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Properties of the 1s2p states of Li-like ions are calculated relativistically for 6(Z & 30,
with particular attention to the effects of the Breit interaction on multiplet splitting and the

radiationless transitions through which these states decay. The full Breit interaction {mag-

netic and retardation terms) is included in calculating fine structure. Transition rates are

computed in relativistic intermediate coupling with configuration interaction. Both the

spin-orbit and magnetic interactions are incorporated in the calculations. Results are com-

pared with earlier calculations and with experiment, and the physics of observed relativistic

and configuration-interaction effects is discussed.

I. INTRODUCTION

Excited states of atoms in the lithium isoelectron-
ic sequence are of special interest because they exhi-
bit the strong relativistic and quantum electro-
dynamic effects that are characteristic of highly
stripped ions, yet these systems are amenable to
quite detailed theoretical treatment and experimen-
tal study. In particular, the Li-like 1s 212l' configu-
rations have been studied both experimentally'
and theoretically. ' Their study leads to informa-
tion that is relevant to transitions in ionic species
which occur in astrophysical and plasma milieus,

among others.
In a companion paper, ' we have calculated

Auger and x-ray emission rates for the 1s 2s 2p con-
figuration of Li-like ions, in the intermediate-

coupling scheme, with Dirac-Hartree-Slater wave
functions and the Meller relativistic two-electron
operator. In the present article, we complete the
study of 1s212l' three-electron configurations by

applying relativistic theory to the 1s 2p states, with

particular attention to the effect of the Breit in-

teraction on multiplet splitting and on the radia-

tionless transitions through which these states de-

cay.
All previous calculations of ls2p -configuration

decay probabilities have been nonrelativistic, albeit

in intermediate coupling. ' ' Yet, our relativistic
1s 2s 2p calculations have illustrated the importance
of including the magnetic interaction in the Auger
transition rate. ' Cheng et al. have shown that the
magnetic interaction significantly affects the fine

structure of the PJ states of the ls2l31' configura-
tions'; however, these authors included the (less

pronounced) effect of retardation only through the
configuration average.

In the present paper, the full Breit interaction

(magnetic and retardation terms) is included in cal-

culating fine structure. Radiative and radiationless

decay rates of the 1s2p multiplet states are com-

puted for 12 elements (6 &Z & 30) in relativistic in-

termediate coupling with configuration interaction.
Both the spin-orbit and magnetic interactions are
incorporated in the calculations. %e do not include

elements near the neutral end of the Li isoelectronic

sequence (3 & Z & 6) because for these species
electron-electron correlations may become so im-

portant as to make the present treatment inade-

quate.

II. THEORY

A. Auger transition rates

The Auger decay probabilities of the multiplet
states are calculated from perturbation theory, as-
suming frozen orbitals. ' The transition rate is

Here, g; and Pf are the antisymmetrized many-
electron wave functions of the initial and final
states of the ion, respectively, p(e) is the energy
density of final states, and VJ is the two-electron
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TABLE I. Fine-structure intervals of the 1s2s 2p Pq and 1s2p Pq states in the Li isoelec-
tronic sequence (in cm ').

6
7
8
9

10
13
18
20
22
25
26
30

5 3J=———
2 2

94.4
208.5
404
713

1 169
3 907

17018
27415
42 312
72 501
91 664

180167

1s Zs2p 4P
3 1J=———
2 2

4.4
35.1

101
211
389

1 519
6 894

10824
15970
24914
30 100
48 361

5 3J=———
2 2

39.5
111.9
248
474
816

2 939
11 487
19305
27 904
43 476
49 108
71 136

1s2p2 P
3 1J=———
2 2

74.6
158.0
296
503
810

2616
11 553
18416
30950
54 561
66 666

141 122
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FIG. 1. Separations of the 1s2p PJ levels from the
"center-of-gravity" energy of the quartet states, as func-

tions of atomic number Z, scaled by Z . Present rela-
tivistic calculations are compared with multiconfigura-
tional Dirac-Fock results in which the Breit energy is in-

cluded in the configuration-averge energy only [MCDF
(A), Ref. 22] and in which the magnetic energy (but not
retardation) is included in the sphtting calculation
[MCDF (CDK), Ref. 14]. Experimental data from Ref.
4 are indicated as well.

