PHYSICAL REVIEW A

VOLUME 25, NUMBER 1

Radial and angular correlations of doubly excited electrons
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The nature of electron correlations between two excited electrons is examined in terms
of surface plots of charge-density distributions on suitably chosen planes. Initially the an-
gular correlation is neglected such that charge distributions for singly and doubly excited
states are displayed on the conventional (r,, r,) plane. It is shown that all singly excited
states exhibit circular nodal lines on the (r|, r,) plane along R =(r}+r3)'/2= const and
no radial nodal structure in the a=arctan (r,/r;) coordinate, while doubly excited states
are characterized by additional radial nodal structure. The interplay between angular and
radial correlations is examined in terms of plots of surface charge density at each R on
the (a, 6),) plane for each channel. It is shown that channels which have attractive po-
tential curves are characterized by large charge concentration for large 6,,, while other
channels which have less attractive or repulsive potentials are characterized by large
charge concentration in the small-6;, region.
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I. INTRODUCTION

Microscopic many-particle systems are often
adequately described in the independent-particle
approximation. In the case of atoms, the inde-
pendent-electron model (or equivalently the shell
model or the Hartree-Fock model) is known to
describe a wealth of atomic properties. In this
model, the weaker electron-electron interaction is
averaged such that wave functions do not depend
upon the instantaneous position of the electrons.
This simple model fails to describe doubly excited
states of atoms where their existence and properties
hinge on the delicate correlation of these electrons.

Over the years there have been made many
theoretical calculations' on the properties of doubly
excited states, particularly for doubly excited states
of H™ and He where accurate experimental data
exist.> While these theoretical calculations do pro-
vide an accurate prediction on the position and
width of these states, their underlying characteris-
tics are not revealed by the calculations. Nearby
doubly excited states often exhibit a drastic differ-
ence in the autoionization rates, in contrast to the
smooth variation of decay lifetimes observed for
Rydberg states. A qualitative picture of the corre-
lation between two doubly excited electrons was
first provided by the work of Cooper et al.,® im-
mediately following the experimental
observation®?) of the doubly excited states of He.
Subsequent works*~° using hyperspherical coordi-
nates also revealed additional fragmentary informa-
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tion about the nature of electron correlations in
these states, but a comprehensive picture is still
lacking owing to the difficulty of displaying the
multivariable electronic wave functions.

In this article, with suitable choice of indepen-
dent variables, I will illustrate the pattern of elec-
tron correlations between two excited electrons
through surface plots of charge densities. The no-
dal lines and the distribution of charge densities
are revealed conspicuously in these graphs. Not
only states can be easily identified by their pattern
of nodal lines, but the energies of the states,
whether high lying or low lying, can be interpreted
in terms of their charge-distribution pattern.

To describe the motion of two electrons in the
field of a nucleus, six coordinates are needed. One
can choose three coordinates (e.g., the three Euler
angles) to describe the overall rotation of the sys-
tem and three others to describe the internal de-
grees of freedom. For atomic states which have
total angular momentum L =0, the wave functions
do not depend on external coordinates. The inter-
nal coordinates can be chosen as the distances r,
and r, and the angle 6;,. It is also possible to re-
place 7, and r, by R and a, where R =(r} +r3)'/?
and a=arctan (r; /r,). The latter set of coordi-
nates has the advantage that R specifies the ‘‘size”
of the atom and does not enter directly in the
description of electron correlations. Excitation in
the R coordinate corresponds to an increase in the
size of the atom, as exemplified by singly excited
states such as lsns 3 S¢, where the size of the
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atom increases as n2. By restricting ourselves to

L =0 states, the electronic wave functions depend
on the internal coordinates R, a, and 6, only.

The size parameter R is not involved directly in
connection with the description of electron correla-
tions; the dependence of the wave function on «a
will be defined as radial correlation and the depen-
dence on 6, will be defined as angular correla-
tion.*®’  Angular correlation is more familiar. For
example, the designation 1sns'® ¢ indicates no an-
gular correlation, i.e., the wave functions do not
depend on 6,,. Radial correlation is less familiar
since even the designation 1sns'* ¢ indicates a de-
finite pattern of the a dependence of the wave
functions. The definition of radial and angular
correlations adopted in this article differs from the
conventional one which refers to correlations as
anything not included in the independent-electron
model.

