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In many plasma-magnetic-field configurations, the ion skin depth is comparable to mag-

netic field and density-gradient scale lengths and so inhomogeneity must play an important
role for wave propagation in the ion-cyclotron range of frequencies. As an example, we

consider ion-cyclotron heating in the Elmo Bumpy Torus-Scale (EBT-S) device, where the

coupling of infinite and homogeneous fast and slow modes implies that fundamental ion-

cyclotron heating can occur even if the waves launched are fast waves (which otherwise do
not heat at the fundamental). We also show that singular, weakly damped, two-ion hybrid

electrostatic solutions of the cold-plasma dispersion relation which include inhomogeneities

are not consistent with the small ion-gyroradius basis for this dispersion relation. This sug-

gests that two-ion hybrid-mode conversion requires an analysis which does not assume

small ion-gyroradius and so, if conversion can occur at all in EBT-S, it must be different
from that in idealized weakly inhomogeneous slab-geometry plasma models. For shorter-

wavelength higher-frequency waves in EBT-S and for ion-cyclotron range of frequency
waves in larger bumpy tori, like the projected EBT-P (P for proof of principle), inhomo-

geneity should have a less profound, although not necessarily negligible, impact on wave

propagation.

I. INTRODUCTION

In an infinite and homogeneous plasma the fast-
and slow-wave solutions of the cold-plasma disper-
sion relation have phase velocities which are corn-
parable to the Alfven speed in the ion-cyclotron
range of frequencies. Consequently, these modes
have wave numbers which are characteristically
comparable to the inverse ion skin depth co;/c, in
size where ai; and c are the ion plasma frequency
and the speed of light, respectively. ' Clearly, in
plasmas with ion skin depth much smaller than the
characteristic dimensions of the plasma, the infinite
and homogeneous dispersios» relation can provide
useful guidance in the understanding of wave prop-
agation and absorption in the ion-cyclotron range of
frequencies. 2 However, for smaller low-density de-

vices in which the ion skin depth is greater than or
similar to a characteristic dimension, inhomogenei-

ty effects on mode propagation become appreciable.
Infinite and homogeneous plasma-wave theory
alone cannot provide strong intuition about the
wave properties in such plasmas.

The plasma in the Elmo Bumpy Torus-Scale
(EBT-S) device at Oak Ridge has gradient scale
lengths -20 cm, which are comparable to the ion
skin depth for a typical density of approximately
1)& 10' cm . Hence, inhomogeneity must appre-
ciably influence wave properties for frequencies like

the ion-cyclotron frequency although its impact is
less important for shorter-wavelength, higher-
frequency waves.

The purpose of this paper is to address certain as-
pects of wave propagation in a highly inhomogene-
ous plasma like EST-S without having to solve the
complicated coupled set of three partial differential
equations which constitute the dispersion relation.
In fact, an actual solution of the dispersion relation
in Bumpy Torus geometry is a massive numerical
undertaking well beyond the scope of this paper.
Nevertheless, the results of the present analysis can
provide guidance to construction of the code and in-
terpretation of code results once development is
complete.

It has already been demonstrated that parallel
wave electric fields, although generally very much
smaller than the perpendicular wave electric fields,
must be considered in the analysis of wave propaga-
tion and absorption below and in the ion-cyclotron
range of frequencies within inhomogeneous plas-
mas, ' This paper has three other major con-
clusions regarding wave propagation in an inhomo-
geneous plasma. First, inhomogeneity results in the
coupling of the fast- and slow-wave solutions of in-
finite and homogeneous plasma theory. Conse-
quently, fast-wave excitation based upon weakly in-
homogeneous plasma-wave theory should lead to
ion-cyclotron heating even in a single-ion species
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plasma. However, this absorption is likely to be in-
complete because the infinite and homogeneous
fast-wave contribution to the correct inhomogene-
ous mode is generally only weakly affected by ion-
cyclotron resonance. Simultaneous strong absorp-
tion at the ion-cyclotron resonance zone and
penetration of wave fields beyond the zone are con-
sistent with ion-cyclotron resonance heating experi-
ments on the Wisconsin-supported toroidal octa-
pole. ' Second, the significant parallel gradients in
background magnetic field strength present in
EBT-S significantly modify the singular, electro-
static two-ion hybrid mode of infinite and homo-
geneous cold-plasma-wave theory. ' ' ' Specifi-
cally, the electrostatic solution is not present in
EBT-S because of the important contribution of in-
homogeneity to the dispersion relation. This indi-

