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Subshell stopping power of the elements for protons in the Born approximation
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The generalized oscillator-strength formulation of the Born approximation was used to
generate a large sample of subshell excitation and ionization generalized oscillator strengths
across the periodic table. These were used to calculate the excitation and ionization contri-
butions to the proton stopping power by individual subshells. The subshell ionization stop-

ping powers are expressed in scaled form, depending on the subshell ionization energy. De-
tailed comparison of the calculated total proton stopping power is in good agreement with

experiment across the periodic table. Detailed calculations show the importance of outer-
shell ionization and excitation to the total stopping power for protons with energy less than
10 MeV.

I. INTRODUCTION

The modeling of proton energy deposition in pel-
let fusion targets requires accurate (better than a
factor of 2) stopping powers for ionized high-Z ma-
terials. Nardi et al. ' have shown that for gold tar-
get at a temperature of 1 keV energy deposition in
the plasma dominates energy deposition in the
bound electrons; consequently, a simple model for
the latter should suffice. However, below tempera-
tures of 200 eV, for solid densities and lower, depo-
sition in the bound electrons in high-Z elements
should be dominant. Further, while energy depo-
sited via ionization in ions is local, energy deposited
via excitation may be radiated away, inhibiting the
achievement of high temperatures. Hahn has sug-
gested that for high-Z materials the excitation cross
section dominates the ionization cross section with
increasing degrees of ionization.

While there are alternative approaches to the cal-
culation of stopping power at low ' and high ener-

gy, in practice their use involves experimental
parameters (although recently fully theoretical
treatments have begun to appear). There is no ex-
perimental information on the stopping power of
ions for protons. Further, these theories are not
designed to separate excitation and ionization con-
tributions to the stopping power. An alternative ap-
proach, adopted here, is to calculate the contribu-
tion to the stopping power of excitation and ioniza-
tion of each atomic subshell. To reduce the volume
of computation, scaling laws are sought on a sub-
shell basis. If subshell scaling laws exist, they
should emerge from calculations on a sample of
subshells. Using the generalized oscillator-strength
formulation of the Born approximation, I have

shown that subshell scaling laws can be found for
electron and proton ionization. Here I show that
subshell scaling laws can be found for the ionization
contribution to stopping power. As yet subshell
scaling laws for the excitation contribution to stop-
ping power have not been found. In comparing cal-
culated stopping power with experiment, explicit
calculations of excitation stopping power are used.
Explicit excitation calculations typically require an
order of magnitude less computer time than ioniza-
tion calculations. As mentioned in earlier arti-
cles, ' the scaled subshell ionization stopping power
can be viewed as merely a device to present a large
body of calculations in simplified form. However,
the scaling hypothesis is broader in intent, as the
scaled subshell ionization stopping powers are used
in determining the stopping power of ions. In the
following paper' a detailed comparison is made of
the stopping power calculated with the scaled sub-
shell results and calculated directly.

The calculations presented here treat only the
contribution to stopping power of inelastic col-
lisions (excitation and ionization) between protons
and atoms or ions. For plasmas, additional energy-
loss mechanisms exist, e.g., energy loss to the free
electrons. Mehlhorn has presented a comprehen-
sive model including all important energy-loss
mechanisms. It was felt that the contribution of
inelastic-proton —high-Z-ion collisions was the least
reliable portion of the model, and to remedy this
these calculations were undertaken.

In Sec. II the details of the stopping-power calcu-
lations and the subshell scaling are discussed. In
Sec. III the scaling procedures and scaled subshell
ionization stopping powers are presented. In Sec.
IV calculations of proton stopping power using
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scaled subshell ionization stopping powers (with
Herman and Skillman" atomic ionization energies)
and explicit calculations of the contribution of exci-
tation are compared with stopping-power measure-
ments and other calculations across the periodic
table at proton energies of 0.4, 1.0, 3.0, and 10.0
MeV, while Sec. V discusses in greater detail the
stopping-power calculations for high-Z elements

(Z) 78).
In Sec. VI relativistic effects are briefly discussed

and it is argued that for the range of proton ener-
gies of interest here (up to 10 MeV) that relativistic
effects play a negligible role in stopping power. In
Sec. VII the relation of these explicit calculations to
other stopping-power calculations is discussed.
Conclusions are presented in Sec. VIII.

II. MECHANICS OF THE CALCULATIONS

In the plane-wave Born approximation the proton stopping power is given by

S= = gS,".'„+S,"„'
7l dx ~I

with n the target number density and
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where ao is the Bohr radius, Ez is the proton energy
in Ry, and (m, /m~) is the electron-to-proton mass
ratio. For E„I, the nl subshell ionization energy,
with 5E=e + E„I for ionization and
5E=Enl En'I' for excitation,
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The generalized oscillator strength between initial
orbital nl and final orbital el' (ionization) and n'I'
(excitation) is given by
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for ionization and

f„i(n'1',E )=
(
(nl ~e'K' jn'1') [2 (2b)

for excitation, where all energies are in Ry, and K is
in inverse Bohr radii. The generalized oscillator
strengths (GOS's) were calculated by approximating

[ rV(r)] of Herman a—nd Skillman" by a series of
straight lines. With this approximation the
Schrodinger equation is exactly solvable in terms of
Whittaker functions, permitting the rapid genera-
tion of continuum orbitals. The approximation is

