
PHYSICAL REVIEW A VOLUME 25, NUMBER 2 FEBRUARY 1982

Ionization, excitation, and charge transfer for impacts of H+, I.i +,
Bs+, C6+, and Sit~+ ions on atomic hydrogen

Hiroshi Ryufuku
Tokai Research Establishment, Japan Atomic Energy Research Institute,

Tokai-mura, Naka-gun, Ibaraki 319-11,Japan
(Received 10 March 1981)

Unitarized-distorted-wave-approximation calculations based on a complete set of chan-

nels are performed to obtain ionization, excitation, and charge-transfer cross sections for
impacts of H+, Li'+, O'+, C +, and Si' + ions on atomic hydrogen. The ionization

channels are represented by Coulomb wave functions centered on the projectiles to ac-

count for "charge transfer to the continuum". The ionization cross sections depend less

than in a quadratic relationship on projectile charge. The inclusion of ionization and ex-

citation channels makes charge-transfer cross sections considerably smaller for higher

values of the projectile charge at impact energies above 10 keV/amu. A new scaling rule

to charge-transfer cross sections is discussed in comparison with experiments and other
theories for the energy range 0.01—5000 keV/amu.

I. INTRODUCTION

Investigations on charge-transfer and ionization
processes involving heavy multicharged ions and
atomic hydrogen have recently received appreciable
attention in connection with the practical applica-
tions to fusion research. Much work on the
charge-transfer processes of this type has been re-

ported by many theoretical and experimental inves-

tigators as summarized in Refs. 1 and 2. Howev-

er, little work has been reported on the ionization
and excitation processes as described in Ref. 2.

Theoretical approaches which give the charge-
transfer cross sections comparatively close to ex-
perimental values are the method of coupled
molecular orbitals for the low-energy region, a
classical-trajectory Monte Carlo method for the
intermediate-energy region, and a unitarized-
distorted-wave approximation (UDWA) " for the
low-, intermediate-, and high-energy regions, where
low energy denotes ion-impact energy below 10
keV/amu, intermediate energy that of 10—100
keV/amu, and high energy that above 100
keV/amu. The recent remarkable studies are as
follows.

Goffe et al. ' have measured charge-transfer
cross sections for collisions of fully stripped B, C,
and N ions with atomic hydrogen. The ion ener-

gies are 750—2500 keV for the B + impact,
1380—2500 keV for the C + impact, and 170
keV/amu for the N + impact. They have shown

that the cross sections predicted with the classical-

trajectory Monte Carlo method agree roughly with
the measured value but exhibit a somewhat dif-
ferent energy dependence and that while the
UDWA theory leads to cross sections which are
too large, the predicted energy dependence is in

good agreement with the experiment.
Seim et al. ' have measured cross sections for

charge transfer in collisions of Li + ions with
atomic hydrogen in the energy range 1.3—6
keV/amu. Above 2.3 keV/amu their data are in

good agreement with the UDWA theory while
there is a discrepancy at the lower energies.

Crandall et al. ' have obtained charge-transfer
cross sections for collisions of Xe~+(2 &q & 12),
Ar~+(2&q &9), and Fe~+(q=5, 6) with atomic
hydrogen, at low energies between 0.05 and 5
keV/amu. Their data show that the cross sections
increase less than linearly with q for higher q.

Salop and Olson' have calculated charge-
transfer cross sections for Fe ++H collisions at
Fe + energies of 0.2, 1.3, and 5.2 keV/amu with
the method of coupled molecular states. These re-
sults, in combination with their cross sections '

for impacts of C + and 0 +, show that the cross
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sections increase more than linearly with the

charge of ions at the ion-impact energy of 2.5
keV/amu.

Total ionization cross sections calculated using
the Born approximation' show an excellent agree-
ment with experimental values' ' for H+ +H
collisions. However, energy and angular distribu-

tions of electrons ejected from molecular hydrogen

measured by Rudd et al. are different from the
results of the Born approximation scaled to molec-

ular hydrogen. Forward ejections are most pro-
nounced when the velocity of the ejected electron is
close to that of the projectile and show a "cusp-
shaped peak" in energy distributions. Macek '

termed the mechanism proposed in this connection
"charge exchange to a continuum state. "

Systematic theoretical investigations for ioniza-

tion of atomic hydrogen by impact of mul-

ticharged ions have been performed by Olson and

Salop and by Janev and Presnyakov. Olson and

Salop have calculated cross sections for impacts of
ions having the charge Z =1—40 on atomic hydro-

gen using the classical-trajectory Monte Carlo
method. Janev and Presnyakov have considered

ionization for impacts of ions of Z =1—32 with a
dipole-approximation close-coupling calculation

based on atomic orbitals.
Excitations of atomic hydrogen by impact of

multicharged ions have been treated by Janev and

Presnyakov for the charges of ions being
Z= 1 —10 and the principal quantum numbers of
excited levels being n =2—5 with the above-stated

method.
In the present work, UDWA calculations are

performed using a complete set of channels includ-

ing ionization, excitation, and charge-transfer
channels. Ionization states are represented by
Coulomb wave functions centered on the projectile
as in charge-transfer calculations. Therefore, this

treatment completely accounts for "charge transfer
to the continuum. "