cates, that in a two-ion species plasma with strong
magnetic field variations such as found in EBT-S,
the standard theoretical treatment of mode conver-
sion from electromagnetic to electrostatic waves,
based upon a small ion-gyroradius expansion of the
dispersion relation, is inappropriate. In fact, previ-
ous theoretical studies show that small finite paral-
lel wave number discourages mode conversion and
so it follows that substantial variations in magnetic
field strength along the magnetic field direction
likely lead to direct particle heating without the
mode conversion. ' Third, wave properties in the
ion-cyclotron range of frequencies are very different
in EBT-S than they are likely to be in projected
Bumpy Torus devices like EBT-P.' In Bumpy
Torus devices larger and more dense than EBT-S,
the ion skin depth (i.e., (7 cm for density
&1)&10'3 cm s) becomes smaller while plasma
scale lengths become longer. As a result, although
inhomogeneity effects still can influence wave prop-
erties, infinite and homogeneous wave theory
should provide better guidance for interpreting ion-

cyclotron range of frequency heating results in these
larger devices than in EBT-S. Other works, relating
to eigenmode structure, ' ' electron bounce
motion' and magnetic field strength gradient ef-
fects on ion-cyclotron damping, support the prem-
ise that wave propagation and heating processes do
not scale from EBT-S to larger machines like EBT-
P. This paper does not address the important ques-

tion of whether energetic ion confinement and
transport might scale in going from EBT-S to
EBT-P.

The remainder of this paper is divided into two
sections. Section II self-consistently includes dielec-.
tric derivatives in the dispersion relation to demon-
strate the significance of inhomogeneity in the
propagation of modes in the ion-cyclotron range of
frequencies. Section III summarizes the highlights
of the analysis and reviews the major conclusions.

II. WAVE DISPERSION IN A COLD PLASMA
WITH INHOMOGENEOUS MAGNETIC FIELDS

For the present analysis, waves are assumed to
have their dispersion properties governed by the
cold-plasma dispersion relation:

S —Xm —)D -Nu&m

O= ~D S —Xu' —x~2 O ~u (1)

with
2 2

COs &s COsS=l —g, , D=g
N —0 ~ N —0
N kuc k~c

(2)

In Eq. (2), c, co„Q„and co denote the speed of
light, the plasma frequency of spix:ies s, cyclotron
frequency of species s, and the wave frequency,
respectively. The u, U, and w directions are orthog-
onal with m oriented along the background magnet-
ic field. The u-, u-, and w-directed electric fields are
represented by E„, E„, and E, respectively. For
simplicity, it is assumed that there is no u-directed
wave variation and so the dispersion relation only
depends on the u wave number (k„) and the w wave
number (k~ ).

For the general inhomogeneous magnetic field
case, the wave numbers represent differential opera-
tors which do not commute with the dielectrics. If
the density is assumed to be constant, the three
separate equations given by Eq. (1) can be combined
into a single fourth-order partial differential equa-
tion in E„. For consecutively lower dependencies on
indices of refraction

0= (PN~+SNg )(N„+N„)E„+2DI P [N„(D '))N~+ [N„(SD ')]N„](N~+N„)E„
—IPS(2N~+N„)+(S D)Ng PD[N~(D —')](N~+—N„) D[N„(SD ')](Ng+—N )]E„

2D [P[N„(SD ')]N—~+ [Ng(S D ')]N„—[N„(D)]N„]&„

+ IP(Si D2) PD [N (SD —')] D—[N„(S D ')]+D—[Ng(D)]]E„.
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In Eq. (3), terms like [N~(D ')] denote that the wave number operator acts only on the dielectric. Such
terms do not enter the infinite and homogeneous dispersion relation. Also, contrary to infinite and homogene-
ous theory, there exist contributions to the dispersion relation which depend on first and third derivatives of
E,. These terms signify that direction of propagation affects the dispersion characteristics of waves.