FIG. 2. Separations of the 1s 2s 2p PJ levels from the
"center-of-gravity" energy of the quartet states, as func-
tions of atomic number Z, scaled by Z . Present rela-
tivistic calculations are compared with a Dirac-Hartree-
Slater computation in intermediate coupling in which the
Breit energy is included in the configuration-average en-

ergy only [DHS (ICC), Ref. 13, extended in the present
work] and in which the magnetic energy (but not retarda-
tion) is included in the splitting calculation [MCDF
(CDK), in Ref. 14]. Experimental data from Ref. 4 are
also indicated.
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6

8
9

10
13
18
20
22
25
26
30

Present

9.266
11.208
13.144
14.968
16.938
23.666
34.875
39.987
46.725
55.856
60.196
74.618

MCDF'

9.357
11.302
13.260

17.232

40.544

59.723

Experimentb

9.224+0.002
11.159+0.001
13.095+0.001

'Reference 14.
Reference 4.

interaction operator for which the M@ller operator
is chosen' ':

TABLE II. Radiative transition energies (in eV)
betweeen the centers of gravity of the 1s2p24P and
1s 2s 2p 4P states.

Theory

respectively, and 0 denotes the angular wave func-
tions.

The Auger matrix elements in j-j coupling can
then be separated by Racah algebra into angular
parts multiplied by radial integrals. For a detailed
derivation, the reader is referred to our previous
work. ' '

B. X-ray emission rates

From first-order perturbation theory, the emis-
sion of a photon of energy fico and momentum irik

into a solid-angle element 10, with polarization
vector s, by an atom going from an initial state i to
a final state f, is given by

2

ga&ee ' J g; dQ, (4)2'

where

Vl ——(1—a; aj)exp(icori)/re . fico=tike =E;—Ef . (5)

This operator includes the retarded Coulomb and
the current-current interactions. The a; are Dirac
matrices, and c0 is the wave number of the virtual.
photon.

The restricted Dirac-Fock wave functions have
the standard form'

We follow the procedure of earlier calculations'
by multipole expansion of the plane-wave radiation
field. The multiplet x-ray matrix element is
separated into angular parts and radial integrals by
using Racah algebra. Details are described in Ref.
13.

C. Relativistic intermediate coupling

Here, G«and F«are the large and small com-
ponents of the relativistic radial wave functions,

We use the j-j coupled states as basis states. The
mixing of states with the same total angular

TABLE III. Calculated E Auger energies (in eV) for the 1s 2p2 configuration of Li-like ions.

2
~1/2

2
P1/2

2
Initial state

2 2
DS/2

4P 1 /2
4
P3/2

4
P5/2

6
7
8
9

10
13
18
20
22
25
26
30

249.24
339.61
443.96
561.97
693.42

1171.14
2244.31
2771.75
3355.10
4338.86
4697.80
6274.31

243.31
332.66
435.99
552.96
683.39

1157.87
2224.74
2748.67
3327.89
4303.67
4659.28
6218.54

243.33
332.69
436.06
553.08
683.59

1158.55
2227.73
2753.96
3336.34
4318.90
4677.55
6253.27

242.61
331.65
434.68
551.36
681.S1

1155.32
2221.79
2745.91
3325.64
4302.41
4658.52
6220.25

242.59
331.63
434.64
551.31
681.44

1155.19
2221.80
2746.49
3327.16
4306.72
4664.26
6235.40

238.28
326.27
428.24
543.84
672.90

1143.27
2203.17
2724.27
3300.32
4271.08
4624.69
6173.34

238.28
326.29
428.27
543.91
673.00

1143.59
2204.61
2726.55
3304.15
4277.85
4632.95
6190.83

238.29
326.30
428.31
543.96
673.10

1143.96
2206.03
2728.94
3307.61
4283.24
4339.04
6199.65
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FIG. 3. E radiative lifetimes of 1s2p 'D states, as
functions of atomic number Z. Present theoretical results
are compared with those from Z-expansion theory (Ref.
23}.
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FIG. 4. Auger decay rate of the 1s2p S state, as a
function of atomic number Z. Results from a Dirac-
Hartree-Slater calculation in intermediate coupling [DHS
(IC)] are compared with relativistic [DHS (ICCI)] and
nonrelativistic [HS (ICCI), Ref. 11] calculations that in-
clude configuration interaction.
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The basis states for the ls2s2p configuration are
listed in Ref. 13.