Section II gives a brief summary of the relevant
approximations and numerical methods used in ob-
taining the data to be displayed. Radial correla-
tions are examined in Sec. III by neglecting the
dependence of the wave functions on 6,,. Charge-
density distributions for states of comparable size
such as 1s2s 'S¢ and 2s2 'S¢, and 25 3s 'S¢ and
35215°¢ of helium are plotted on the (r,, 7,) plane
to illustrate the relation between the degree of exci-
tations and the nodal structure in the R and a
coordinates. It is shown that excited states within
a given channel are characterized by the nodal

structure in the R coordinate, and excited states be-
longing to different channels are further character-
ized by the nodal structure in the a coordinate.
The difference between 'S¢ and >S¢ states is
marked by an additional nodal line at a =45° for
3S¢ states. Since angular correlations are generally
not negligible, particularly for doubly excited
states, a proper illustration shows the charge distri-
bution for each channel in the (a, 0,,) plane at
fixed values of R. These plots, shown in Sec. IV,
not only display the pronounced differences in the
distribution of charge densities between various
channels at a given R, but also demonstrate the
quasiadiabatic evolution of the channel functions
with R.

In recent years several articles have been devoted
to the display of two-electron wave functions.'®!!
Most of these works are directed to the ground
state and the first excited states of helium where
the wave functions show little interesting structure.
For L =0 states, surface plots of the wave func-
tions with a fixed r, are often displayed on the (r,,
61,) plane. Recent works by Rehmus and Berry'!
have directed the attention to the first two doubly
excited states 252 15° and 2p? 'S¢ of helium.

In this work, we will direct less attention to indivi-
dual states, but more to the nature of correlations
of the channels. We will illustrate that states
within a given channel have similar correlation
patterns.

II. METHODS OF NUMERICAL CALCULATIONS

The two-electron wave functions to be displayed in this article are calculated in hyperspherical coordinates
in the adiabatic approximation. The nth excited state in channel p is expressed as

Wi(R;Q)=R ~**(sinacosa)”'Fj,(R)®,(R;Q) ,

(1)

where the channel function ®,(R ;) satisfies the partial differential equation

1 42 13 13 2 z
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In Eq. @) 1, and Tz are the usual orbital angu-
lar momentum operators of the two electrons and
Z is the nuclear charge. Among the terms on the
left of Eq. (2), the first three are kinetic energy
operators in the angular coordinates () and the last
three represent the potential energy between three
charged particles. The terms within the paren-

®,(R;0)=U,(RIP,R;) . @

)1/2

—
theses are the effective charge on the (e, 6,,) plane.

Notice that kinetic energy terms have a 1/R?
dependence while potential energy terms have a
1/R dependence. Thus the eigenvalue U,(R) and
the eigenfunction ®,(R ;) are dominated by the
kinetic energy operators at small R and by the po-
tential energy terms at large R.
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The channel function ®,(R;Q) at each R is des-
cribed by five angles Q={ a, 6,, ¢,, 6,, ¢, }, where
(6;, ¢;) are the usual spherical angles for electron i.
Appropriate weighting factors for the volume ele-
ment in hyperspherical coordinates have been in-
cluded in Eq. (1) such that | Fj(R)®,(R;Q)|>
measures the volume charge density and
| P, (R; Q)] 2 measures the surface charge density
on the hyperspherical surface of radius R.