It is instructive to rewrite Eq. (3) in a form which clearly separates terms which arise only in the homogene-
ous limit from those which are nonzero only when plasma or magnetic field gradients are present. In particu-
lar,

0= I (PNN +SN„)(N~+N„) [PS—(2N~+N„) +(S D)—N„+P(S D)—] J E„

+DI 2P [N„(D ')]N~(N~+N„)+2[N„(SD ')]N„(N +N„)+P[N (D ')](N~+N„)

+[N„(SD ')](N'+N„') —2P[N (SD ')]N —2[N„(S'D ')]N„-+2[N„(D)]N„

P[N~—(SD ')]—[N„(S D ')]+[Ng(D)] JE„. (4)

The expression included within the first set of
curly brackets on the right-hand side of Eq. (4) is

present in the dispersion relation appropriate to a
homogeneous cold plasma. The second set of curly
brackets includes terms which depend on the
derivatives of the dielectrics and so contribute to
the dispersion relation only if the plasma is inhomo-
geneous. The form of Eq. (4) illustrates the signifi-

cant point that the mode solutions appropriate to
general oblique propagation in a cold homogeneous

plasma are coupled through the explicit contribu-
tions associated with the derivatives of the dielec-
trics.

An analysis of mode propagation based on weak-

ly inhomogeneous plasma theory is not appropriate
to situations where the scale length of dielectric
variation is comparable to the characteristic wave-

length of modes in a homogeneous plasma. ' In
general, for ion-cyclotron range of frequency waves,

this means that a %KB-type approach cannot be
reasonably invoked if the dielectrics vary apprecia-

bly within a distance of an ion skin depth.

fast-wave root does not heat ions at the fundamen-
tal of the ion-cyclotron frequency brause of its
pure right-hand circular electric field polarization.
Based on the discussion of Sec. II, to demonstrate
that plasma inhomogeneities couple the infinite and
homogeneous fast and slow waves, it is only neces-
sary to show that the inhomogeneous contributions
to the dispersion relation, Eq. (4), are at least as
large as the contributions which persist in the
homogeneous limit. In particular, for propagation
oblique to the background magnetic field,

is a sufficient condition to show that strong cou-
pling can occur in the limit of ~co —0; ~/0;&&1
for 0; the ion gyrofrequency.

Since magnetic field lines in EBT-S are, in gen-
eral, not coincident with surfaces of constant mag-
netic field strength, the ion-gyrofrequency spatial
variation along magnetic field lines near the
gyroresonance point is taken to have the form

A. Coupling of infinite and homogeneous fast
and slow mode

0;=r0(1+w/Li+w /2L2),

In infinite and homogeneous cold-plasma theory
with one-ion species, the wave corresponding to the

where L is a constant. It follows from Eq. (2) that
Eq. (5) can be rewritten as

C

Q)L i

2(co —3' 0;+60;) L 30;—co 2(30;—co )

(co —0; ) L2 co —0; (co —0; )

(3+L i /L2),
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which is independent of magnetic field strength.
For parameters characteristic of a hydrogen ion-

cyclotron heating experiment in EBT-S (i.e.,
Li-L2-20 —40 cm, and ion density n; &2&10'
cm ), both the right-hand and left-hand sides of
Eq. (7) are of comparable magnitude. Hence, infin-
ite and homogeneous fast and slow waves must be
strongly coupled. The composite inhomogeneous
mode is generally elliptically polarized and so be-
comes subject to appreciable ion-cyclotron absorp-
tion. However, it also follows that absorption at
fundamental ion-cyclotron layers is likely to be in-

complete because the infinite and homogeneous
fast-wave component of the inhornogeneous mode is
generally only weakly affected at these locations. In
general, the degree of coupling and heating requires
the detailed evaluation of the exact wave equation
in the relevant geometry.

B. Electrostatic waves in EBT-S

So far it has been demonstrated that inhomo-
geneity leads to coupling of infinite and homogene-
ous fast and slow modes. It is now shown that
singular solutions to Eq. (3) are inconsistent with
the small ion-gyroradius approximation assumed by
the dispersion relation.