The eigenfunctions and eigenvalues are found by
diagonalizing the energy matrices, which include
not only the Coulomb interaction but also the trans-
verse interaction. These eigenfunctions and eigen-
values are then used to calculate the multiplet split-
ting, Auger and x-ray energies, and the transition
rates. The mixing coefficients of the states
enumerated in Eqs. (6)—(8) are listed in the Appen-
dix.

III. NUMERICAL CALCULATIONS

The relativistic Auger and x-ray matrix elements
in j-j coupling were calculated from Dirac-Hartree-
Slater (DHS) wave functions that correspond to the
appropriate initial electron configurations. The
transition energies were found by performing
separate self-consistent-field calculations for the ini-
tial and final configurations, thus including relaxa-
tion energies. Contributions due to the Breit in-
teraction, vacuum polarization, and E-shell self-

energy were also included in the energy calculations.
The Coulomb and Breit-interaction matrix elements
required for the intermediate-coupling calculations
were evaluated with the slightly modified general
Auger program. '

For transitions from initial doublet states, we cal-
culate the x-ray and Auger matrix elements with
average energies pertaining to the entire configura-
tion. The decay rates of quartet states are more en-

ergy sensitive, hence we use energies corresponding
to the center of gravity of only the quartet states in
computing their decay.

IV. RESULTS AND DISCUSSION

A. Multiplet splitting

The theoretical multiplet splitting of the Pz
(J= —,, —,,—,) states of the ls2p and ls2s2p config-. 2
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TABLE VII. Theoretical Auger and x-ray emission rates (in a.u.) for the D3/p and D5/2 states of the 1$2p config-
uration of Li-like ions.

6
7
8
9

10
13
18
20
22
25
26
30

Auger

2.195(—3)
2.497( —3)
2.710(—3)
2.901(—3)
3.043( —3)
3.301{—3)
3.410( —3)
3.317(—3)
3.226( —3)
3.091{—3)
3.050( —3)
2.937(—3)

2
&3/Z

1$-2p &/2

8.145{—6)
1.712(—5)
3.245( —5)
5.629( —5)
9.198(—5 }
3.148{ -4)
1.456( —3)
2.405( —3)
3.709( —3)
6.509( —3)
7.706( —3)
1.410(—2)

1$-2p 3/2

1.404( —6)
2.750( —6}
4.729( —6)
7.200( —6)
9.914(—6)
1.374( —5)
1.095( —6)
5.241( —5)
2.023( —4)
7.240( —4)
9.984( —4)
2.693(—3)

Auger

2.198(—3)
2.503( —3)
2.720( —3)
2.915(—3)
3.064( —3)
3.363( —3)
3.644( —3}
3.668( —3)
3.649( —3)
3.505( —3)
3.424( —3)
3.005{—3)

2+5/2
1$-2P l /P

2.649( —13)
1.118(—12)
3.925{—12)
1.119(—11)
2.817( —11)
2.662{—10)
3.780( —9)
8.229( —9)
1.611(—8)
3.553( —8)
4.380( —8)
8.021( —8)

1$-2p 3/2

9.552( —6)
1.987( —5)
3.716(—5}
6.334( —5)
1.014( —4)
3.192( —4)
1.268( —3)
1.945( —3)
2.831(—3)
4.527( —3)
5.171(—3)
8.000( —3)

urations are listed in Table I. These fine-structure
intervals are compared in Figs. 1 and 2 with experi-
mental and other theoretical results. Severe
discrepancies exist between experimental data and
the results of calculations which include the Breit
energy in the configuration-average energy only, re-

gardless of whether a multiconfigurational Dirac-
Fock (MCDF) (Ref. 22) or DHS (Ref. 13) approach
with intermediate coupling is used. Drastic im-

provement in the agreement between theory and ex-
periment is attained when the magnetic energy is in-
cluded in the splitting calculations, even without the
retardation correction. ' The present work, which
includes the full Breit interaction (magnetic and re-
tardation) in the correctly coupled state calcula-
tions, leads to excellent agreement with experiment.