The calculation of the adiabatic channel function
(b“(R ;) is discussed elsewhere.!? For !35¢ states,
the channel functions are expressed as

QR =SSR YuolFy ), )

where 11L,LM (71, 3) is the coupled orbital angular

momentum wave function for the two electrons
and fi*(R; @) is expanded in terms of the analyti-
cal basis functions introduced earlier.'> Using the
identity,

A s I
FnoolFy ,F2)=(—=1) o

The channel functions ®,(R ; ) may be expressed
in terms of @ and 6,,. The summations over / in
Eq. (3) are truncated to a few terms, but usually
more than a single value of / is needed for doubly
excited channels. A single / value in Eq. (3) des-
cribes in the independent-electron model a definite
angular correlation pattern given by P;(cos 6,,);
several values of I's in Eq. (3) give different angu-
lar correlation patterns.

Py(cos6,) . )

III. RADIAL CORRELATIONS

In this section we will neglect the 6;, depen-
dence of the wave functions in order to examine
the nature of radial correlations. By limiting the
summation in Eq. (3) to a single / =0 term, the
channel function becomes ®,(R; a) and

| Fa(R)P,(R; a) | 2 is the volume charge density
for state n in channel u. To present the results in
the more familiar », and r, coordinates and to
show the finer details of the wave functions, the
square root of the charge density, | Fj,(R)®,(R;
a)|, is plotted on the (r, r,) plane Secs. III A and
III B.

A. 1525 'S¢ and 2s2'S°® states of helium

These two states have comparable size (the ex-
pectation value of R), but the doubly excited state

252!S® has much higher excitation energy than the
singly excited state 1s2s 'S®. In the adiabatic ap-
proximaticn, 1s2s IS¢ is the second state in the
lowest =1 channel, while 2s21S¢ is the lowest
state in the excited =2 channel. In Figs. 1(a) and
1(b) the square root of the charge density for each
state is shown on the (r,, r,) plane. Two important
features are easily noted. First, the distribution for
1525 'S® is concentrated near the r; and r, axis
with a large flat region near the diagonal line
ri=r,, while for 252 'S¢ the concentration is in the
central region, where 7, ~r,. Second, for 1s2s !S°
there is a circular nodal line which occurs at R ~2,
while for 252 'S there are two radial nodal lines
running along the r; and r, axis (but not parallel
to these two axes). The circular nodal line for

15 2s 'S® originates from the node in F3(R), while
the nodal lines for 252 'S¢ originate from the chan-
nel function ®,(R; ). It can be shown that the no-
dal lines in Fig. 1(b) are approximately given by
sin2a=2/R.!* Because the wave functions are
symmetric with respect to the interchange of r,
and r,, the plots are symmetric with respect to the
diagonal line r; =r,, or equivalently, a=45".
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FIG. 1. Square root of the volume charge-density
distribution of helium (a) 1s2s 'S® and (b) 252 'S* states
plotted on the (ry, r,) plane. The dependence of wave
functions on 6, has been neglected. The surface plots
are symmetric with respect to the diagonal line r| =r,.
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B. 2s3s 'S¢ and 3s2'S° states of helium

In Figs. 2(a) and 2(b), the square root of the
charge density for 2s 3s 'S¢ and 3s2'S® of helium
are shown on the (r,, r,) plane. Since 2s3s 'S¢ is
the second state of the u=2 channel, there is a cir-
cular nodal line at R =8 in addition to the two ra-
dial nodal lines seen in Fig. 1(b) for 2s2'S®. There
is very little charge density in the r, ~r, region for
values of R outside the circular nodal line at R =8.
For 3s2'S¢, we notice the distribution of charge
density is very similar to that shown in Fig. 1(b)
for 252 'S¢ except that it has fwo radial nodal lines
running along the r; axis and, by symmetry, two
others running along the r, axis. The charge den-
sity for 3s2'S® shows large concentration near
ry ~r, in the region shown.

C. 2s3s3S¢ state of helium

We next consider the 2s 3s 3S* state of helium.
This is the lowest state of the second channel
(u=2) for 3S° states. Because the wave functions
for the 3S® states are antisymmetric with respect to
the interchange of r; and r,, the charge density for
this state exhibits a nodal line along r; =r, or
a=45°. In Fig. 3 the square root of the charge
density is plotted. This plot resembles 2s 3s 'S® in
the outer region. Since 2s 3s3S° is the lowest state
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FIG. 2. Same as in Fig. 1 except for (a) 25 3s 'S€ and
(b) 35%'S*® states of helium.
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FIG. 3. Same as in Fig. 1 except for the 2s3s 3S®
state of helium.

in the u=2 channel, there is no circular nodal line
along R =const, in great contrast to the second
state 25 3s 'S® in the singlet case.