Numerical calculations are carried out for im-

pacts of H+, Li +, B +, C +, and Si' + on atom-

ic hydrogen at impact energies E & 10 keV/amu,
since charge transfer is a dominant process for im-

pact energies E (10 keV/amu and the cross sec-
tions obtained in the previous work " receive lit-
tle change with the inclusion of ionization and ex-
citation channels.

A scaling procedure for charge-transfer cross
sections with respect to the energy and charge of
projectiles has been obtained in the previous work'

with neglect of ionization and excitation channels.

This is improved based on the new UDWA cross
sections. The new scaling rule for energy range
0.01—5000 keV/amu is discussed in comparison
with experiments and other theories including the
recent studies described above. Atomic units are
used throughout the present paper unless otherwise
stated.

II. UDWA FORMULA

The details of the derivation of the UDWA for-
mula have been described previously and only the
summary will be presented here. We use the
straightline trajectory impact-parameter approxi-
mation. The cross section for the transition from
the initial state ~0) to the final state

~
n) is given

by

with

i7„=2m f P„(p}pdp, (2.1)

and

P„(p)= f (n ($'"'(0) /' (2.2)

S'"'= Texp i f —H'"'(t )dt (2.3)

where P„(p) is the transition probability for a
given impact parameter p, S'"' the S matrix in the
interaction representation and H'"'(t) the interac-
tion matrix for a given time t:

H'"'(t)=exp i f H dt H'"'

Xexp i f —Hodt (2.4)

with

The matrix element of H is given by

(2.5)

(2.6}

(2.7)

where Ig„j is the basis set and 8 the total Hamil-
tonian of the collision system, and H is the diago-
nal part of H.

The first term in expansion series of the ex-
ponential function of Eq. (2.3) is expressed as

t„,= f (n iH'"'(t) i0)dt,

which can be approximated by
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t„p= f Ct(h„p s„p—hpp)

xexP i f (h„„—hpp}Ct, (2.8)

with

Snm = [kn4ml' (2.9)

Equation (2.8) is equivalent to the semiclassical
distorted-wave Born-approximation (DWBA} for-
mula of the transition matrix elements.

The DWBA transition probability given by

(2.10)

and

(0
I

S 10)= cosp'/ (2.11)

(n
I
S'"'10)= it„pp '/ —sinp'/ (n+0) .

(2.12)

It is clear from Eqs. (2.10)—(2.12) that

N

g 1(n I
S'"'10)

n=p
(2.13)

that is, the unitarity of S'"' is maintained.
As described above, in the UDWA all off-

diagonal matrix elements I t„„ I except those in-

cluding the initial state, are ignored. Therefore,
the UDWA formula cannot be applied to the pro-
cesses in which transitions via some other inter-
mediate states are dominant as in the cases of exci-
tation and ionization at low energies. The neglect
of I tnn ) implies the omission of all even order
terms in H'"' from the expansion of the S matrix.
In the case of charge transfer, the importance of
the second-order Born term has been discusscxi re-
cently. Although our expansion is not the
plane-wave Born series, the effect of even-order

where j I

n );n =0, 1,2, . . . , NI denotes all chan-
nels involved in the reaction, exceeds unity not
only at low-collision energies, but also even at high
energies for high values of the projectile charge;
that is, S'"' is not unitary in the DWBA. Unitary
approximation to S'"' matrix may not be unique.
The unitarized-distorted-wave approximation
(UDWA) is a unitarization of the DWBA.

The UDWA formula is obtained by the approxi-
mation in which the chronological-ordering opera-
tor T and all matrix elements, except those involv-

ing the initial state 10) in the expansion series of
Eq. (2.3), are ignored. Thus, in the UDWA the
matrix S'"' is expressed as

terms which necessarily contain t„„,is left to be
examined. The error introduced by the omission
of the T operator has been estimated to be less
than 30%%uo in the case of the two-state problem.
However, this effect when t„„ is included is not lu-

cite at the present time, especially at low energies.
Further discussion on this approximation method
will appear near future.