B. Transition energies

Radiative transitions from 1s2p P initial to
1s 2s 2p 4P final states have been observed by
Livingston and Berry in beam-foil spectra. The
theoretical and experimental x-ray transition ener-

gies between centers of gravity of 1s2p I' and

1s2s2p P states are compared in Table II. The
MCDF results' were obtained including the mag-
netic interaction correctly in the energy calcula-
tions, but incorporating the retardation term only in
the configuration average. In the present results,
the full Breit interaction is included for each state.
Table II shows that retardation contributes little to
the radiative transition energies but is non-

negligible.
Our calculated K Auger and x-ray energies are

listed in Tables III and IV. The present E x-ray en-
ergies agree to —1 eV with results from Z-
expansion theory. ' In Table V, we compare our
E x-ray energies with experimental results. ' In
general, the present calculations agree with the data
to within —1.5 eV. The residual error is probably
due to correlation, which has mostly been neglected
in this work.

C. Transition rates

The theoretical radiative and Auger transition
rates from the present work are listed in Tables
VI —VIII. For the S and D states, Auger rates
from nonrelativistic Hartree-Slater (HS) calcula-
tions ' " do not differ materially from the
present relativistic results. However, Auger rates
from calculations using Coulomb wave functions
are quite different from those based on self-
consistent-field models.

The K x-ray emission rates of the doublet states
are quite close to earlier results from the nonrela-
tivistic HS (Refs. 6, 10, and 11) or Z-expansion '

theory. In Fig. 3, we compare E radiative lifetimes
of D states from the present calculations with re-
sults from the Z-expansion theory. For Z&15,
the effect of the spin-orbit interaction becomes
quite important. Thus, x-ray decay rates of the

D3/2 and D5/2 states begin to differ, and at
Z=-30, the radiative lifetime of the D&/2 state is
twice that of the D3/2 state.

There is strong configuration interaction between
the 1s2p S and 1s2s2 S states: The Auger decay
rate of the former is reduced by a factor of -3 due
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to this effect (Fig. 4). The ls2s S admixture to
the 1s2p S state amounts to 12% for Z =6 and
slowly decreases with Z to 5% at Z=30. The
Auger decay rate of the 1s2s S state is approxi-
mately one order of magnitude larger than that of
the ls2p S states; consequently, an important ef-
fect of the admixture on the Auger rate persists
even for heavier elements.

For the P states, Auger decay is forbidden in the
nonrelativistic limit in L,S coupling. These states
decay primarily by E x-ray emission. The Auger
decay of these states gains strength, however, from
mixing with other doublet states through intermedi-
ate coupling.

For the P states, both Auger and dipole E x-ray
transitions are forbidden in the nonrelativistic ap-
proximation. The quartet states can decay radia-
tively only by magnetic-quadrupole (M2) E x-ray
emission, or by electric-dipole (E 1) transitions
made possible by mixing with doublet states
through intermediate coupling or by
1s2p P~ls2s2p P E1 transitions. Auger decay
of the P states can occur through mixing with
doublet states or by the magnetic interaction. Con-
tributions from the magnetic interaction to the P
Auger decay grow with atomic number roughly asZ; contributions due to mixing with doublet
states through the spin-orbit interaction grow as
-Z". The Z dependence of the 2s-2p E 1 transition
intensity is found to be as -Z' . In the present
calculations, all of these decay modes are included
for the PJ states. The M2 radiative transition rates
are found to be smaller than the E 1 rates made pos-
sible by mixing with doublet states. For low-Z
atoms, E 1 transitions of the 2s-2p type are the dom-
inant decay modes of the Pt, /q and P3/2 states,
while the P5/2 states decay predominantly through
Auger transitions made possible by mixing with
doublet states.

The 2s-2p radiative transitions are characterized
by small transition energies and rates, whence they
are sensitive to differences in the atomic model. In
the present work, the 2s-2p E 1 transitions are calcu-
lated in the Coulomb gauge, which corresponds to
the dipole-velocity form in the nonrelativistic dipole
approximation. The nonrelativistic calcula-
tions, ' ' on the other hand, have been performed
in the dipole-length approximation. This difference
might account for the large discrepancies between
present 2s-2p x-ray rates and results from nonrela-
tivistic theory.