The examples above clearly illustrate the possi-
bility of associating the excited states of two-
electron atoms with the structure of nodal lines in
the charge-density plots on the (r;, 7,) plane or,
more appropriately, on the (R, a) plane. Recall
that all the wave functions W, for all 4 and n are
orthogonal. We notice that the nth excited state in
a given channel y extends to larger values of R
and to the smaller a region; the nodal structure in
a is not changed within the given channel but
nodes in R are acquired such that the wave func-
tion is orthogonal to low-lying states within the
same channel. For a given range of the values of
R, doubly excited states are “formed” in the r; ~r,
region not occupied by the lower channels. In the
small-a region, which is occupied by the lower
channels, these doubly excited states exhibit nodal
lines. As one progresses further to larger values of
R, singly excited and low-lying doubly excited
states occupy the small-a region, leaving the
a~45° region available to high-lying doubly excit-
ed states. This general description is also valid for
35¢ states except that these states have a fixed no-
dal line along r; =r, or a=45".

IV. ANGULAR CORRELATIONS

In the discussions above angular correlations had
been purposely neglected so that radial correlations
could be examined. In reality, the wave functions
of the two-electron atoms do depend on 8,,, partic-
ularly for doubly excited states. Consider only
states with L =0 in the adiabatic approximation
(1), all the correlations are contained in the channel



80 C.D.LIN 25

function ®,(R; a, 6y,). By displaying plots

| Pu(R; a, 61,)|? on the (a, 6;,) plane, surface
charge densities on the hyperspherical surface,
R (Q2)=const, are used to exhibit the correlation
pattern of the two electrons.

Recall that channel functions ®,(R; a, 6;,) are
obtained by solving the partial differential equation
(2) at fixed values of R. At R =0, there is no
Coulomb interaction term and the solutions of (2)
are given in terms of hyperspherical harmonics.*?’
These hyperspherical harmonics are separable for
L =0 states; they can be expressed as the product
of Jacobi polynomials in @ and Legendre functions
Py (cosfy,) in 8y,. Thus the nodal lines are ob-
tained from the nodes of these two functions; they
are straight lines parallel to the a or the 0,, axis
on the (a, 6;,) plane. At finite values of R,
Coulomb interaction between the electrons and the
nucleus provides modifications of the channel
functions from the hyperspherical harmonics, but
it is the electron-electron interaction term which
makes Eq. (2) nonseparable and causes the nodal
lines to deviate from the straight lines.

A few general remarks at this point will be help-
ful in understanding the structure of the charge-
density plots to be given below. All the channel
functions solved from Eq. (2) at a given value of R
are orthogonal, corresponding to the surface har-
monics on the hyperspherical surface R (£2)=const.
Higher harmonics usually achieve orthogonality to
lower ones by having increasing number of nodal
lines on the (a, 6,,) plane. The situation is similar
to the wave functions of the higher normal modes
of a drum head, which exhibit more nodal lines
compared with the wave functions of the lower
normal modes.

In Eq. (2), the channel function ®,(R; a, 6,,)
and the eigenvalue U,(R) depend not only on the
kinetic energy operators, but also on the Coulomb
interactions between the three charges. From an
operational viewpoint, the solutions for the higher
channel functions ®,(R; a, 6,,) are obtained by
minimizing the sum of the expectation values of
the potential and kinetic energy terms, while still
maintaining orthogonality with respect to lower
channels. To avoid high kinetic energies, the chan-
nel functions must be smooth and possess few no-
dal lines. To achieve low potential energies, the
electron-nucleus interaction terms favor the small-
a and the a ~/2 regions, while the electron-
electron interaction term favors the region where
a~mw/4 and 6,,~m. Thus, the excitation energies
U, (R) and the pattern of electron correlations at

each R are “decided” by these competing factors.
The lowest channels are allowed to have all the
favorable factors, while the higher channels are to
approach these favorable factors under the con-
straint of orthogonality to lower channels. These
constraints and the nature of Coulomb potentials
set up the pattern of electron correlations for dou-
bly excited channels.

