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Proton stopping power of aluminum iona
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(Received 20 November 1981)

With the use of the generalized-oscillator-strength formulation of the plane-wave Born
approximation, the contribution of individual subshell ionization and excitation to the pro-
ton stopping power is calculated for Al" + (0(n (11)for proton energies between 0.1 and
100 MeV. The neutral-Al results are in excellent agreement with experiment. The
subshell-peak stopping power due to ionization is in excellent agreement with scaled
neutral-atom values. The optical oscillator strength was used to calculate the Bethe mean-
excitation energy I for all the Al ions, Equating the explicitly calculated stopping power at
100 MeV to the Bethe formula led to an alternative I value. While the two I values agreed
for some ions, for others they disagreed by as much as 50%. However, even in such cases,
a change of less than 10% in the stopping power at 100 MeV would produce agreement be-

tween the two methods of calculating I.

I. INTRODUCTION

Currently Al is being used as a target material in

the light-ion beam fusion program, ' and has been

used in laser matter-interaction studies. ' In the
latter case the plasma temperature is high (several
hundred eV) and radiation from hydrogenic and

heliumlike Al provides a useful diagnostic. Plasma
temperatures in the light-ion beam targets are low

(tens of eV) and radiation diagnostics are most com-

plex. In addition, the light-ion beam (hereinafter
protons) heating of the Al target is a complex pro-
cess, as the energy deposition in both ions and free
electrons is temperature dependent. The need for
reliable Al-ion stopping powers is the motivation
for these calculations.

Our approach ' to ionic stopping-power calcula-
tions is to calculate explicitly the contribution to the
stopping power of excitation and ionization of each
occupied subshell in as effi ient a manner as possi-
ble. The technique used is the generalized-
oscillator-strength (GOS) formulation of the Born
approximation using one-electron orbitals found
from the Schrodinger equation with a central poten-
tial obtained from a piecewise continuous approxi-
mation to [—r V(r)] of Herman and Skillman. As
a check on the applicability of the Born approxima-
tion and the central potentia1 employed, we have
used our Al-ion GOS to calculate electron ioniza-
tion cross sections. These are in reasonab/e agree-
ment with other calculations and measurements ex-

cept, as expected, near threshold.
Because there are a small number of Al ions and

a small number of occupied subshells per ion, GOS

calculations were performed for all occupied sub-
shells. This is in contrast to our calculations on
stopping power for gold ions, where for deep inner
shells the ionization contribution to stopping power
is calculated via scaling laws, and the excitation
contribution from deep inner shells is neglected.
With the complete set of Al-ion GOS, the Bethe
mean-excitation energy I can be explicitly calculat-
ed and compared with an I value inferred from fit-
ting a Bethe formula to the explicity calculated
stopping power. A comparison of the two I values
illuminates the validity of the calculations.

In Sec. II we sketch the computational procedure,
discuss the approximations that are significant at
high energy, and present the results of the explicit
calculations (to 100 MeV). In Sec. III we present
the sum-rule calculation of the Bethe mean-
excitation energy I and compare it with values in-
ferred from the explicit calculations.

II. EXPLICIT CALCULATIONS.

The one-electron GOS to the continuum per nl
electron per el' continuum hole is defined by

(e,E',/')=,
(
(nl(e'"' ill') i',

where 8E =e E« is in Ry (13.6 eV), —E« is the-
one-electron ionization energy of the nl subshell, e
is the continuum electron energy with e=O at the
ionization threshold, r is the magnitude of the elec-
tron position vector in Bohr radii, E is the magni-
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tude of the momentum transfer in inverse Bohr ra-
dii, and df /de is in Ry . Expanding the exponen-
tial in Eq. (1) in Legendre polynomials and Bessel
functions leads to explicit expressions for the sub-
shell GOS. For 1=0,1,2 the expressions are given in
Ref. 9. The orbitals used in the calculations were
obtained by first approximating the quantity

[ rV(r—)] of Herman and Skillman by a series of
straight lines (up to six for Al ions), and then solv-

ing the Schrodinger equation with the derived po-
tential. This Schrodinger equation is exactly solv-
able in terms of %hittaker functions permitting the
relatively rapid generation of properly normalized
continuum orbitals.

The contribution of subshell ionization to the
stopping power is given by

24~ao

(M M )E

(2)

where E& is the proton energy in Ry, ao is the Bohr
radius, M, and Mz are the electron and proton
masses, respectively, Z„I is the number of electrons
in the nl subshell, and

IC,„= (~Ep+ QEp e E„—()—
min ~e

For the excitation contribution to the stopping
power S„I ones uses b.E =E„~ E„~ in Eq. (1—) and
drops the integral over e in Eq. (2). The excited or-
bitals included all those up to n' & 5 and I'=0,1,2.