In irifinite and homogeneous plasma theory, elec-
trostatic waves with frequencies comparable to the
ion-cyclotron frequency are possible for parameters
typical of magnetic fusion-oriented devices if more
than one-ion species is present within the plas-
ma. ' ' ' In particular, for a two-ion species plas-
ma the wave frequency of the electrostatic mode lies
between the ion gyrofrequencies of the two-ion
species. Interest in these electrostatic waves arises
in the application of wave heating to fusion-
oriented devices because they are relatively short-
wavelength phenomena which can be driven by
mode coupling to long-wavelength fast waves in
weakly inhomogeneous plasma theory. '

In the cold-plasma approximation waves with
asymptotically electrostatic character are singular
solutions to the dispersion relation when inverse
perpendicular wave numbers are much longer than
the ion gyroradius. Hence, for electrostatic waves
not to exist within the cold-plasma approximation
for EBT-S, it is sufficient to show that in Eq. (3)

I(PN +SN„)F„I & IDP[N (D ')]F„I
when

I
F„'s ', k„'F„

I
« I

F„=(N +N„)E, .

In Eq. (9), p; is a typical ion gyroradius. Equations
(8) and (9) represent a single sufficient condition for
electrostatic waves not to be present, because other
coefficients of third and lower derivative terms act-
ing on E„contribute, along with the term singled
out in Eq. (8), to the dispersion relation.

If the z-directed ambient magnetic field strength
variation has the form

0, =0»(1+w/Li+w /2L2), (10)

with Q„a constant, then Eq. (8) can be rewritten as

D
I
(N~+SP 'N„)F„

I

&
I [D[N„(D)]—2[Ng(D)] ]F„ I

with

NND = C

NL2

co;co(30;—co )

0;(a) —0; )

+2
coL

&

co;co (co —30;co +60;)
(co —0; )

2
CO& CO 2 2

0(co —0 )
(30;—co ) .

(12)

S=S'=(oui+co,')/I 0,—0, I
(13)

In Eq. (12), subscript i denotes ion species.
Because weakly damped electrostatic waves and

mode conversion in the ion-cyclotron range of fre-
quencies are present in a weakly inhomogeneous
plasma for IN„F, I « IN„F„ I, Eqs. (9) and (11)
are examined in the limit of N~F„=O. ' ' How-
ever, it should be noted that the right-hand side of
Eq. (8) is independent of angle of propagation and
so magnetic inhomogeneity always has some effect
on wave propagation for any angle of propagation.

To quantitatively evaluate Eq. (11}under the con-
straint of Eq. (9), we consider a hydrogen-deuterium
plasma with different values of hydrogen density
(Ni) and deuterium density (N2) and a total ion
density of 2&(10' cm '. The magnetic field

strength at u =0 is taken to be 7& 10 G and an ion
temperature T;=100 eV is assumed. In infinite
homogeneous plasma theory, weakly damped elec-
trostatic waves occur in the limit of S—+0, with S
defined in Eq. (4). Hence, as an additional conser-
vative act, the numerical value of S in Eq. (11} is
given the value

(9)
with subscripts 1 and 2 denoting hydrogen and deu-
terium quantities, respectively.
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III. SUMMARY AND DISCUSSION

This paper has theoretically addressed the impor-
tant role which inhomogeneity plays in electromag-
netic mode propagation. It has been shown that the
derivatives of the electromagnetic dielectric ele-

ments must be included self consistently in analyz-

ing the propagation of waves in the ion-cyclotron
range of frequencies for relatively low-density

machines like EBT-S which have large continuous
magnetic field variations. Two examples have been

examined which indicate that conclusions about
wave propagation and heating based upon infinite
and homogeneous or weakly inhomogeneous WKB
plasma-wave theory are not reliable for devices like
EBT-S. First, it has been shown that ion skin depth
c/co; is comparable to the magnetic field inhomo-

geneity scale lengths. Consequently, fast-wave exci-
tation based on weakly inhomogeneous wave theory
should result in the coupling of the infinite and

homogeneous fast and slow waves in the strongly
inhomogeneous EBT-S plasma. The result should