We now proceed to discuss the surface charge
distribution for low-lying channels of H=. The
correlation patterns of He at equivalent R are not
qualitatively different.

A. p=1 channel for !S° states

This is the lowest channel and the potential
curve U, (R) is shown in Fig. 4(a) to illustrate the
range of the small-R and large-R regions. The sur-
face charge-density plots for this channel are
shown in Fig. 5 for R=1, 2, 4, and 8. At the two
small values of R, R=1 and 2, we notice that
charge-density distributions spread over all the (o,
6,,) plane with a noticeable peak near the Wannier
point, « =45° and 6;,=180°. In this example there
are no nodal lines in the channel function and the
two electrons prefer to stay away from each other
by maintaining large 6, if @ ~45°. At small a and
a ~90° there is little angular correlation. Howev-
er, at these small values of R, the channel function
is dominated by the kinetic energy terms in (2).
Recall that in Eq. (2) the kinetic energy terms are
proportional to 1/R? while the potential-energy
terms are proportional to 1/R. At small R, lower
channels achieve lower energies U, (R) by minimiz-
ing the kinetic energy terms. Thus, the lowest
channel achieves lower-energy eigenvalue U,(R) at
small R by having a channel function which is
smooth in its @ and 6, dependence, resulting in
the smooth charge-density distributions on the (a,
0,2) plane as exhibited in Fig. 5. At larger values
of R, R =4 and 8, the potential-energy terms in (2)
become the dominant ones. Since the electron-
nucleus interaction terms favor the small-a region
to achieve lower values of U,(R) at large R, the
channel function now concentrates in the small-a
and a~m/2 regions. (Because of symmetry, state-
ments about the small-a region are also true for
the a ~m/2 region; we will not mention a ~m/2
region specifically hereafter.) Since a change in 6,
amounts to little change in rj;= |T;—T,| in the
small-a region, there is no noticeable angular
correlation at large values of R.
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B. First two doubly excited channels
for 'S¢ states

As we proceed to higher channels, the channel
functions ®,(R; a, 6,,) at each R exhibit nodal
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FIG. 5. Surface charge distribution for the 'S®
ground channel of H™ plotted on the (a, 8;,) plane at
selective values of R. The surface plots are symmetric
with respect to the line a=m/4. Refer to Fig. 4(a) for
values of R which correspond to small-, medium-, or
large-R regions. (The medium-R region refers to values
of R where the potential is near the minimum.)

lines. In Fig. 4(b), the potential curves for the two
channels which converge to the N =2 threshold of
the hydrogen atom are shown. For the purpose of
our discussion, these two channels are simply
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FIG. 6. Same as in Fig. 5 except for the two channels =24 and u=2B. Notice the graphs are oriented differently

such that finer details for each channel can be seen.

called p =24 and u=2B, where channel 24 has an
attractive potential well which supports autoioniz-

ing states (these states are stable under the adiabat-
ic approximation) while the u=2B channel is com-
pletely repulsive.

The surface charge-density plots for these two
channels are displayed in Fig. 6 for R=4, 8, 12,
and 20. We first notice that the u =24 channel
has most of the charge density in the region
90° < 6, < 180°; i.e., the two electrons tend to stay
on opposite sides of the nucleus. By comparing
the plots of Fig. 6(a) at R =4 and R =8 with the
plots in Fig. 5 at the same values of R, we notice
that the u =24 channel occupies most of the
large-6,, region of the (a, 6;,) plane not occupied
by the u=1 channel. By concentrating the charge
distribution in the a ~45° and large-6,, region, the
p=2A channel minimizes the kinetic energy and
the electron-electron Coulomb repulsion. The
small-a region is not desirable because it is already
occupied by the u=1 channel. Since there is only
very small charge density for the u =1 channel in