III. COMPUTATIONAL METHODS

Methods to calculate DWBA matrices tnp, given

by Eq. (2.8), are described here. For the excitation,
charge-transfer, and ionization channel wave func-
tions we use the moving atomic orbitals given by

g"„(r,t) =P"„(rA)e

gB(r t) yB(r )&i v ~ r /2

(3.1a)

(3.1b)

and

gB(~t) yB(~ )
i v ~ r /2 (3.1c)

X exp i (co„—cop+ u„„—u pp )dtA A AA AA

for excitation, and
(3.2b)

t~ —— dt(u~ —s~ upp )
BA BA BA AA

X exp i ( —,k„—cop+u —upp )dt2 A BB AA

(3.2c)

respectively, where A and B stand for the target
nucleus (charge ZA ) and the projectile (charge ZBi,
respectively, rA, rB and r are the position vectors
of the electron relative to A, B, and the midpoint
of A and B, respectively, and p"„(r„}and p„(rB )

are hydrogenlike wave functions of the system
A + electron and 8 + electron having negative
eigenenergies to"„and to„, respectively. 1(„(r B ) is a
Coulomb wave function of the system
8 + electron having a positive eigenenergy k„/2,
where k„ is the asymptotic velocity of the ejected
electron relative to 8, and v is the impact velocity.

Equation (2.8) becomes

tBA f ct( BA BA AA
)

X exp i {co„—cop+u —upp )dtB A BB AA

(3.2a)
for charge transfer,

AA AA
t„p —— dt u„p
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for ionization, where

s,J"——[g;,gJ ], (3.3a)

BA pB
si~

BB pB"i)

l'B

ZA

(3.3b)

(3.3c)

and

(3.3d)AA A B A
lJ gl t gJ

PB

In Eq. (3.2c), we have u =0, since Coulomb

wave functions centered on 8 given by Eq. (3.1c)

are used for the continuum states.
The method of numerical calculations of Eq.

(3.2a) has been described previously, and the same

method was applied to calculations of Eq. (3.2b).
Numerical calculations of Eq. (3.2c) were per-

formed as described in the following.

In the spherical coordinates centered on B with

polar axis in the direction of impact of B, we will

expless 1B (rB 8B iPB }, k„=(k,8,$), v =(v, 0,0),
and —R=(R,5,0), where R is the position vector

of B relative to A. The momentum-transfer factor

exp( i v—r }, Coulomb wave function p„(rB },and

ground-state wave function of the hydrogenlike

atom $0(r~ ), which is the initial state here, are ex-

expanded as

exp( i v —r) =.e ' " ' " g ( i)"—(2K+1)j, i(vrB)Px(cos8B),
A. =O

(3.4)

and

f„(rb)= g (21+1)i exp(irit) „Pi(cosa),ft«B }

I=O krB
(3.5)

y&( r )
—i /2Z 3/2

where

'/ Zq g C„(rB,R )P„(COSP),
n=0

(3.6)

1 ZB
fi(rB) —sin krB ——lir+ 1n(2krB)+riB (rs~oo)

k
(3.7)

ZA
gi ——argI 1+I —i

k
(3.8)

C„(rB,R ) = (RrB )
' RI—„+3/2(Z„R )K„+,/z(Z„rB ) rBI„+,/2(ZqR )K—„+3/3(ZgrB )

2n+1+ I„+i/2(Z„R )K„+i/2(Zq rB )
A

(3.9)

cosa = cos8 cos8B+ sin8 sin8B cos(l(t —fB),
cosp= cos5cos8B+ sin5sin8B cosgB,

(3.10)

(3.11)

and Pt(x) is the Legendre function, jx(x) the spherical Bessel function, I'(z) the gamma function, and I„(x)
and K„(x) are the modified Bassel functions. The coefficients Ifi(rB)] can be obtained with the computer
code developed by Barnett et al. The Legendre functions Pt (cosa) and P„(c SPO) can be rewritten as fol-
lows:

(I—m )~
Pt (cosa)=Pt (cos8)Pt (cos8B)+2g; Pt (cos8)Pt (cos8B) cosm(p —QB)

, (&+m)~

(3.12)

and
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P„(cosP}=P„(cos5)P„(cos8tt}+2g P„"(cos5}P„"(cos8s) cospftt,„,(n+p)!

(3.13)

where Pt is the associate Legendre function. Using Eqs. (3.12) and (3.13) in Eqs. (3.5) and (3.6), and then

inserting Eqs. (3.4)—(3.6) into Eqs. (3.3a) and (3.3b), we perform integration with respect to (8&,fb), where

we use

A, +n
Pk(cos8tt)P„(cos8tt)= g Q{)t,,n, m, rt)P„(cos8s} . (3.14}

The coefficient Q(A, n, m, ,g) can be easily obtained. Using Eqs. (3.3a) and (3.3b) in Eq. (3.2c), we get

N) I

t~ gg——Bktm{P}Dtm' Pt (COS8}COSmg,
1=0m=0

where

2n(1+ m )!
(21+1}(l—m }!