For the Auger decay of the P~/2 and P3/2
states, contributions from the magnetic interaction
are as important as contributions due to mixing
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TABLE IX. Mixing coefficients of the J=—states of the 1s2@ configuration of Li-like

ions [Eq. (6}].

Basis
Z

10

13

18

20

25

26

30

State

2S1/2
2P1/2
4
Pl/2

2S1/2
2

P 1/2
4P1/2
2Sl/2
2P 1/2

P1/2
2

S 1/2
PI /2

4P1/2
2S1/2
2P1/2
4P1/2
2
. Sl/2
2P1/2
4P 1/2
2S1/2
2P 1 /2
4P I/2
2
SI/2

2
P 1 /2

4P 1/2
2
Sl/2

2P 1/2
4P 1/2
2
Sl/2

2P 1/2
4P 1/2
2S1/2
2

P 1/2
4P 1/2
2S1 /2
2P 1 /2
4

P 1 /2

—0.343 91
0.00099

—0.00106
—0.338 47

0.001 76
—0.001 84
—0.333 80

0.003 10
—0.003 70
—0.33247

0.004 55
—0.005 22
—0.328 18

0.006 35
—0.00696
—0.31930

0.014 55
—0.015 24
—0.301 18

0.035 68
—0.038 91
—0.289 79

0.047 21
—0.054 11
—0.277 36

0.057 90
—0.072 16
—0.255 15

0.067 70
—0.096 64
—0.24709

0.069 70
—0.10594
—0.212 74

0.068 50
—0.141 52

(2)

0.539 99
—0.471 86

0.667 95
0.539 43

—0.472 40
0.668 84
0.538 47

—0.472 82
0.669 72
0.535 55

—0.473 83
0.671 36
0.532 18

—0.475 23
0.67355
0.51447

—0.481 10
0.683 43
0.461 14

—0.489 30
0.714 51
0.426 30

—0.491 60
0.733 78
0.38701

—0.482 70
0.76006
0.332 22

—0.461 96
0.797 33
0.31277

—0.449 20
0.81201
0.24027

—0.377 45
0.869 92

(3)

0.768 21
0.331 25

—0.47061
0.771 01
0.329 62

—0.469 93
0.773 71
0.327 81

—0.469 51
0.77629
0.32474

—0.468 27
0.78041
0.320 58

—0.466 54
0.795 70
0.301 45

—0.458 66
0.833 69
0.243 55

—0.435 51
0.855 20
0.207 63

—0.417 84
0.876 71
0.16447

—0.398 01
0.90421
0.10801

—0.363 67
0.91297
0.088 06

—0.35029
0.942 39
0.019 18

—0.291 03

(4)

0.000 83
0.81708
0.576 52
0.001 57
0.81743
0.57603
0.00245
0.81791
0.575 34
0.003 88
0.818 54
0.57443
0.005 86
0.81936
0.573 25
0.01494
0.823 08
0.567 73
0.04004
0.836 71
0.546 16
0.054 11
0.844 39
0.532 97
0.068 37
0.858 25
0.508 62
0.083 26
0.877 69
0.471 87
0.087 23
0.886 35
0.45466
0.09443
0.923 29
0.372 18

with doublet states through intermediate coupling.
Consequently, it is essential to include the magnetic
interaction in the Auger calculations for the
1s 2p P~/2 3/2 states. In previous nonrelativistic
calculations, ' ' contributions of the magnetic in-
teraction were not included. Since strong cancella-
tions occur between contributions from the mixing
with doublet states and from the magnetic interac-
tion, the Auger rates of the P~/2 3/g states are very
sensitive to details of the atomic model and to the
transition energies. In the intermediate-coupling
calculations, inclusion of the magnetic interaction
in the energy matrix can change the decay rates of
these states by one whole order to magnitude (Fig.

5}. Average transition energies of quartet states,
rather than configuration-average energies, were
employed in the present calculations for quartet
states. Results differ from those of nonrelativistic
Auger-rate calculations ' ' for the P~/2 3/2 states
by as much as two orders of magnitude (Fig. 5}.