I

discussed in earlier papers on electron and proton
ionization cross sections. ' For bound states the
solution to the Schrodinger equation satisfying
boundary conditions at zero and infinity leads to an
eigenvalue equation. The eigenvalue equation was
used to determine eigenvalues and eigenfunctions
for both filled and empty bound states. The latter
were used to calculate excitation GOS's, cross sec-
tions, and stopping power. Generally, we used 12
empty bound states, the three lowest-lying empty s,
p, and d orbitals, the two lowest-lying f orbitals,
and the 5g orbital. In calculating the excitation
GOS the output was comparable in size to the ioni-
zation GOS; the computer time was an order of
magnitude smaller for the excitation calculations
because the final-state angular momentum is limit-
ed to one value per transition.

The data handling introduces an additional
feature in the stopping-power calculations that was
not present in the ionization-cross-section calcula-
tions. The ionization calculations were performed
on a 20 by 25 grid of K /E„I,e/E I. If, for some
high value of e/E„i, all the GOS values, except at
the Bethe ridge, were more than six orders of mag-
nitude smaller than the largest GOS value for the
subshell, then the calculation was terminated. Typi-
cally this occurred for e/E„I &50. At e/E„&50,
one is in regime where the Bethe ridge dominates
the GOS, i.e.,
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(e,E,l') =Z«5(e E—),
l. dE

where the 5 function is used to represent the nar-
rowly peaked Bethe ridge [to accurately calculate

I

the shape of the ridge is difficult as the number of
l' values in the sum in Eq. (lb) increases rapidly
with e].

The contribution of this term to the stopping
power is

2

fsoz
"' f 2'" «( e) 2m, /mp Ep 'o~«

2
4m ao &~ E,I — de m

,o~ Z«8 [V Ep+(Ep —E« —e)' ']—e
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(3)

The argument of the first 8 function (E,„—e) de-
creases with increasing e and is positive at
e=Ep —E«, and so does not affect the integral.
The argument of the second 8 function (e—X;„)is
positive if

1 mp [E(1+m, /mp)+E«]Ep)—
4 me E

For e & 50E„I this is approximately
Ep&12.5(mplm, )E«. Since these calculations are

I

done up to 10-MeV proton energy, the Bethe ridge
for e/E«&50 will contribute to those subshells
with ionization energies less than 435 eV. In prac-
tice it can be as much as a 20% correction at 10
MeV for the outermost subshell. For fixed proton
energy the maximum e in Eq. (3) is
e=4Ep(m, /mp), so the Bethe-ridge contribution is

4iraoZ«
8(Ep —12.5E«mp /me )

m, /mp Ep

)&ln(4Epm, /50mpE«) .

TABLE I. Parameters for the scaled 1s, 2s, and 2p proton subshell ionization stopping
power; [(—1/n)(dE/dx)]«E„~" =g;(m, Ep/mpE„i) with g; in units of 10 ' eVcm Ry . The
subscripts a —c refer to the following values of a„I and E„~.

1$

a=1.00

2$

a: 09&EI&32 a=1 10
b: 3.2 &EI &25, a=0.80
c: EI & 25, a=1.00

2p
a: 0.4&EI &1.3, a=1.31
b: 1.3 &Es & 15, a=0.74
c: EI & 15, a=1.00

gc

0.10
0.15
0.20
0.30
0.50
0.70
1.00
1.50
2.0
3.0
5.0
7.0

10.0
15.0
20.0
30.0
50.0
70.0

100.0

0.53
1.20
1.90
3.35
5.60
7.20
8.70
9.30
9.30
9.10
7.90
6.80
5.70

0.83
1.41
1.96
2.90
4.30
5.30
6.20
7.00
6.80
6.40
5.40
4.5S
3.65
2.75
2.20
1.60
1.05

0.32
0.75
1.20
2.00
3.20
3.90
4.50
4.75
4.65
4.30
3.SO

2.90
2.30
1.73
1.40

0.40
1.15
2.05
3.80
6.50
8.15
9.20
9.30
8.75
7.50
5.90
4.80
3.85
2.85
2.35

1.5
2.6
3.6
5.4
8.2

10.2
12.4
14.4
15.5
16.0
14.8
13.5
11.8
9.5
8.0
6.1

4.0
3.0
2.2

1.10
1.95
2.85
4.45
7.00
8.90

10.9
13.0
13.9
13.9
12.9
11.8
10.2
8.3
7.0
5.35
3.65
2.80
2.10

2.0
3.9
5.9
9.5

15.5
20.3
24.5
27.2
27.S
26.0
21.5
18.S
15.0
11.8
9.6
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TABLE II. Parameters for the scaled 3$, 3p, and 3d proton subshell ionization stopping power;
nl[(—1/n)(dE/dx)]„~E„~"'=g;(m, E~/M~E„~) with g; in units of 10 "eVcm Ry . The subscripts a —d refer to the following

values of a„l and E„l.