Btd (p)= dt exp i ( —,k oio ——,u——Uoo )dt Ektm,
1 2 AA

x

(3.15)

(3.16)

(3.17)

Ektm =Dim g g Ftm„k(cos5)Gkt„k{R),
a=Os, =O

F ( 5) g i/3Z3/2 ( —i )'+ (2A, + 1 )(n —m )!Q(A,,n, m, l )
( )pm

(3.18)

(3.19)

- ft(&tt) Zti
Gkt.k{R)=- + t g C„(rtt,R)

kfg rg

DWBA
+ioo 2~ pion{p)pdp ~0

where

(3.22)

Xjq(ur~)r~dr&, (3.20}
N) l

p-{p)= f, dk X X pkt {p)
i=0m=0

(3.23)

Zg —2ZA R
"oo = — [1—{1+ZgR}e " ],R

(3.21)

where v R=u t and 5mo ——1 for m =0 and 5mo ——0
for m~. The DWBA cross section for ionization
is given by

k2
pklm {P)= I Bklm {p) I

'
Sm

(3.24)

The doubly differential UDWA cross section is

given by

2
k " 1+& o f pdp g Btd (p)Dt

'
Pt (cos8) p 'sin p'

dQde o 2 1=m
(3.25)

in the system moving with velocity v, where
e= —k and

1

2

p pion+pexci +pCT s

where p;,„ is given by Eq. (3.23) and

(3.26)

pexci = g I too
n~

Pcr= X It'o I

(3.27)

(3.28)
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The upper limit of I was enough to be set asl,„=30for impact energies below 200 keV/amu,
however, it needed l,„&50 for impact energies
above 500 keV/amu. In this work, calculations of
Eq. (3.17) were performed for l up to L =50, and
then Bki (p} was modified to account the contribu-
tion from range L & l &l,„(=100)as described
below. First, DWBA cross sections were deter-
mined for I (L.

okl 2~ J pkl(p}pdp (3.29)

with

lower values of projectile charge. Actually, numer-
ical calculations of DWBA cross sections for the
impact of H+ on H showed that the results with
the wave function centered on the projectile were
about 70% larger than those with the wave func-
tion centered on the target at the proton-impact
energies 10—1000 keV. This implies that the dis-
tortion of the final-state wave function due to the
electron-target-nucleus interaction reduces the
DWBA cross section by about 40%. This fact en-
ables us to approximately take into account the ef-
fect of the distortion:

I

Pki(P)= g Pki (P}. (3.30)
with

(3.34}

Finally, Bki~(p) was modified as

Bki~ (p) =Bki~ (p)R (p),

with

(3.32)

max

R(p) = g pki(p)

' 1/2 ' 1/2

/ Xpki(P)

Then, for I & L, DWBA cross sections were
evaluated by extrapolation, and pkI(p) was deter-
mined as follows:

DWBA
0kl

pki(p}= pkl. (Lpll) (l &L) .
OkL.

(3.31)

D= lim o;,„~ (E)lo;,„s (E),E~ ao
(3.35)

where E is the impact energy, o;,„g(E)
the DWBA cross section with inclusion of the dis-
tortion of the final-state wave function due to the
potentials of A (projectile) and B (target nucleus),
and o;,„z (E) and 0;,„z (E) are the DWBA
cross sections with the Coulomb wave function
centered on A and 8, respectively. Numerical cal-
culations showed that D =0.591, 0.724, and 1 for
impacts of H+, C +, and Si' + on H.

The DWBA transition matrix t„o given by Eq.
(3.2c) was renormalized corresponding to Eq. (3.34}
as

1=0 l=o

(3.33)
BA D 1/2t BAv0~ v0 (3.36)

In this work we use Coulomb wave functions
centered on the projectile as p(rs) in Eq. (3.1c).
When the projectile charge is much greater than
the charge of the target nucleus, that is, ZB » ZA,
this approach is adequate to evaluate ionization
cross sections. Otherwise, it is necessary to modify
this approach to include the effect of distortion of
the wave function P(rs }, due to the potential
around the target nucleus. The modification was
made according to the following idea: At higher
energies, charge transfer to the continuum makes
little contribution to total ionization cross sections,
where the total cross sections mainly result from
low-energy distributions of ejected electrons due to
glancing collisions. Therefore, the calculations
with Coulomb wave functions centered on the tar-
get give more reasonable total cross sections than
those with the wave functions centered on the pro-
jectile. It is probable that the present treatment
with Coulomb wave functions centered on the pro-
jectile overestimates ionization cross sections for

where we used D =0.591, 0.669, 0.709, 0.724, and
1 for impacts of H+, Li +, B +, C + and Si' +

on H. The second and third values of D were ob-
tained by interpolation.

IV. RESULTS AND DISCUSSION

A. Ionization

The doubly differential cross section d o/dedQ
in the laboratory system for ionization in the colli-
sion of protons with atomic hydrogen at the energy
of 300 keV/amu is shown in Fig. 1, and compared
with the results obtained by Macek, ' Garibotti
and Miraglia, and with the experimental results
of Rudd which were confirmed by Toburen and
Wilson. The results of Macek and Rudd are for
molecular hydrogen targets. The figures show
their values divided by two.