the a ~45° region, channel p =24 achieves ortho-
gonality to channel u =1 by exhibiting large ampli-
tudes in the a@ ~45° region and small amplitudes in
the @ ~0° region. These two amplitudes have op-
posite signs and thus a nodal line exists at small a.
As R increases, charge distribution begins to shift
to the small-a region and the density near a ~45°
drops, but the angular correlation pattern still
remains similar, i.e., the two electrons still remain
mostly on opposite sides of the nucleus. This shift
to small a is preferable as the potential-energy
term becomes dominant and the electrons are al-
lowed to move to the small-a region where the
electron-nucleus attraction is large.

The repulsive u =2B channel exhibits charge dis-
tribution mostly in the 0 < 8}, < 90° region. At
small values of R, where the kinetic energy dom-
inates, the charge density shows a considerable
spread over the whole (a, 6;,) plane with conspicu-
ous nodal lines. As shown in Fig. 6, however, the
surface charge density is concentrated mainly in
the small-6;, region for this channel. Thus, the
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two electrons tend to stay on the same side of the
nucleus and thus experience large electron-electron
repulsion, resulting in higher excitation energies at
each R. However, this region is preferable to the
large-0,, region since the kinetic energy can be
minimized under the circumstances. Forcing the
two electrons to the large-0,, region would require
additional nodal lines which increases the expecta-
tion value of the kinetic energy and the excitation
energy U,(R). At intermediate values of R, where
potential energy begins to dominate, the u =2B
channel acquires little charge density in the large-
6,, region since that region is already occupied by
the £ =24 channel. For R > 12, the region
a~m/4, and 7/2<0,, <, is “released” by the

1 =2A channel, but the 4 =2B channel does not
shift to occupy that region since, at these large
values of R, the smaller a region is more favorable
in order to minimize the potential energy. Thus,
the angular correlation patterns remain roughly the
same as R increases.

C. Higher doubly excited channels for 'S* states

From the discussions in Secs. IV A and IV B, we
notice that as R increases, the lower channels shift
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to the smaller and smaller a region, and the a ~45°
region of the (a, 6,,) plane then becomes available
for the higher channels without the need of intro-
ducing nodal lines near a ~45°. This new “territo-
ry,” in general, is not completely occupied by the
next higher channel since electron-electron repul-
sion prefers to direct the two electrons in this
channel to stay on opposite sides of the nucleus.
The next higher channel will then take over the
favorable territory that is left, leaving the undesir-
able territory to the next higher ones. In doing so,
these channels do not acquire unnecessary new no-
dal lines in the a ~45° region. In Fig. 4(c) the po-
tential curves for the three channels that converge
to the N =3 limit of H and two of the four chan-
nels that converge to the N =4 limit of H are
shown. Surface charge-density plots are shown in
Figs. 7 and 8 at selective values of R for these
channels. We notice that the u =34 and 44 chan-
nels have charge distributions similar to the u=24
channel. The charge density concentrates near the
Wannier point, and the rise to the Wannier peak is
steeper for higher channels of the N4 type. Other
channels of the same N, for example, the u =3B
and p =3C channels, occupy the smaller-6,, region.
At a given value of R, the three channels differ
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FIG. 7. Same as in Fig. 5 except for the three channels u =34, 3B, and 3C.
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mostly in the a ~45° region where the higher chan-
nel tends to have more charge density in the
small-0,, region.

In Fig. 4(c) we allow the potential curves for
1 =3C and p =44 to cross twice, i.e., diabatic
curves are chosen. This diabatic evolution of the
channel function is preferable to the adiabatic one
such that the pattern of the charge-density distribu-
tion can be preserved. This is a clear illustration
that channel functions which preserve the correla-
tion pattern are not always the adiabatic ones. If
adiabatic evolution were adopted in Fig. 4(c), the
two charge-distribution plots for 4 =3C and u=44
at R=30 would have to be switched, then the
charge distribution would not evolve with an iden-
tifiable pattern for these two channels. For higher
channels, the channel functions appear to deviate
more and more from the adiabatic ones. For ex-
ample, the plots in Fig. 8(b) for ©=4B do not
show very smooth variations with R. The proper
procedure for choosing channel functions in this
case is not clear.