There is an infinite sum over l' in Eq. (2). In
these calculations the sum was limited to l'&12.
The integration over r in Eq. (1) was done on a
200-point grid extending up to R max~ where

y(R,„)&10 y(R),„(essentially the cutoff cri-
terion in Herman and Skillmans). For accuracy in
the calculated GOS, e was limited by v eb.R & n/5,
where hR =R,„/200. This criterion typically
truncated our GOS grid at e=50E„~. The upper
limit of E in the grid (K„),was always larger, i.e.,
K„&50E„I, allowing us to obtain an asymptotic ex-
pression in K for e & 50E„~. The region
E ~ 50E„I, e & 50E„I is of little significance except
at very-low-incident proton energies, where ioniza-
tion cross sections and stopping-power contribu-
tions are small, and not well calculated by the Born
approximation.

For e) 50E„~ (the region where the Bethe ridge
dominates the GOS), the GOS was written as

Z„I5(e K—) for K )50E„I. Z„I was chosen to be
the number of electrons in the subshell. This delta-
function approximation adds a term of the form

4@a0Z„(
1n(4M, Ep /Mph„i )

XB(E NE„—IM /4M, ) (3)

to the stopping power, where NE„I is the secondary
electron energy at which explicit GOS calculations
are truncated.

For e& 50E„I and K &50E„I, where the GOS is
small but not negligible, an asymptotic expression
was employed. The integral over momentum
transfer in Eq. (2) leads to a function
dS„~/de(E&, e) From. the two largest e values used
in the calculation an asymptotic contribution to the
subshell stopping power was obtained. This asymp-
totic contribution could be as much as 10% of the
subshell stopping power. Corrections of this size
are important in determining the Bethe mean-
excitation energy from the explicit stopping-power
calculations as I is determined by exponentiating
the calculated stopping power.

In Table I the calculated stopping power Sz, in-

cluding both excitation Sz and ionization S, is list-
ed for Al~+ with 0&q &11 for proton energies
from 0.1 to 100 MeV. Table II are lists of the ioni-
zation and excitation contributions from each sub-

shell of neutral Al at 10 and 100 MeV. Table II
shows the "unimportance" of inner-shell excitation
and the dominance of 3s subshell excitation. This
arises from the (3s) (3p)-(3s)(3p)2 transition. The
relatively large contribution of resonance transitions
to stopping power, even though the energy lost in
the transition is small, has been noted earlier. The
neutral-Al stopping power is prorated in the row la-
beled Z* in Table II. Even at 100 MeV the three
outermost subshells contribute more to stopping
power than a naive application of the Bethe formula
would suggest. The last two rows in Table II list
the summed optical oscillator strengths for the vari-
ous neutral-Al subshells from our calculations and
those of Dehmer et al. ' While both sets of gf
show a pattern qualitatively similar to Z*, quantita-
tively there are substantial differences, e.g., the con-
tinuum (discrete) contribution to gf for the 3s sub-

shell is 0.315 (1.516), while the 3s continuum
(discrete) contribution to Z* is 1.43 (1.04) at 100
MeV.

In an earlier paper one of us advanced a scaling
hypothesis for the ionization contribution to sub-
shell stopping power, i.e., S„~ can be written as
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TABLE II. For neutral Al, the calculated continuum S„discrete SD, and total stopping
power ST (in 10 ' eVcm ) subshell by subshell at 10 and 100 MeV. The Z~ values are the to-
tal subshell stopping powers normalized to 13. The Z* values are compared with our summed

oscillator strengths and those of Ref. 10 in the last two rows.

10 MeV
Subshell

S,
SD

ST
ZQ

gf (present)

gf (Ref. 10)

1s

0.0710
0.0003
0.0713
0.60
1.540
1.541

2$

0.152
0.002
0.154
1.29
1.312
1.355

0.784
0.004
0.788
6.61
6.736
6.974

3s

0.188
0.144
0.332
2.78
1.831
1.818

0.142
0.062
0.204
1.71
1.362
1.305

tot

1.34
0.212
1.55

13.0
12.78
12.99

S,
Sg)

ST

gf (present)

0.0209
0.0001
0.0210
1.18
1.540

0.0244
0.0003
0.0247
1.39
1.312

100 MeV
0.1140 0.0253
0.0005 0.0185
0.1145 0.0438
6.46 2.47
6.736 1.831

0.0184
0.0081
0.0265
1.49
1.362

0.203
0.0275
0.2305

13.0
12.78

a„, ~ M Ep
En(" Sn(«p )=g.I

EJEn~

where a„( approaches unity at high E„I and g„i(p) is
a scaling function. A plot of the maximum of S„~
multiplied by En~ vs E„I permitted the determina-
tion of a„I and the range of E„~ to which it applied.
Figure 1 shows such a plot for the 1s, 2s, and 2p
subshells. The solid lines show the results for a
large set of neutral-atom calculations. The open
circles and crosses are results for the Al ions (with
the Al results normalized to six 2p, and two 2s and
Is electrons). The scaled Al-ion results are in excel-

III. THE ASYMPTOTIC REGION

The Bethe formula gives the stopping power as

4anso(0) 4M, Ep

n dx (M, /Mp )Ep Mp I (4a)

with I determined by

lent agreement with the scaled neutral-atom results.
This is a useful check on the calculated subshell

stopping power near its peak, in contrast to the dis-
cussion in Sec. III which is limited to the asymptot-
ic region.

