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Number of elastic coefficients in a biaxial nematic liquid crystal
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It is shown by explicit calculation that there are 12 bulk elastic constants and 3 surface terms

in the elastic energy of biaxial nematics.

Recently the hydrodynamic description of biaxial
nematic liquid crystals has attracted considerable at-
tention.!™® In the following we demonstrate that
there exist 12 bulk contributions and three surface
terms. Throughout we will use the notation of Ref.
1. In Ref. 1 the elastic energy was derived using two
director fields @' and m for the description of the
three spontaneously broken continuous rotational
symmetries and a total of 15 coefficients has been
obtained [cf. Eq. (3.15) of Ref. 1]. (In Refs. 2, 4,
and 5 it has been indicated without detailed calcula-
tion that there are 12 bulk terms.) To demonstrate
that there are 12 bulk contributions the anholonomity
relations for the broken symmetries [Egs. (3.3) of
J

Ref. 1]
3;(M - 8,1) — 8,(M- 8,7)
=83[(81my) (83m;) — (8;m;) (B1m;)1 , (1)
5[ (A x M) 8,71 —8,[(F xm)- 87l
= m,mm,e,,k[ (82’1;) (81mk) - (81",’) (Szmk)] » (2)
S [(Mx M) §,mM]—8,[(Mxn)-sm]
= mmmepu [ (81n;) (82 ) — (811 ) (8m) 1 (3)

are of crucial importance. Equation (1) can be ex-
ploited as follows. We take the expression involving
A4 and set 8;=n;V; and 8,=m;Vy in Eq. (1).
Then we have [using Eq. (1)]

de Si?n,mk(an,»)(V,m,)= de[ 8,?n,mk(vjn;)(vkm,) +n,Vj(mlmkan,)—mka(m,n,an,] . (4)

The first term on the right-hand side (rhs) can be incorporated into the expression for 4,5. The second
and third contributions on the rhs can be integrated by parts leaving us with the surface contribution

21 = de Vj[njmkm,(an,) - nkmjm,(an,) ] = fdcrj(vkm)m,[njmk - nij] (5)

(do; denotes the surface element) and the bulk contributions

= de[(Vkmk)m,n,-(V,-nl) — (V) mm (Venp) 1, (6)
= de[(83,+mkmp+nkn,,)(Vkm,,)m,nj(V,n,)— (8,3,+m_,m,+n,n,,)(V,,n,-)m1mk(an1)] s (7)
= de[SE,,(Vkmp)m,nj(an,)—SJ%mzmk(V,nj)—mjmpmkml(vpnj)(vkm)] . (8)

To carry out the last step [from Eq. (7) to Eq. (8)] one has to keep in mind that i, &, and i X @i form a triad of
unit vectors and that only three of the four deviations from the preferred directions ' and M are hydrodynamic
(cf. Ref. 1 for a detailed discussion of the latter point). By inspection of Eq. (8) it is checked immediately that
combining Egs. (4) and (6)—(8) yields for the bulk contributions the condition

Au—Ais—An+A4,+4;=0 9
in addition to the surface term [Eq. (5)]. Concerning Eq. (2) we start with the expression for 4, and take
81=€4gngm,V,; and 8,=n;V; in Eq. (2) which yields

de dinymy (V jn ) (Vimy) = de[Si?njmk(Vink)(vjml)

— €igrgyV i (€pmn 15N j11) + 1N (€ 1un €igr Ny Mpngm,V inp) ] . (10)
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The second and third terms in the square brackets [Eq. (10)] are integrated by parts and give the surface contri-

bution

= [ av V17 m) (53— mp )] (11
and the bulk terms

de[e,q,V;(n,,m,)e,,,,,,n,,,m,,n,(an,) — (V1) €tmnhmMu€igpngm,(V ;n) 1 . (12)
Equation (12) is rewritten as follows:

=—(V,n))83(Vin) (8 + mym; + nyn; )+ (Ving) (V yny) (83, + mimo + ning) €ogr € mn My RmMan;

+(V,m,) (V;n) [83; + mymo+ ninol€ogr€mnngnmman; (13)
=— (Vo)) (Vi) 8185~ (V1) (Vin)8mum; — (V0 ) (V yn) ninid 3 — (Vim, ) (V) 83myn; (14)

Equation (14) follows from Eq. (13) by taking into
account that @i, M, and M X 0 always form a triad of
unit vectors and that contributions such as € ngn;
and €;,m;m; vanish identically. From Egs. (10) and
(12)—(14) we have for the bulk contribution [in ad-
dition to the surface term %, (Eq. (11)]

Ap—Ap+A4,+A43+A4:+45=0 . (15)

The application of Eq. (3) parallels that of Eq. (2) if
we start, for example, with the term involving 4 ;.
We find for the bulk terms the additional constraint

As—A¢—Ag—A;5—A11=0 (16)

and the surface term 2,
5= [ @V Vil (T (mdde=ma] . (D)

Thus we have shown, by making use of the anholo-
nomity relations [Egs. (1)—(3)], that the number of

-
bulk coefficients for a biaxial nematic is 12 and that
there are three surface contributions [Egs. (5), (11),
and (17)]. For uniaxial nematics the corresponding
expression involves three bulk and one surface term.’
For many applications, e.g., for the normal modes, of
the hydrodynamic equations the surface contributions
play no role. One should keep in mind, however,
that the surface terms can also become important for
the macroscopic description of liquid crystals especial-
ly when situations are considered where the liquid
crystal contains defects. We just mention as an ex-
ample that in one of the models® proposed for the
description of the cholesteric blue phase the surface
term plays the dominant role for the existence of this
phase.
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