D. 3S° channels

Channel functions for >S¢ states differ from the
corresponding ones for 'S¢ states by the existence
of a fixed nodal line along a =45°. Because of this

nodal line, charge densities are small for a ~45°
for all 3S€ channels. For the u=1 channel there
exists little angular correlation even at small R.
For doubly excited channels, the pattern of the
charge-density distribution for >S° states resembles
the pattern of the corresponding channel in 'S®
states except that the former has an additional no-
dal line at a=45°. Because the Coulomb repulsion
cannot be minimized by concentrating the charge-
density distribution near the Wannier point, the
potential-energy curves U,(R) for the NA-type
channels for 3S° states are always higher than the
corresponding ones for 'S¢ states, but they con-
verge to the same values at large R as the charge
density near @ =45° vanishes for both cases.

To exhibit the similarity between 'S¢ and 3S¢
channel functions, charge-density plots for the
lowest eight 3S¢ channels are shown at one selec-
tive value of R for each channel in Fig. 9. The R
value for each channel is chosen such that the cor-
responding plot for the 'S¢ channel can be found
in earlier graphs.

V. SUMMARY AND DISCUSSIONS

In Secs. III and IV we have demonstrated the
correlation patterns for two excited electrons. In
the limit where angular correlation can be neglect-
ed, we have shown that the volume charge density
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FIG. 9. Same as in Fig. 5 except for S states of H™. Only one value of R is shown for each channel. The value of
R for each plot is shown on the left and the channel identification is shown near the plot. The values of R and the
orientation of the surface diagram shown here for each channel are identical to the corresponding ones in Figs. 5—8 for

IS¢ states.

for two-electron atoms in 3¢ states is character-
ized by the structure of nodal lines on the (R, a)
plane. Atomic states with an increasing number of
nodal lines given by R =const resemble singly ex-
cited states where the size of the atom increases
with an increasing number of nodal lines. These
are states localized in the small-a region; they are
bound in the valleys of the Coulomb potential sur-
face [cf. Fig. 1 of Ref. 6(a)]. Doubly excited
states are characterized by the structure of their
nodal lines in the a coordinate. These nodal lines
are given approximately by R sin2a =const for
large values of R. Each two-electron state is then
characterized by its unique nodal lines and quan-
tum numbers can be assigned to these states to re-
late the number of nodal lines in R and a coordi-
nates. Unfortunately, such simple characterization
is not quite valid in general since angular correla-
tions always play a dominant role. By displaying
the charge-density distribution on the (a, 6;,) plane
at each R, we have demonstrated the strong angu-
lar correlations exhibited by the two-electron
atoms. In general, angular correlation is important
for each channel at small R, but the angular corre-
lation pattern, once established at some small value
of R for each channel, remains almost fixed as R

increases to large values. As we have shown in
Figs. 5—9, the charge distribution at increasing
values of R for each channel is characterized by
the gradual depression of electron density near

a ~45°% the distribution on 6, is not significantly
changed. Therefore, it is evident that (6y,),, the
averaged value of 6, defined by

cos(61,),= (P, (R;a, 6;,) | cosbyy| Pu(R;a, 6)5)) ,

is nearly independent of R for values of R, where
U,(R) is dominated by the Coulomb potentials. In
fact, as will be demonstrated elsewhere,'? the
values (6,,), form a regular pattern. In Table I
we show (6,), for the lowest few doubly excited
channels of H™ and He. The results are for both
singlet and triplet .S states.

It is interesting to discuss the behavior of chan-
nel functions of up=NA type near the Wannier

TABLE 1. Approximate {6;,), for doubly excited
13§¢ channels for H™ and He.

