggests that their function C can
be related to the present work by

C~ ——P2 (cosa)F ( q )/2,

where cx is equivalent to our angle 0, . This approx-
imate relationship is confirmed by suitably rear-

ranging their C expression [Eq. (Sb), Ref. 3] to
give
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2
C =1—3

P2 (COSQ )

g2

x +0

—1

Hp
ln 1+

X

which is equivalent to Eq. (12) for x +8o «4.

III. CONCLUDING REMARKS

In this work, I have detailed the derivation of the
(e,2e) angular correlation in both the general case
and in the Bethe-Born dipole limit. The general
differential cross section can be qualitatively inter-

preted by analogy with photoelectron angular distri-
butions produced by multipole radiation. The rela-
tively simple form of the general differential cross
section, i.e., ~xPtc(cos8, ), provides a basis for in-

terpreting the angular distribution of ejected elec-
trons produced via large momentum-transfer col-
lisions for which nondipole processes are expected
to be important.

The dipole (e,2e) photoelectron angular distribu-
tion derived here is consistent with and incorporates
both the symmetry arguments inherent in Yang's
theorem and the results of kinematic analyses. As
expected, the dipole (e,2e) differential cross section
has the same general form as that for photoioniza-
tion, i.e., Ao+A2Pz(cos8, ), and, in principle, can be
used for the determination of P parameters. The
most important difference between the two tech-
niques, as regards P measurements, is that for most
experimentally realizable conditions, dipole (e,2e)
will exhibit smaller angular anisotropies than the
corresponding photoionization experiment. Conse-

quently, it is more difficult to extract P parameters
from dipole (e,2e) data. The viability of the dipole
(e,2e) technique for making P measurements, then,
depends on optimization of kinematic factors
through the variation of the beam energy in order to
maximize the observable anisotropy [maximize
F(q), see Fig. 2]. This disadvantage in sensitivity,
however, is partly offset by the ability of the dipole
(e,2e) technique to provide angular data over the en-

tire uv spectral range; only with the highly
dispersed radiation from laboratory rare-gas or hy-
drogen continuum emission sources and/or syn-
chrotron radiation from electron-storage rings can
this same energy range be covered by photoioniza-
tion experiments. Thus, it appears that the dipole
(e,2e) technique has the potential to provide valu-

able "survey" data on photoelectron angular distri-
butions over wide spectral regions for which com-
parable photoionization data are particularly lack-
ing.
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