For the Pq/2 state, mixing with D&/2 contributes
much more to the Auger rate than the magnetic in-
teraction. Consequently, the present relativistic

P5/2 Auger-decay rates do not differ significantly
from nonrelativistic results. '

Comparing the lifetimes of the PJ states from
the present relativistic calculations with results
from nonrelativistic theory and experimental
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(3)

—0.51477
0.824 52

—0.234 88
—0.509 19

0.82803
—0.23473
—0.501 46

0.832 79
—0.234 54
—0.49171

0.838 62
—0.23439
—0.47947

0.84570
—0.23430
—0.425 97

0.873 88
—0.23426
—0.30221

0.923 96
—0.23445
—0.231 01

0 94404
—0.235 41
—0.17779

0.955 46
—0.235 55
—0.11481

0.965 20
—0.23494
—0.098 25

0.967 15
—0.23444
—0.051 14

0.971 75
—0.23038

2

2

4
~3/2

~3/2
2
&3/2

4

2
D3/2

4

2

2
&3/2

4

2
~3/2

2
D3/z

2

2
D3/z

4
~3/2

2

2

4

2
~3/2

&3/2
4

D3/z

2

2

2
~3/2

2L 3/2
4

'~3/2

~3/2

0.754 91
0.565 79
0.331 66
0.759 25
0.560 60
0.330 55
0.765 16
0.553 41
0.32905
0.772 47
0.544 34
0.32708
0.781 40
0.532 95
0.324 61
0.81772
0.482 67
0.31363
0.887 00
0.362 65
0.285 85
0.91890
0.291 22
0.266 12
0.939 66
0.235 93
0.247 76
0.961 39
0.167 51
0.218 34
0.966 70
0.148 70
0.208 29
0.981 30
0.091 77
0.16922

—0.406 36
0.006 59
0.91369

—0.405 29
0.009 91
0.91413

—0.403 82
0.01445
0.91472

—0.401 88
0.020 24
0.91547

—0.39939
0.02744
0.91637

—0.38715
0.057 96
0.920 19

—0.349 14
0.121 58
0.929 15

—0.31979
0.154 84
0.93475

—0.292 29
0.17729
0.939 75

—0.25009
0.200 80
0.947 17

—0.236 31
0.206 17
0.949 55

—0.185 59
0.217 42
0.958 27

10

20

30

TABLE X. Mixing coefficients of the J=—states of
the 1s2@ configuration of Li-like ions [Eq. {7)j.

Basis
Z State (2)

10

20

30

State

+5/2
4
&5/2

+5/2
~5/2

'&5/2
4
~s/2

2L 5/2
4
~s/2

D5/2
4
~S/2

2
&5/2

4
&5/2

D5/2

~S/2

~5/2

L'5/2

~s/2
Ds/z

4
~s/2

2
Ds/2

~s/2
j 5/2

~5/2

0.579 86
0.814 72
0.581 57
0.813 50
0.583 94
0.811 79
0.587 07
0.809 54
0.591 05
0.806 63
0.609 45
0.792 83
0.661 62
0.749 84
0.703 08
0.711 11
0.74446

—0.667 67
0.812 73

—0.582 64
0.835 36

—0.549 70
0.91137

—0.411 59

(2)

0.814 72
—0.579 86

0.813 50
—0.581 57

0.81179
—0.583 94

0.809 54
—0.587 07

0.80663
—0.591 05

0.79283
—0.60945

0.749 84
—0.661 62

0.711 11
—0.70308

0.667 67
0.74446
0.582 64
0.812 73
0.549 70
0.835 36
0.411 59
0.91137

ic model, it may well be that inclusion of full ex-
change in the continuum as well as bound-state
wave functions could be important. MCDF calcu-
lations to explore this question are in progress.
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data, ' we find that the relativistic results agree
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states are also Auger forbidden in the nonrelativistic
limit. However, in view of the sensitivity of the

P]/2 3/2 Auger rates to the fine details of the atom-
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APPENDIX: MIXING COEFFICIENTS

In Tables IX—XI we list the eigenfunction coef-
ficients that describe the mixing of the states in
Eqs. (6)—(8).
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