3$

a: 0.8 &EI & 8 0
b: 8.0&EI &60.0
c: E»60

ga

a = 1.25
a =0.80
a= 1.00

gc

3p
a: 0.40&EI &110
b: 11&EI&40
c: 4.0&Ei &47,
d: EI &47

ga gb

a= 1.00
a= 1.45
a =0.79
a= 1.00
gc gb

3d
a: 0.5&Ex&1.1
b: 1.1&El &3
c: EI &35

ga

a = 1.00
a =0.67
a= 1.00

gc

0.10
0.15
0.20
0.30
0.50
0.70
1.00
1.50
2.0
3.0
5.0
7.0

10.0
15.0
20.0
30.0
50.0
70.0

100.0
150.0
200.0
300.0
500.0

0.83
1.90
3.00
4.8
7.6
9.2

10.2
10.2
9.5
7.9
6.1

49
3.8
2.75
2.15
1.53
0.98

0.22
0.58
0.99
1.78
2.95
3.60
4.00
3.95
3.75
3.35
2.55
2.10
1.65
1.24
0.98
0.70
0.46

0.34
1.08
2.03
3.90
6.85
8.40
9.35
9.00
8.20
6.90
5.15
4.05

3.1
6.2
9.2

14.0
21.2
25.5
28.5
29.2
28.2
25.6
20.8
17.5
14.0
10.8
8.8
6.3
4.15
3.10
2.28

4.6
7.5

10.2
14.8
21.2
25.4
28.2
30.0
29.2
27.0
22.5
18.8
15.3
12.6
9.4
6.8
4.6
3.45
2.55

0.90
1.85
2.85
4.65
7.30
9.20

10.9
12.2
12.5
11.5
10.5
8.10
6.50
5.00
4.10
2.95
1.93
1.44
1.07

1.50
3.45
5.85

10.8
18.2
22.8
26.8
27.8
26.5
23.5
18.5
15.5
12.2

2.3
3.3
4.2
5.8
8.0
9.5

11.2
12.4
13.2
14.0
14.2
14.0
13.5
12.9
11.8
9.8
7.4
5.7
4.2
2.95
2.30
1.63
1.03

1.60
2.60
3.45
4.95
6.15
8.5
9.8

11.3
12.1
13.0
13.0
12.8
11.9
10.3
9.0
7.2
5.0
3.80
2.80

3.8
6.8
9.8

15.2
23.5
30.5
37.0
43.0
46.0
44.0
38.0
33.5
27.5
21.0

This correction was included in all the calculations
of total stopping power. Z„I was set equal to the
number of electrons in the subshell, in the absence
of an alternative choice. For e& 50E„~, the explicit
calculations determine the integrated subshell oscil-
lator strengths.

In the stopping-power calculations the Bethe
ridge contributes a term proportional to (lnE&)/Ez,
i.e., similar in form to the. total stopping power. To
the ionization cross section for protons the Bethe
ridge contributes a term of the form

8(E~ —12 SE„(m~ lm, )(1/. SOE„t—m~ l4m, Ep )/E~,

i.e., a term of the form 1/E&. Since the total ioniza-
tion cross section is proportional to (InE~)/E~, the
Bethe ridge does not contribute significantly to the
ionization cross section.

III. SCALING OF THE SUBSHELL IONIZATION
STOPPING POWER

The ionization contribution to the proton
stopping-power peaks at E~ = (4—8)(m~lm, )E„I.

This is a proton energy less than the threshold for
Bethe-ridge effects as discussed in Sec. II. Thus the
scaling results do not include the Bethe ridge which
is treated separately. As in scaling electron and
proton ionization cross sections ' we look for a
scaling law of the form

—1 dE (E l) g I(9)
n dX n

m, Ep
7l=

mp Eni

where a„~ is a constant over broad ranges of E„l and
is unity for E„I sufficiently large. a„i is determined
by plotting the maximum of [(—1/n)(dE/dx}]„tE„)
vs E,I. g„I(ri} is obtained from the calculated
representative elements with E„I in a common
range.

Tables I to V hst the subshell scaling parameter
a„I and scaling functions g„I(r) ) for all the subshells
up to Sf. For the 6s subshell, the Ss subshell
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TABLE III. Parameters for the scaled 4s and 4p proton subshell ionization stopping

powers; [(—1/n)(dE/dx)]„IE„&"'=g;(M, E~/M~E„I) with g; in units of 10 ' eVcm Ry . The
subscripts a —f refer to the following values of a„l and E„I.

4s
a: 0.4&Er &2.0, o.=1.00
b: 2.0&Er &30.0, a=1.20
c: 30&Er &110.0, o.=0.72
d: Er ) 110.0, o, =1.00

ga gb gc

4p
a: 0.47 &Er &0.70, a=0.0
b: 0.70&Er &1.55, a=1.48
c- 1.55 &Er &9-6 +=1-00
d- 9-6&Er &23 5~ o.=124
e: 23.5 &Er &150.0, a=0.825