1
100

10
E (Ry)

100 1000 lnI =I.(0)/S(0), (4b)

rxx &P I.(0)= g f„i„I 1n[(E„( E„t)], —(4c)

Ol

10
IO

I
O

LLI
LO

0 2p

nl, n'I'

s(o)= g f„,„,= gs„,(o),
nl, n'1'

while S(0)=gz„( is the Thomas-Reiche-Kuhn

sum rule. In Eqs. (4) the summations include an in-

tegration over the continuum. From the explicit
calculations, we evaluate I via

0.1 10 100

E„l(Ry) FOR 2s AND 2P

FIG. 1. Subshell-peak ionization stopping-power times
subshell ionization energy vs subshell ionization energy
for the 1s, 2s, and 2p subshells. The solid lines connect
values obtained for neutral atoms. The unconnected
points are Al-ion values.

4 no(+Z„, ) 4M, E,~' "'+ ""=
(M /M )E

'" M' inl P Ip

Comparisons of Eqs. (4) and (5) indicate the
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neglected transitions (n' & 6}will raise the I value as
determined by Eq. (5) and may lower the I value
determined by Eq. (4). As mentioned in Sec. II, ex-
citations to levels with n' & 6 and l') 3 were not in-
cluded in the explicit stopping-power calculations.
In evaluating L(0} and S(0) in Eq. (4), the missing
discrete transitions were estimated from an n

scaling, using

gfn J de S(0) L(0) r(eV)

Present 2.~~4 10.333 12.78 28.12 122.S(118.3)
Reference 10 2.35 10.65 13.0 28.76 124.3
Reference 11 10.41

TABLE III. Comparisons of our summed oscillator
strengths and mean-excitation energy for neutral Al and
those of Refs. 10 and 11. The I value in parenthesis is
obtained with S(0)=13.0, while the first entry uses
S(0)= 12.78.

with A determined from the last excited level for
which explicit calculations were performed. In cal-
culating L (0), E„!was set equal to zero for these
transitions. Inclusion of the n'I' levels with this es-

timate improved agreement with Thomas-Reiche-
Kuhn sum rule, but did not change lriI by more
than 1%. The changes in the summed oscillator
strengths with the extrapolation was less than 2%
for Al +, Al'+, and Al +, rising to 7% at Al +,
and falling to 3% at Al" +. The use of the effective
principal quantum number n* rather than n, the
principal quantum number, changed the S(0} value

by less than 1%; when the quantum defects
(n n~) w—ere large (Al +, Al'+, and Al +), the to-
tal correction was small. When the correction was
larger, the quantum defects were small.

Table III compares some parameters in our calcu-
lation for neutral Al with the results of Dehmer
et al. ' and our integration of the photoabsorption
cross section calculated by Reilman and Manson. "
Our integrated continuum oscillator strength is
closer to that of Reilman and Manson" than of
Dehmer et a/. ' The last row in Table II compares
our calculated subshell gf values with adjusted'

values of Dehmer et al. ' Our overall gf (12.78)

differs from the expected sum-rule value by 0.22 or
1.7%. Comparison with the results of Dehmer
et al. ' suggests that the missing oscillator strength
is in the 2p subshell. It is likely that the departure
of our calculated total oscillator strength from the
sum-rule value arises from our use in calculating os-
cillator strengths of an energy grid less than op-
timum for sum-rule evaluation.

Because our summed oscillator strength does not
satisfy the sum rule, there is an ambiguity in the
choice of the number of bound electrons or gf for
S(0) in the determination of I via Eq. (4). In
Tables III and IV we show I determined with gf
and in parenthesis I determined by the number of
bound electrons. From Table III it is clear that for
neutral Al, either choice leads to good agreement
with the value of Dehmer et al. '

In Table IV we list S(0},L(0), and I calculated via
Eq. (4) with our optical oscillator strengths for Al
ions' Except for neutral Al, S(0) is slightly larger
( & 2%) than the sum-rule value. Also listed are the
I values calculated via Eq. (5) using the 10 and 100
MeV results of Table I. Even at 100 MeV, I values
calculated via Eq. (5) can be 50% larger than I

r(ev) I(eV)/10 MeV I(eV)/100 MeV % difference L'(0) % differenceS(0) L(0)

TABLE IV. Summed oscillator strengths and mean-excitation energies from Eq. (4a) for Al ions. Columns 6 and 7
are I values at 10 and 100 MeV obtained from Eq. (5) and the calculations in Table I. Column 9 is an L{0)value ob-
tained from the calculations in Table I at 100 MeV.