Macek used the first term in the Neumann ex-
pansion of Faddeev's equation for the final state of
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FIG. 1. Doubly differential cross sections for electrons ejected at various angles as a function of ejected energy for
300-keV proton impact on atomic hydrogen. UDWA denotes the present results; Faddeev, the results of Macek using
Faddeev s equation (Ref. 21); and MVPS, the results of Garibotti and Miraglia using a modified Vainshtein-
Presnyakov-Sobelman method. (a) Without and (b) with the internuclear interaction (Ref. 26). The solid circles show
half the value of experimental cross sections obtained by Rudd for proton impact on molecular hydrogen (Ref. 20).

the electron-proton-residual ion system, where hy-

drogenic wave functions with an effective charge
Z,ff equal to (2I}' (I is the ionization potential
of Hq} are used for the system consisting of the
electron and residual ion. His results show the
same energy dependence as the present results.
However, the former are higher than the latter at
the smaller angles. This may be caused by the
neglect of the nonorthogonality of initial- and
final-state wave functions rather than the use of
the effective charge Zeff.

Garibotti and Miraglia use a final-state wave
function which is the product of Coulomb waves.
Their treatment is considered an improvement of
the Vainshtein-Presnyakov-Sobelman method.
They consider two treatments: one includes the in-
ternuclear interaction and the other does not. As
shown in Fig. 1, the results with the internuclear
interaction are lower than those without. Their re-
sults follow the experimental values at the larger
angles, but show a different energy dependence

from that of the experiment at the smaller angles.
The present results fall into an underestimation

at the larger angles and larger energies. This
comes from the cutoff of the Legendre expansion
series of the final-state wave functions used in this
treatment.

The total ionization cross sections for the impact
of protons on atomic hydrogen are shown in Fig.
2, compared with the results obtained with typical
theories, and with experimental results of Fite et
al., ' Gilbody and Ireland, ' and Park et al. ' Park
et al. have normalized their data to the Born 2s-
excitation cross section. The other data have been
obtained by absolute measurements. All theoretical
results shown tend toward the results of Bates and
Griffing' based on the Born approximation. The
calculations of Janev and Presnyakov using a
dipole-approximation close-coupling method with
inclusion of transitions via the 2p-resonant state
excellently agree with the experiments. Olson and
Salop have obtained the cross sections with the
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classical-trajectory Monte Carlo method, which

nearly follows Abrines's and Percival's results,
and which agree very we11 with Gilbody's and
Ireland's data. However, those rapidly decrease
with the decreasing energy below 60 keV/amu as
in the present work. Both theories correctly in-

clude the charge transfer to the continuum. The
rapid decreasing energy dependence suggests that
the classical-trajectory Monte Carlo method prob-
ably ignores the ionizations via intermediate excit-
ed states or molecular states as in the present
theory, while Rudd and Janev and Presnyakov
consider the importance of these processes.

Total ionization cross sections are shown in
Figs. 3 and 4 for the impact of C + and Si' +

ions, respectively, on atomic hydrogen. For com-
parison, other theoretical results are also shown:
Born approximation, the classical-trajectory Monte
Carlo method by Salop and Olson, and Salop and
Eichler, ' sudden approximation by Salop and
Eichler, ' and the dipole-approximation close-
coupling method by Janev and Presnyakov, in

Fig. 3. Figure 4 includes the results with the Born

FIG. 2. Ionization cross sections for proton impact
on atomic hydrogen. UDWA shows the present results,
Born the results of Bates and Griffing based on Born
approximation (Ref. 16), CTMC the results of Olson
and Salop with classical-trajectory Monte Carlo method
(Ref. 7), and DACC the results of Janev and

Presnyakov with a dipole-approximation close-coupling
method (Ref. 22). The circles, triangles, and squares are
the experimental cross sections obtained by Fite et al.
(Ref. 17), Gilbody and Ireland (Ref. 18), and Park et al.
(Ref. 19), respectively. The long-dash curve shows the
UDWA results without the renormalization given by
Eq. (3.36).
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FIG. 3. Ionization cross sections for C6+ impact on

atomic hydrogen. Notations are the same as those

described in Fig. 2 except that CTMC(A) are the results

of Salop and Olson (Ref. 3), CTMC (B) the results of
Salop and Eichler (Ref. 31), and Sudden the results of
Salop and Eichler using sudden approximation (Ref. 31).
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FIG. 4. Ionization cross sections for Si'~+ impact on
atomic hydrogen. Notations are the same as those
described in Fig. 2. For comparison, the experimental
cross sections obtained by Berkner et al. for Fe' + im-

pact on molecular hydrogen which are divided by two
(Refs. 32 and 33) are also shown.

approximation, the classical-trajectory Monte Carlo
method by Olson and Salop, and the dipole-

approximation close-coupling method by Janev and
Presnyakov. The figure also includes the experi-
mental cross sections divided by two for the im-

pact of Fe' + ions on molecular hydrogen by
Berkner et al. ' The theoretical results show dif-
ferent energy dependences. It is important to do
further studies on this problem.