TABLE I. Evaluation of
~
F„'p~k„F„~ under the as-

sumptions and parameters indicated in the text and for
different hydrogen and deuterium densities.

p]{10 |m )

1.9
1.5
1.0
0.5
0.1

n~(10~~ cm 3)

0.1

0.5
1.0
1.5
1.9

i
F„'pik„F„[

2.2g 10'
1y 10'

5
8

1.4X 10'

Results of the numerical evaluation of Eq. (11)
are tabulated in Table I for the special case
L2 L——i/(2)'~ . The important feature of the table
is the clearly greater-than-one values for
~F„'pik„F,

~

for a variety of different hydrogen
and deuterium densities. The quantity is especially

large when one of the ions is clearly a minority
species. The implication of this result is that the
cold-plasma electrostatic approximation and weakly
inhomogeneous mode conversion theory are not
valid in the ion-cyclotron range for a strongly inho-
mogeneous plasma like EBT-S. It is also worth
noting that if the conservative assumptions of
~S

~

= ~S'~ and T~ 100 eV——are relaxed such that
(S (

& (S'( and T;&100 eV are permitted, then

the values of ~F, 'pik„F„~ are larger than those
tabulated.

be fundamental ion-cyclotron frequency in a
single-ion species plasma. Similarly, slow-wave ex-

citation based on weakly inhomogeneous plasma
theory should result in wave penetration beyond the
ion-cyclotron resonance layer because of coupling
between the infinite and homogeneous slow and fast
waves in the strongly inhomogeneous EBT-S plas-
ma. Second, it has been demonstrated that the in-

homogeneous cold-plasma dispersion relation does
not consistently include singular electrostatic solu-

tions for EBT-S parameters and k„p;&1. More-

over, the large values of ~F„'p,k„F„~ in Table I
indicate that in a two-ion species plasma values of
k„p;~1 are required for electrostatic waves with

frequencies between the two-ion gyrofrequencies.

Hence, to ascertain the possible mode conversion

process of electromagnetic to electrostatic waves in

a machine like EBT-S with substantial magnetic
field gradients parallel to the magnetic field direc-

tion, it is inappropriate to assume k„p; small, as in

previous mode conversion analyses, but rather it is

necessary to include arbitrary k„p;. In fact, previ-

ous theoretical studies show that small finite paral-

lel wave number precludes mode conversion and so
it follows that strong parallel magnetic field

strength variations, such as found in EBT-S, likely

lead to direct particle heating rather than mode con-
version. '

Although effects of magnetic field gradients on

wave properties near the fundamental ion-cyclotron
resonances were primarily examined, it should be
pointed out that the gradients can influence wave

properties for 0=2Q;, albeit to lesser extent than
for co=A;. In particular, for co=20;, Eq. (5) indi-

cates appreciable modification of wave properties
for relatively low-density operation (e.g.,
n; &2X10' cm ) and relatively sharp gradients

I.
&
-20 cm. For higher-frequency, shorter-

wavelength modes inhomogeneity effects are in-

creasingly less significant in EBT-S.
Effects like bounce electron motion' and finite

ion transit time through cyclotron resonance
zones have not been included in the present for-
malism. Suffice it to say that these processes fur-
ther modify the dispersion characteristics of waves

away from the predictions of infinite and homo-

geneous cold-plasma theory. It follows that the re-

sults of this paper, particularly those related to el-

liptic polarization of modes at the fundamental
ion-cyclotron resonance, are enhanced by the men-

tioned processes.
In conclusion, wave propagation properties in the

ion-cyclotron range of frequencies has been exam-

ined for a strongly inhomogeneous plasma like
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EBT-S. Although realistic quantitative estimates of
wave polarizations and heating must await the
development of accurate eigenmode codes for realis-
tic Bumpy Torus geometry, the results of this paper
can help in the development of such codes and in
the interpretation of numerical results once they are
developed. In projected denser and larger Bumpy
Torus devices like EBT-P, the inhomogeneous ef-
fects discussed at length in this paper should play a
less significant, although not necessarily, negligible
role. Homogeneous wave theory should provide

some increased intuition for ion-cyclotron range of
frequency heating experiments in EBT-P.
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