Channel 24 2B 34 3B 3C 44 4B
(612), 120° 60° 130° 90° 50° 140° 100°
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point, =45 and 6,,=180°. The graphs shown in
Figs. 5—8 clearly indicate that NA-type channels
exhibit a pronounced peak in the charge distribu-
tion near the Wannier point at values of R where
the potential is minimum and the rise to the Wan-
nier point is faster with increasing values of N.
Although higher channels of N4 type are not
shown, it is clear that these higher channels will
have a concentration of charge distribution at
values of 68,, closer and closer to 180° with increas-
ing N. This type of channel behavior, where the
charge distribution is narrowly confined to a small
section of the configuration space, is not familiar
in the independent-electron model. These graphs
seem to indicate that excitations to high-nl/ state of
the atom by electron or photon impacts are to
proceed along the NA-type channels only. Upon
receiving the energy and momentum after the im-
pact, we can view the breakup as a time-dependent
process; only electrons which remain near the
Wannier point as the system expands to larger
values of R, can one-electron states with high n, /
quantum numbers be reached. Similarly, double-
electron escape can be achieved only for those elec-
trons which remain near the Wannier point up to
certain radius R, where the potential energy is
equal to the excess kinetic energy. More works in
this area are needed to make this picture quantita-
tive.

The correlation patterns displayed in this article
are confined to L =0 states. Although radial
correlation has been partially examined before®®
by neglecting the 6,, dependence of the wave func-
tions, a study of the combined interplay of radial
and angular correlations for L =40 states is not
available. For L=£0 states, the wave functions of
the two-electron atoms depend upon external coor-
dinates as well as internal coordinates. However,
the two-electron wave functions cannot be written
as the product of two separate functions involving
external and internal coordinates, respectively,
since antisymmetrization or symmetrization of spa-
tial wave functions with respect to the interchange
of two electrons results in the coupling between
external and internal coordinates. To display the
correlation pattern of these states, an average over
external coordinates is desirable. On the other
hand, we believe that correlation patterns for L0
channels will not differ very significantly from the
ones shown here since the “rotational energy” is
small compared to the “vibrations” of the elec-
trons.'® Results of (6,,), for L0 states show
similar regularity as in Table I, indicating that an-

gular correlations are very different for different
doubly excited channels for L0 states as well.

Other interesting electron correlations to be ex-
amined are those of low-lying doubly excited states
of atoms, particularly the simple two-valence elec-
tron atoms where the core can be adequately ap-
proximated by a spherical potential. The non-
Coulombic core removes the degeneracy of one-
electron states at large R, thus we may expect that
angular correlation is less effective in the large-R
region for these systems. In other words, the
large-R region will be adequately described by the
independent-electron approximation. On the other
hand, large angular correlation can still be expected
at small R. An adiabatic channel function
describes the slow variation of angular correlation
from the small-R region to the large-R region, but
atomic wave functions might not always follow the
adiabatic evolution if the angular correlation pat-
tern is severely broken (which results in strong
nonadiabatic coupling between nearby channels).
Preliminary studies by Greene'® indicated that
nonadiabatic couplings are bigger for two-valence
electron atoms. Similar studies using more accu-
rate model potentials are underway to assess the
correlations of these systems.

Last but not the least, it is interesting to point
out that the problem studied in this article is an
example of a large and important class of dynami-
cal systems characterized by the existence of mo-
tion along a “ridge” of a potential surface. The
existence of “hidden” symmetry or approximate
quantum number can be related to the structure of
nodal lines near the potential ridge. States with
the least nodal lines (or nodes) near the ridge are
most easily excited in a collision. A general out-
line of this class of problems was given by
Fano'”'!® recently. Based upon their experimental
results, for example, Zimmerman et al.'® have pos-
tulated the existence of a hidden symmetry (or ap-
proximate quantum number) in atomic hydrogen in
a uniform magnetic field. This hidden symmetry
has now been attributed to the behavior of the no-
dal structure of the wave functions near the ridge
in the recent theoretical work of Clark and Taylor.2°
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