The ionization cross sections calculated with the
UDWA method are all given in Fig. 5 and Table I.
Figure 5 also shows the experimental cross sections
divided by two for the impact of Li + ions on
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FIG. 5. Comparison of energy dependences of the
ionization cross sections obtained in the present work
for impacts of fully stripped ions having different

charges on atomic hydrogen. Also shown are the exper-
imental cross sections of Pivovar et al. for Li3+ impact
on molecular hydrogen (Ref. 34) and Berkner et al. for
Fe' + impact on molecular hydrogen (Refs. 32 and 33).
The lines with solid circles denote the UDWA results

without the renormalization given by Eq. (3.36).

molecular hydrogen by Pivovar et al. '
Figure 6 shows the dependence of UDWA cross

sections on projectile charge at the impact energy
1100 keV/amu, compared with the classical-

trajectory Monte Carlo method by Berkner et al.,
the dipole-approximation close-coupling calcula-
tions by Janev and Presnyakov, and experimental
results by Berkner et al. All results denote Z"
dependence except the results of Janev and

Presnyakov for Z & 10.
In Figs. 2, 3, and 5, the UDWA results without

renormalization given by Eq. (3.36), are also
shown. These overestimate the ionization cross
sections at higher energies due to the neglect of
distortion of the final-state wave function caused

by the potential of the target nucleus.
The rapid decrease with decreasing impact ener-

gy below the energy at which the cross section
denotes maximum, as shown in Figs. 2 —5, more
or less underestimates the ionization cross sections.
This is attributed to the neglect of off-diagonal
matrix elements except those involving the initial
state which results in the neglect of transitions via

some other intermediate states.

B. Excitation

The total excitation cross sections calculated
with the UDWA method are shown in Fig. 7 and
Table II. Figure 7 gives the results of Janev and

TABLE I. UDWA cross sections (cm ) for ionization in H+ + H, Li'+ + H, B'++H, C + + H, and Si' + + H colli-
sions.

Impact energy
(keV/amu) H+ Li'+ B+ C6+ Si'4+

5000
2000
1000
700
500
400
300
200
100
75
50
25
10

1.94(—17)

3.39(—17)

5.08(—17)
6.62(—17)
9.05(—17)

7.72( —17)

3.96(—18)

4.42( —16)
4.37(—16)
3.66(—16)
2.07(—16)
4.06(—17)
6.57(—18)

8.52( —16)
7.23(—16)
5.18(—16)
2.10(—16)
4.34(—17)
1.05(—17)

3.46(—16)

7.89(—16)

9.36(—16)

1.04( —15)
8.22( —16)

1.94(—16)
4.16(—17)
1.27( —17)

6.88(—16)'
1.44(—15)
2.32(—15)

3.17(—15)

2.74(—15)
1.34(—15)

1.89(—16)
3.27(—17)
2.44( —17)

' 6.88(—16) denotes 6.88 &(10
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FIG. 6. Charge dependence of ionization cross sec-

tions for impacts of fully stripped ions on atomic hydro-

gen at 1100 keV/ amu. Notations have the same mean-

ings as those described in Fig. 2. For comparison, the
experimental cross sections of Berkner et al. for the im-

pacts of Fe ions on molecular hydrogen (Ref. 32) are
also shown.
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FIG. 7. Total excitation cross sections for impacts of
fully stripped ions having different values of charge on
atomic hydrogen. UDWA denotes the present results;
DACC, the results of Janev and Presnyakov by dipole-
approximation close-coupling calculations for excitation

up to n =5 (Ref. 22), and the solid circles are the experi-
mental results of Park et al. for excitation up to n =4
(Ref. 35).

TABLE II. UDWA cross sections (cm ) for excitation in H+ + H, Li + + H, B + + H, C + + H, and Si' + + H
collisions.

Impact energy
(keV/amu) H+ Li'+ B5+ C6+ S'14+

5000
2000
1000
700
500
400
300
200
100
75
50
25
10

2.43(—17)

4.67(—17)

7.25( —17)
9.83(—17)
1.42( —16)

1.55(—16)

3.83(—17)

7.32(—16)
8.69(—16)
8.25(—16)
6.46(—16)
3.08(—16)
6.17(—17)

1.60(—15)
1.68(—15)
1.49(—15)
1.04( —15)
4.29(—16)
1.10(—16)

4.31(—16)

1.05(—15)

1.52( —15)

2.07(—15)
2.09(—15)

1.21(—15)
4.90(—16)
1.32(—16)

8.86(—16)
1.81(—15)
2.86(—15)

4.16(—15)

4.70(—15)
4.19(—15)

1.86(—15)
1.08(—15)
2.26(—16)
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Presnyakov with the dipole-approximation close-
coupling method for comparison. As seen from
the figure the results of Janev and Presnyakov
show quite a different energy dependence from the
present results and denote four to five times larger
values than these at the energy of 10 keV/amu.