Er & 150 0 o'= I 00
ga gb gc gy

0.10
0.15
0.20
0.30
0.50
0.70
1.00
1.50
2.0
3.0
S.O
7.0

10.0
15.0
20.0
30.0
50.0
70.0

100.0

0.42
1.14
3.02
4.20
7.70
9.60

10.6
10.1
8.9
7.1

5.1

4.0
3.05
2.17
1.70
1.17
0.73
0.530
0.395

0.65
2.10
3.65
6.50

10.2
11.8
12.2
11.6
10.5
8.6
6.4
5.2
3.95
2.90
2.28
1.60
1.00
0.73
0.535

0.14
0.36
0.62
1.12
1 ~ 84
2.26
2.50
2.45
2.32
2.02
1.58
1.29
1.03
0.77

0.42
1.14
3.02
4.20
7.00
8.50
9.35
9.10
8.45
7.10
5.SO

4.80
9.60

14.2
22.3
33.0
39.0
42.0
42.0
40.0
35.5
27.7
22.9
18.2
14.0
11.2
8.2
5.5

5.3 2.3 2.60 0.92
10.7 5.0 5.40 1.90
15.8 8.0 8.00 2.95
25.0 13.4 12.8 4.90
38.5 22.0 19.0 7.80
48.0 28.0 23.0 9.60
57.0 33.5 26.0 11.2
65.0 36.0 25.5 11.3
65.0 34.7 23.5 10.8
59.0 31.5 20.5 9.40
48.0 25.6 16.0 7.40
40.0 20.8 13.2 6.10
31.5 16.4 10.4 4.80
23.5 12.3 7.70 3.60
19.0 9.9 6.20 2.85
13.5 7.2 4.40
8.6 4.7 2.85
6.6 3.50 2.18
4.9 2.58 1.62

1.30
4.30
7.50

13.0
20.0
24.2
27.5
28.0
25.4
21.3
16.2

parameters were found to be appropriate.
To illustrate the determination of g„t(g), in Fig.

1, the calculated 4d subshell stopping power in
scaled variables is shown for Z=42 and 52, Z=54
and 66, and Z=70 and 98. These elements have the
highest and lowest ionization energy in the ranges a,
b, and c in Table IV. The Z=42 results are nor-
malized to 10 electrons. The open circles are the
values listed in Table IV. The largest difference
(20—25%%uo) between the values in Table IV for the
4d subshell and the extreme atoms occur for case
(a), the scaled 4d ionization stopping power for
E~&4.6 Ry. In this region the 4d subshells is in
transition from. a partially filled outer shell to a
filled inner shell, and with increasing ionization en-

ergy the peak of the ionization stopping power
shifts to lower q values.

In Fig. 2 detailed calculations are presented for
the stopping power of Xe. The solid curves are ob-
tained from the scaled subshell stopping powers in
Tables I to V, with Herman and Skillman" eigen-
values, and with the Bethe-ridge correction. The
open and solid circles are direct calculations for Xe

using model eigenvalues, and not including the
Bethe-ridge correction. The diagonal slashes indi-
cate the proton energy above which the Bethe-ridge
correction is nonzero for the 5p, Ss, 4d, and 4p sub-
shells. At 10 MeV the Bethe-ridge correction is
about 20/o for the Sp, 4d, and 4p subshells and
50% for the (negligible ) Ss subshell.

The curve labeled total in Fig. 2 includes the ex-
plicitly calculated excitation contribution to stop-
ping power. The experimental values of Reynolds
et al. ' (with error bars) and Chilton et al. ' (open
triangles) are also shown. The measurements of
Chilton et al. ' are in excellent agreement with the
calculated total stopping power. %here they over-
lap, the measurements of Reynolds et al. ' are 15%
higher than the measurements of Chilton et al. '

While the latter authors' point out the 15%
discrepancy, they do not discuss it. Between 0.1
and 0.6 MeV the measurements of Reynolds et al.
are 15 /o larger than the calculations.

Recent measurements by Besenbacher et al. '

agree with the measurements of Reynolds et al.,
and are IS%% higher than the calculations. This is
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TABLE IV. Parameters for the scaled 4d and 4f proton subshell ionization stopping
powers; [(—1In)(dEIdx)]„IE„~"=g;(m, E~/m~E„I) with g; in units of 10 ' eV cm Ry . The
subscripts a—d refer to the fallowing values of a„I and E„.

0.10
0.15
0.20
0.30
0.50
0.70
1.00
1.50
2.0
3.0
5.0
7.0

10.0
15.0
20.0
30.0
50.0
70.0

100.0
150.0
200.0
300.0
400.0

a: 0.6&EI &4.6,
b: 4.6&EI &12.0
c: 12.0&EI &100.0
d: EI &100.0,

go fb

3.6 i6.0
5.8 26.5
8.0 36.0

11.7 53.0
1I.0 78.0
20.4 96.0
23.7 113.0
26.7 123.0
27.8 123.0
27.2 118.0
25.0 103.0
22.5 90.0
19.8 73.0
16.0 57.5
13.5 47.0
10.3 35.5
6.9 24.0
5.2 18.4
3.7 13.8
2.75
2.20
1.63

a=0.68
a =1.61
a =0.74
a =1.00

1.30
2.32
3.30
5.10
7.80
9.80

11.9
13.5
14.0
13.4
11.7
10.0
8.3
6.6
5.4
3.9

3.15
6.20
9.50

16.0
26.5
34.0
42.0
46.5
46.0
42.5
34.5
28.5

a: 0.5&E,&i.7,
b: 1.7&EI &140
c: 14.0&EI &70.0,
d: EI &70.0,
fa A

2.8 1.78
4.0 2.70
5.0 3.45
6.5 4.70
8.5 6.50
9.8 7.60

11.0 8.70
11.6 9.80
12.0 10.6
12.0 11.3
12.0 12.0
12.0 12.0
11.8 11.8
11.4 10.7
11.2 9.8
10.6 8.4
9.4 6.5
8.4 5.3
7.3 4.2
5.9 3.1
5.0
3.8
3.1

a =0.61
a =0.61
a=0.61
a= 1.00

gc

1.35
2.05
2.75
3.95
5.80
7.20
8.60

10.2
11.1
12.0
12.0
11.3
10.0
8.4
7.2
5.5

6.5
10.0
13.4
19.5
29.5
37.5
47.0
56.5
62.0
65.5
61.5
55.0
46.0

somewhat surprising. In Ref. 9 my calculated Xe
proton ionization cross section is in excellent agree-
ment with the measured total cross section of To-
buren, ' though Toburen's error bars are larger than
15%.