Al" +

0
1

2
3
4
5

6
7
8
9

10
11

12.78
12.06
11.11
10.13
9.155
8.162
7.148
6.124
5.018
4.057
3.029
2.007

28.12 122.S (118.3)
29.73 160.0 (162.0)
31.11 223.7 (230.0)
31.70 310.9 (323.8)
29.07 325.5 (343.8)
27.40 390.4 (417.8)
25.13 457.5 (492.8)
22.44 530.8 (572.5)
19.35 643.0 (652.0)
16.62 817.9 (867.0)
13.66 1236.0 (1291)
10.36 2373.0 {2416)

142.2
189.0
308.2
433.9
476.8
622.5
835.0
926.3

1279.0
1592.0
2360.0
4132.0

120.7
172.9
264.5
372.2
426.4
532.8
656.0
731.1
957.8

1175.0
1653.0
2677.0

—1.7
8.1

18.2
19.7
31.0
36.5
43.4
37.7
49.0
43.7
33.7
11.4

28.38
30.51
32.65
33.09
31.01
29.34
27.13
23.91
21.27
17.84
14.40
10.56

0.92
—2.6
—5.0
—4.4
—6.7
—7.1
—8.0
—6.6
—9.9
—'7.3
—5.4
—1.9
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CO
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Q, 3

X

x
2

protons (shown as crosses). ' The calculated stop-
ping power and experimental measurements on
solid Al shown in Fig. 2 have a maximum differ-
ence of 10% above 1 MeV. Because of the difficul-
ties in extracting accurate I values from total-
stopping-power data, demonstrated in part by the
preceding discussion of our theoretical data, we do
not here present a comparison between theory and
experiment. One of us will do so elsewhere. '

For neutral Al the explicit calculations show a
rise on the modified Fano plot between 2 and 4
MeV. The experimental data show a more gradual
rise. This change on the Fano plot is due to ioniza-
tion of the 1s subshell. The lowest set of explicit
calculations, Al+", shows a rise between 20 and 40
MeV. This is due to our treatment of the asymptot-
ic Bethe ridge, i.e., the region of the GOS that we
approximate by Z5(e —K ) for the ls subshell.
This region of the GOS contributes about 10% of
the calculated stopping power of Al" + at 100 MeV.

10 100
E (MeV)

FIG. 2. Pano plot for the Al-ion calculations between

1.0 and 100 MeV. The crosses are experimental points
from Refs. 13 and 14.

values calculated via Eq. (4). I values calculated at
10 MeV via Eq. (5) can be a factor of 2 larger than
I values calculated via Eq. (4). Column 8 in Table
IV shows the percent differences in (I —

I&OD M,v)/I.
Column 9 lists an effective L(0) [L'(0)] obtained
from Eq. (4b) using the I value obtained from the
explicit calculations at 100 MeV. The percent
difference between this L'(0) and the L(0) from Eq.
(4) is shown in the last column. This percent differ-
ence measures the difference between the stopping
power calculated explicitly and via the Bethe for-
mula at 100 MeV, i.e., they agree to better than
10%.

To illustrate the departure of the explicitly calcu-
lated stopping powers from the Bethe formula, Fig.
2 shows the calculations in a Fano plot. ' That is,
we plot

IV. CONCLUSIONS

These calculations for the proton stopping power
of Al ions will be applied to systems where there are
no experimental data to check their validity. For
neutral Al above 1 MeV, the calculations have been
shown to agree with experiment on solid Al to
better than 10%. The stopping powers are based on
GOS calculations. The GOS have been used to cal-
culate electron ionization cross sections and these
are in good agreement with available measurements
and other calculations.

A comparison of subshell-peak ionization stop-
ping power for the ls, 2s, and 2p subshells show
these results to be in excellent agreement with
scaled atomic subshell-peak ionization stopping
powers. A comparison of Bethe mean-excitation
energies, calculated using calculated optical oscilla-
tor strengths with I values inferred from the expli-
cit stopping-power calculations at 100 MeV, showed
differences of as much as 50% through the stop-
ping powers themeselves differed by less than 10%.
Consequently, we estimate that the stopping powers
given in Table I are accurate to better than 20%.

vs 1nE& as points for the ions indicated and show
in(4M, E&/M&I)vs lnE& as solid lines for a variety
of I values. Also plotted in Fig. 2 are the measure-
ments of Luomajarvi' for (1.0—1.5)-MeV protons
and Sorensen and Andersen' for (2.25 —18)-MeV
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