Park et al. have measured the energy depen-
dence of cross sections for excitation of atomic hy-
drogen to the n =2, 3, and 4 states by protons.
Absolute cross sections have been determined by
normalization to the theoretical cross section
through the use of Born approximation at the pro-
ton energy of 200 keV. As shown in the figure,
their total cross sections agree with the present re-
sults at proton energies above 50 keV/amu. De-
tailed comparisons between theories based on dif-
ferent methods and experiments are described in
Refs. 36—38 for excitation of atomic hydrogen to
the 2s and 2p states by protons. It is known from
these papers that below 10 keV, transition via some
intermediate states are dominant. Therefore,
UDWA theory cannot be applied below 10 keV.
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FIG. 8. Charge-transfer cross sections for Li + im-

pact on atomic hydrogen. UDWA(A) denotes the
present results; UDWA(B), the previous UDWA results
without ionization and excitation channels (Ref. 9);
CTMC, the results of Olson and Salop by classica1-
trajectory Monte Carlo calculations (Ref. 7); solid

squares, the experimental results of Shah et al. (Ref.
39); and solid circles, those of Seim et al. (Ref. 13).

C. Charge transfer

The present results of charge-transfer cross sec-
tions for impacts of Li +, B +, C +, and Si
ions on atomic hydrogen are shown in Figs. 8 —11,
compared with the classical-trajectory Monte Carlo
calculations by Olson and Salop and experiments.
The experimental cross sections shown in the fig-
ures are by Shah et al. and Seim et al. ' for the
impact of Li + ions, Goffe et al. ' for the impacts
of B + and C + ions, and Crandall et al. for the
impact of B + ions, and Meyer et al. ' for the im-

pacts of Fe' +, Mo' +, Ta' +, Au' +, and W' +

ions. Berkner et al. have measured charge-
transfer cross sections for the impacts of Fe ions
including Fe' + on molecular hydrogen. The data
for the impact of Fe' + divided by two are shown
in Fig. 11. All numerical results of the present
work are shown in Table III.

The UDWA results agree quite well with the ex-
periments except at the higher and lower energies
in the Li + + H case. The figures also include
UDWA results with neglect of the ionization and
excitation channels. ' The comparison with the
present results shows an importance of the inclu-
sion of ionization and excitation channels even at
the energies of MeV range.

It is interesting to see the energy dependence of
UDWA cross sections shown in Fig. 11. The
curve denoting the results with inclusion of ioniza-

tion and excitation channels most deviates from
that without those channels at the energies from
100 to 2000 keV/amu and the discrepancy becomes
smaller with increasing energy above 2000
keV/amu. In consequence, the curve is concave in

the vicinity of 1000 keV/amu.
Figure 12 shows a scaling of the charge-transfer

cross sections based on the UDWA cross sections
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FIG. 9. Charge-transfer cross sections for B + im-
pact on atomic hydrogen. Notations have the same
meanings as those described in Fig. 8 except that the
solid circles show the experimental results of Goffe et
al. (Ref. 12) and open circles those of Crandall et al.
(Ref. 4O).
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FIG. 10. Charge-transfer cross sections for C + im-

pact on atomic hydrogen. Notations are the same as
those described in Fig. 8.
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FIG. 11. Charge-transfer cross sections for Si' + im-

pact on atomic hydrogen. Notations are the same as

those described in Fig. 8. For comparison, the experi-

mental cross sections of Meyer et al. for impacts of
Fe' +, Mo' +, Ta'4+, W' +, and Au' + ions on atomic
hydrogen (Ref. 42) and those of Berkner et al. for im-

pacts of Fe' + ions on molecular hydrogen (Ref. 32) are

also shown.

with

z 1.07 (4.3)

and

p ZO 350 (4.4)

where cr(E) denotes the cross section at the energy
of E, o.(E) is the scaled cross section with the
scaled energy E, and Z is the charge of the projec-
tile. The scaling factors a and P were determined
so as to fit the Si' + curve to the H+ curve at the

energies E & 10 keV/amu, and to the Ca
points' at the energies E g 10 keV/amu. The
present results do not completely fit one another at
the higher energies; this is different from previous
work, ' which did not use ionization and excitation
channels.