From Fig. 2 it is clear that the total stopping
power, even at 10 MeV, results from a complex
combination of individual subshell stopping powers.
At 10 MeV the 4d subshell, containing 19% of the
electrons in Xe, contributes 34% of the stopping
power; the Sp subshell with 11%of the Xe electrons
contributes 20% of the stopping power. This
strongly suggests for ions that removal of the outer
electrons will result in a significant decrease in stop-
ping power for protons with less than 10 MeV ener-

gy.
In the following section my explicit calculations

are compared with measurements made across the
periodic table, principally on solids. The difference
between the calculations and the measurements on
solids is never more than 15%, never more than the

and

—1dE 1

n dx ( E nl
nl

g„t(r))=(A /rl)ln(Prl)

then with rl= (M, /Mz)E&IE„t

—1 dE
71 dx

M, Ep
ln P

p el

But over wide energy ranges a„I is unity or close to

difference between the calculations and the mea-
surements on Xe. That the difference is this small,
even though subshell ionization thresholds in solids
are considerably different than in atoms is a conse-
quence of (1) dominance of ionization in stopping
power, (2) the applicability to solids of the subshell

scaling law, and (3) the form of the subshell scaling.
That is, if
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TABLE V. Parameters for the scaled Ss, Sp, Sd, and 5f proton subshell ionization stopping powers;

[(—1/n)(dE/dx)]„~E„~" =g;(m, E~/m~E„~) with g; in units of 10 "eVcm Ry'. The subscripts a —c refer to the follow-

ing values of a„I and E„I.

Ss

a: 0.4&EI &11, a=1.00
b: 11&Ex&30, a=1.27

ga gb

Sp
a: 0.4&EI &165
b: 1 65 &EI & 10
c: 10&EI&21

ga gb

a = 1.16
0,'=0.885
a = 1.41

gc ga gb

Sd
a: 0.8&EI &3.8, a=0.58
b: 3.8&EI &11, a=1.40

5f
a: 0.9&EI&2.0

a =0.80

ga

0.10 0.18
0.15 0.72
0.20 1.65
0.30 3.95
0.50 7.8S
0.70 9.35
1.00 9.80
1.50 9.15
2.0 7.90
3.0 6.30
5.0 4.40
7.0 3.45

10.0 2.55
15.0 1.82
20.0 1.42
30.0 0.98
50.0 0.60
70.0 0.45

100.0 0.33
150.0
200.0
300.0

0.56
2.35
4.90

10.3
17.2
19.0
18.6
16.5
14.2
11.6
8.30
6.65
5.10
3.75
3.05
2.20

0.75
2.1

4.00
7.65

14.3
19.8
25.4
28.0
27.6
25.0
20.0
16.5
13.2
9.80
6.90
5.60
3.60
2.65
1.93

0.86
2.40
4.35
8.4

15.2
20.0
23.8
25.0
23.8
20.2
15.2
12.2
9.25
6.8
5.4
3.80
2.40
1.78
1.31

4.0
11.0
19.0
35.0
60.0
72.5
78.0
75.0
68.0
55.5
41.0
32.5
25.5
18.5
14.6
10.5
6.8

2.60
4.45
6.3
9.8

15.3
19.5
24.0
28.2
30.1
30.3
28.2
25.5
22.0
17.5
14.7
11.2
7.5
S.75
4.20
3.05
2.45

8.0
15.0
22.0
35.0
56.0
71.0
87.0
95.0
97.0
89.0
71.0
59.0
47.5
36.0
29.0
21.0
13.8
10.3
7.5

2.19
3.30
4.35
6.0
8.7

10.9
13.4
16.3
18.2
21.6
22.3
22.8
22. 1

19.8
17.7
14.6
10.8
8.7
6.8
4.8
3.75
2.70

it, so the change in subshell stopping power with
ionization threshold is expected to be small.

100

IV. COMPARISON WITH EXPERIMENTAL
STOPPING-POWER MEASUREMENTS

1
0. 1 1.0 100

IN E/IN Eep p4d

FIG. 1. Calculated g (g) =(—1/n)(dE/dx)(E4d) vs

g=m, E~/m~E~ for Z=42 and 52, Z=54 and 66, and
Z=70 and 98.

As mentioned in the Introduction, as yet subshell

scaling laws for excitation cross sections (or, effec-
tively, excitation stopping powers) have not been
found. Extensive calculations of atomic excitation
GQS's have been done, i.e., for all Z up to 11, for
12&Z(54 in steps of 2, and for 54&Z&94 in
steps of 4, and for Z=79, 80, 84, and 88. However,
not all subshells in each of these elements is includ-
ed. With these explicit excitation GOS's excitation
cross sections and contribution to proton stopping
power can be calculated, using the model eigen-
values. In conjunction with the scaled subshell ioni-
zation stopping powers in Tables I—V, the total
stopping power can be calculated and compared
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FIG. 2. Contributions of subshell ionization (solid

lines from scaling, open and solid circles from direct cal-
culations) and excitation to total proton stopping power
of Xe. The diagonal slashes indicate the boundary of
Ep —12 5pBp E I/m, . The experimental data are from
Ref. 12 (with error bars) and Ref. 13 (triangles).

0 I I I I I I I I I I I & I I I I I

2 7 12 22 32 42 52 62 72 82 92

FIG. 3. Calculated total proton stopping power (solid

curve) and its ionization component (dashed curve) at
0.4 MeV. The open circles are experimental data and
the solid circles are the theoretical values of Ref. 17.

with experiment, assessing the validity of this ap-
proach. The calculations enable one to compare the
relative importance of ionization and excitation
across the periodic table, and indicate regions in Z
where additional stopping-power measurements
would be useful. The calculations are shown in

Figs. 3—5.
The experimental stopping-power values are dis-

cussed in the invaluable compilation and critical
evaluation of Andersen and Ziegler. ' Most of the
experimental data were obtained from measure-
ments on solids and there will be some disagreement

between the calculated atomic stopping power and
the measured solid stopping power. However, the
disagreement is generally no more than 15%, and as
pointed out in Sec. III a 15% discrepancy exists be-

tween the calculations and the most recent measure-

ments on Xe.'

In Figs. 3—5 the dashed curve is the contribution
of ionization to the proton stopping power, while
the solid curve includes both excitation and ioniza-
tion. The open circles are experimental measure-
ments. In Figs. 3 and 4 the solid circles are total
proton stopping power calculated by Chu and
Powers' using an approximate dielectric function
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FIG. 4. Calculated total proton stopping power (solid
curve) and its ionization component (dashed curve) at 1

MeV. The open circles are experimental data and the
solid circles are the theoretical values of Ref. 17.
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formalism with the medium treated as a nonuni-

forrn electron gas. ' In Fig. 5 the solid circles are
the Bethe formula with the I/Z values calculated

by Chu and Powers' using a modification of the
statistical approach of Lindhard and Scharff.

My calculated ionization stopping power shows
sharp peaks at Z=24 and Z=29, arising from use
of the configuration (3d)"(4s) ' rather than
(3d)" '(4s) as the ground state for these elements.
The Herman and Skillman" eigenvalues for the 3d
electron in these configurations are considerably
lower (0.743 Ry at Z=29) than the other first tran-
sition row elements (1.16 Ry at Z=28 and 1.26 Ry
at Z=30), consequently the 3d subshell stopping
power is higher. This sensitivity of the stopping
power to outer-shell ionization energy is consistent
with the observation of 10—15% departures from
the Bragg additivity rule. ' The peak at Z=29 is
even more striking as excitation calculations were
not done at Z=29, and the total stopping power at
Z=29 which is an interpolation between Z=28 and
30 is lower than the ionization contribution to the
stopping power at Z =29, which was calculated ex-
plicitly.

The ionization calculations, particularly in Fig. 3,
show large peaks at Z =18, 34 to 36, 46 and 82 to
84, corresponding to filling of the 3p, 4p, 4d, and 5d

FIG. 5. Calculated total proton stopping power (solid
curve) and its ionization component (dashed curve) at 3
and 10 MeV. The open circles and triangles are experi-
mental data while the dotted curve is the Bethe formula
with the I/Z values of Ref. 19.

subshells. The excitation contribution is large for
19&Z &30, 37&Z &45, and for Z &54. For
19(Z (30 the excitation contribution to the stop-
ping power is dominated by the
(3p) (3d)"—(3p) (3d)"+' transition. The Z=26 cal-
culations included excitation of the 3p, 3d, and 4s
subshells, while for Z=24 and 28 only the 3d and
4s subshells were treated. At Z=26 the calcula-
tions are in excellent agreement with the measure-
ments at all proton energies shown while for Z =24
and 28, the calculations are slightly below the mea-
surements. For 37(Z&45 the 4p-4d transition
dominates the excitation contribution to stopping
power. For 54&Z &70 the Sp-5d and 4d-4f transi-
tions are comparable and dominate the excitation
contribution to stopping power. Above Z =70 the
5p-5d transition is dominant.

The recent measurements of Knudsen et al. on
the rare earths are in excellent agreement with the
calculations at 400 keV for Z =57, 58, 59, 64, and
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68, while at Z =67 and 70, the measurements are
10/o lower than the calculations. At I MeV there
is excellent agreement between the measurements at
Z =57, 58, 64, and 66, while the measurements at
Z =68 and 70 lie below the calculated peak in the
stopping power at Z =70. This peak is due to the
complete filling of the 4f subshell.

The structure in my proton stopping power vs Z
curves is not new. It is apparent from the data and
the calculations of Chu and Powers shown in Figs.
3 and 4. The differences among the data, the two
calculations of Chu and Powers, and my calcula-
tions are less than 20%%uo at 0.4 MeV and less than
that at higher energies. However, as shown in Fig.
2 for high-Z elements the stopping power for pro-
tons of less than 10 MeV energy is dominated by
the outer subshells whose ionization energies satisfy
the assumptions in the Bethe treatment.

1 I I I I I I I I I I I I I I I I i I I i I I I I I

0.1 1.0 10.0 100
'g = MeEp/MpE5d

FIG. 6. Calculated g (g)=(—1/n)(dE/dx)(Eqd) vs

g=m, E~/m~E5d for Z=78 and 86, and Z=86 and 102
(solid lines). The open circles are the interpolated values

of Table V, while the triangles and solid circles are g(g)
obtained from explicit calculations at Z=82 and 84.

V. THE STOPPING POWER OF HIGH-Z ATOMS

The following paper presents calculations on the
proton stopping power of gold ions. For some ions
the explicit calculations of total stopping power are
significantly different than the results obtained with
the scaling procedure, principally due to the high-

energy behavior of the Sd subshell stopping power.
The subshell stopping power at high energy is dom-
inated by the optical oscillator strength and one is
tempted to associate the aforesaid differences with
anomalies in the Sd optical oscillator strengths.
The one-electron central field photoionization cal-
culations of Combet-Farnoux (which are repro-
duced in my one-electron GOS calculations) show
an anomalous behavior for the Sd cross sections as a
function of Z with 79&Z &86. The calculated Sd
photoionization cross section has a maximum above
the ionization threshold, and the value of the max-
imum increases at Z=86. Combet-Farnoux later
shows that interchannel interaction broadens these
maxima.

The surprising feature of the scaled neutral-atom
calculations is that this anomalous behavior of the
Sd photoionization cross section does not affect the
scaled stopping power. In Fig. 6 g(q) vs g for the
Sd subshells is shown for regions (a) and (b) of
Table V. Z=86 is the highest-Z element in region
(a) and the lowest-Z element in region (b). The
open circles are the values listed in Table V. Figure
6 is comparable to Fig. 1 for the 4d subshell. In re-
gion (b) the difference between the scaling function
and the explicit calculations at Z=86 and Z=102
is no more than 10%. The open triangles and solid

circles are g (g) values obtained from explicit calcu-
lations at Z=82 and Z=84, and are in excellent
agreement with g(g) of Table V. While there are
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FIG. 7. Calculated total proton stopping power (solid
line) and its ionization component (dashed line) for
78&Z &94. The open circles are the explicit calculation
of the ionization component at 0.4 MeV. The solid cir-
cles are experimental measurements.



1868 E.J. MCGUIRE

variations of as much as 40% between the g(rt)
values of Table V and the explicit calculations at
Z=78 and Z=86, the variation is due to an overall
shift of the maximum and not due to the anomaly
in the 5d oscillator strength.

Finally in Fig. 7 the calculated ionization (dashed
line) and total-stopping-power calculations are
shown for 78 & Z &94 at 0.4, 1.0, 3.0, and 10 MeV.
At 0.4 MeV the results of explicit ionization calcu-
lations including all subshells from the 4f to 7s are
shown as open circles. They differ by no more than
10% from the results (dashed lines) calculated with
the scaling laws. Thus the 40% variation in the
scaled Sd, stopping power does not strongly influ-
ence the total-stopping-power calculation. Except
at Z=92 the calculated total stopping power is in
excellent (better than 10%) agreement with the
measurements. At Z=92 the disagreement is on
the order of 10—15% but the calculations are
merely an interpolation between calculations at
Z=90 and Z=94.

VI. RELATIVISTIC EFFECTS

The GOS calculations in this and the following
paper are nonrelativistic. For 10-MeV protons the
relativistic correction is on the order of 1 to 2%. In
Ref. 9 comparison is made between nonrelativistic
proton ionization cross sections for the 2s and 2p
subshells calculated with the GOS used in these
stopping-power calculations and measurements by
Barros Leite et al. on uranium (Z=92). The
agreement between the calculations and experiment
is good, indicating no significant distortion due to
the nonrelativistic treatment of the 2s and 2p sub-
shells. On the other hand, in comparing the calcu-
lated 1s cross section with the measurements of
Jarvis et al. ' for 160-MeV incident protons (in Ref.
9), significant differences are seen for Pb and U tar-
gets, and the difference is attributed to the neglect
of relativity in the 1s orbital. However, as Fig. 2
shows, the ls (and 2s and 2p) subshells contribute a
negligible fraction of the total stopping power of Xe
for protons of 10 MeV or less energy.

Further, to the extent that relativistic effects can
be incorporated into a. nonrelativistic calculation ei-
ther by using an unmodified nonrelativistic orbital
and a relativistic energy correction (as is often done
in treating inner-shell spin-orbit splitting) or by
using a nonrelativistic energy orbital rescaled to the
relativistic energy value and a relativistic correction
(as is often done with scaled hydrogenic orbitals for
inner-shell orbitals), then, in the region of classical

scaling, relativistic corrections are a second-order
effect. As a simple example consider six 2p elec-
trons with ionization energy Eo. Spin-orbit interac-
tion splits the six 2p electrons into two 2pi~~ elec-
trons with ionization energy Eo+ 26EO and four
2p3/2 electrons with ionization energy Eo —AEp.
In the nonrelativistic calculation, in the classical
scaling region, the 2p subshell stopping power is
S =g2tp(E&/Eo)/Ep. If one assumes that the rela-
tivistic effects can-be treated as an energy rescaling
so that the stopping power in the relativistic case
Sq~, can be written as

Sgq ——, gpss(Ep—/Eo+2b Eo)/(Eo+2h Ep)
4+ 6 g2p(Ep /Eo —6 Eo )/(Eo —5Eo)

then expansion of Sz& in 5Eo/Eo shows that

Sp~ Sgp +O——((b Ep/Eo) ) .

Thus for stopping power the relativistic correc-
tion for spin-orbit splitting is second order in the
relativistic effect, while for ionization (where classi-
cal scaling has a 1/Eo dependence) the correction is
first order.

In summary, the proton ionization calculations
indicate a significant effect on the 1s cross section
for Pb and U, attributable to relativistic distortion
of the ls orbital. However, the ls subshell contri-
butes a negligible fraction of the stopping power of
high-Z materials for protons with less than 10 MeV
energy. For the 2s and 2p subshells no significant
relativistic effect was found at proton energies
where the ionization cross section is large. Finally,
by the argument given above, stopping power is less
sensitive than ionization cross sections to relativistic
distortion of inner-shell orbitals.

My conclusion is that in this and the following
paper there are no significant neglected relativistic
effects.

VII. RELATION TO OTHER APPROACHES

As alternatives to the explicit plane-wave Born-
approximation calculations done here, proton stop-
ping power can be calculated by the modified free-
electron gas dielectric response function of
Lindhard and Scharff or the Bethe theory with
shell corrections. Besenbacher et al. ' have recently
reviewed the Lindhard-Scharff theory, pointing out
that in the original theory there is a factor y which
was chosen to equal V2. They further point out
that recent calculations of Inokuti et al." on the
Bethe mean excitation energy I for neutral atoms
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suggests a somewhat smaller value for y. However,
Peek has shown that with a constant y the modi-
fied free-electron gas model predicts the wrong I
value for hydrogenic ions, i.e., it predicts IaZ ~

where Z is the nuclear charge, when the proper lim-
it is IaZ . Thus the modified free-electron gas
model appears to be of dubious validity for studying
the proton stopping power of high-Z ions.

The Bethe theory with corrections is equivalent
to the plane-wave Born approximation used here.
However, since the Bethe mean excitation energy I
is obtained by summing over all subshells, and is ac-
curate at very high proton energy where the correc-
tions are small, the implication is that at low energy
(10 MeV for high-Z atoms or ions) the inner-shell
corrections are not small. For example, Fig. 2 for
Xe suggests that between 0.1 and 1.0 MeV the 1s-4s
subshells contribute negligibly to the proton stop-
ping power, yet these 30 electrons contribute signifi-
cantly to the mean excitation energy I. Thus, one
expects these inner shells to provide a significant
contribution to the correction term. To calculate
the correction term for inner shells one needs the
inner-shell GOS, not merely the inner-shell optical
oscillator strength. One needs to calculate the GOS
for subshells that contribute negligibly to the stop-
ping power in our range of interest. It was decided
that this was a poor research strategy. A reasonable
research strategy was adopted; if the outer subshells
dominate the stopping power then the outer-shell
GOS should be calculated with the inner shells
treated as a correction via scaling laws. If complete
sets of subshells GOS's were obtained then the ex-
plicit Born calculations and the Bethe theory with
shell corrections should produce the same result.
But while the Bethe theory with corrections re-

quires a complete set of subshell GOS's, the explicit
Born calculations need only a limited set of explicit
GOS's.

Alternatively, one may use the explicit Born-
approximation results to estimate inner-shell correc-
tions, i.e., by subtracting from the explicit results
the Bethe asymptotic expression

1 dE
n dx

4m.ao2Z, 4M, Ep

(M, /Mp )Ep Mp Iln

providing an accurate I value is available.

VIII. CONCLUSION

ACKNOWLEDGMENT

This work was supported by the U. S. Depart-
ment of Energy.

In this paper I have shown that the proton stop-
ping power of neutral atoms can be calculated
directly on a subshell by subshell basis, and that the
ionization contribution to subshell stopping power
can be written in a scaled form. The calculations
for proton energies of less than 10 MeV show that
outer subshells dominate the ionization stopping
power, and that for atoms with partially filled shells
excitation of the resonance transition to the partial-
ly filled shells contributes significantly to the stop-

ping power. A surprising feature is the slow de-
crease in peak stopping power of the 4f subshell
with increasing ionization energy. The stopping
powers calculated here are in good agreement with
measured values, as are other calculations. This
suggests the relative insensitivity of neutral-atom

stopping power to the details of the calculation.
The dominance of the stopping power by outer sub-
shells suggests that there will be significant changes
in stopping power with degree of ionization. The
differences between these calculations and experi-
ment (mostly on solids) is never more than 15%
above 400 keV (above which energy one expects the
plane-wave Born approximation to be accurate).
Born calculations on electron and proton ionization
cross sections are usually accurate to 20—25%%uo, and
the somewhat better accuracy in stopping-power
calculations may be merely a result of cancellation
of errors.
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