The scaling procedure is also applied to experi-
mental cross sections obtained by Gardner et al., '

Meyer et al., Berkner et al., ' and Crandall et
al. ' The results are shown in Fig. 13 with the

a.(E)=5.3 X 10 (4.5)

At low energies E & 10 keV/amu, as described in

scaled UDWA cross sections for Si' + + H and

Ca + + H collisions. Figure 13 shows the data of
Berkner et al., for molecular hydrogen targets,
after being divided by two. All data shown in the

figure are restricted to Z ) 12. The scaled experi-

mental cross sections successfully fall on the Si' +

curve. In particular, the agreement of the data of
Berkner et al. for Z =12—25 with the Si' + curve

is quite perfect in the energy range E=350—1200
keV/amu, although the curve is concave there.
From this fact and the fact that the UDWA re-

sults for the Ca + + H collisions have been fitted
to the Si' + curve, it can be proposed to use the
Si' + curve as a "universal curve" to estimate the
cross sections for high values of projectile charge.
In the energy range E=0.01—1 keV/amu, this
curve can be approximately expressed as (in units

of cm)
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TABLE III. UDWA cross sections (cm ) for charge transfer in H+ + H, Li'+ + H, B'+ + H, C + + H, and
Si' + + H collisions.

Impact energy
(keV/amu) H+ Li'+ B5+ C6+ Si'4+

5000
2000
1000
700
500
400
300
200
100
75
50
25
10
5

4
2.5
2
1

0.5
0.4
0.25
0.2
0.1

0.05
0.04
0.025
0.01

6.44( —22)

2.20(—20)

2.35(—19)
1.29(—18)
1.54( —17)

9.62( —17)
3.18(—16)
7.95(—16)

1.09(—15)

1.63(—15)

1.99(—15)

2.76(—15)

3.50(—15)

3.72( —15)

1.90(—17)
1.63(—16)
3.25(—16)
6.74(—16)
1.35(—15)
1.75(—15)
1.33(—15)

7.96(—16)
8.42( —16)
7.91(—16)

8.05(—16)
7.03(—16)
7.19(—16)

6.09(—16)

6.20( —17)
4.87(—16)
9.02(—16)
1.62( —15)
2.61(—15)
3.17(—15)
2.75(—15)

1.78(—15)

1.39(—15)
1.19(—15)

1.55(—15)

1.46(—15)
1.39(—15)

1.43(—15)

8.18(—21)

7.05(—19)

6.94(—18)

9.34(—17)
6.92(—16)

2.17(—15)
3.20( —15)
3.94(—15)
4.31(—15)

4.68(—15)

5.06(—15)
4.92(—15)

4.54(—15)

2.81(—15)
1.96(—15)

2.73(—15)

9.28(—22)
3.73(—20)
7.94(—19)

2.03(—17)

5.00(—16)
2.62( —15)

5.93(—15)
6.22( —15)
6.58(—15)
7.17(—15)

8.06(—15)

8.80(—15)
9.40( —15)

1.01(—14)

9.98(—15)
9.77(—15)

8.65(—15)

the Appendix, a classical-barrier theory" shows
that a reasonable value of the cross sections is
somewhere between o„z and o.i,„,where

o„~=2[2(Z+1)'~ +1) oo (4.6)

and

and

oo ——8.8&(10 ' (cm ) (4.8)

v(Z)=[(2Z' +1)/(Z+2Z' )]' Z, (4.9)

where Z is the effective charge of the projectile.
Figure 14 shows o.„z and o],„with experimental

oi,„2(Z—2) /[(Z —1) /[v(Z —1)—1] —1] oo,

(4 7)

with

cross sections reported in Ref. 14, and the UDWA
cross sections for the collision energies E (10
keV/amu. ' Strictly speaking, we must use the
effective charge of the projectile as Z for partially
stripped ions. However, for practical convenience,
we can use the charge of ions as Z. In the figure,
it is seen that all data of Crandall et al. exist be-
tween the upper and lower limits defined by Eqs.
(4.6) and (4.7).

Estimation of the upper limit of charge-transfer
cross sections at low energies is important for the
design and operation of controlled thermonuclear
fusion devices. Figure 14 also shows the results of
the electron-tunneling theory by Grozdanov and
Janev and the absorbing-sphere model calcula-
tions by Olson and Salop. The recent work of
Salop and Olson' for Fe + + H collision system
seems to support the electron-tunneling theory,
while charge dependence of the UD%'A cross sec-
tions at the higher charges are close to the
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FIG. 12. Scaled UDWA charge-transfer cross sec-
tions o vs scaled impact energy E where cross sections cr

and impact energy E are given by o.=ao. and E=PE
with a=Z' ' and P=Z ". The cross sections for
Ca' + impact are taken from Ref. 10.

absorbing-sphere model calculations, rather than
the electron-tunneling theory. However, the upper
limit of the present theory agrees with these
theories to within 50%.

Finally, we must note the recent work of
Eichler. Using eikonal theory he has calculated
charge-transfer cross sections for a large number of
collision systems including collisions of ions having
charge Z =1—10, 15, 20, and 25 on H(1s).
Eichler's results show good agreement with experi-
mental data, except that no energy-dependent
curves of cross section for higher values of projec-
tile charge show the concave curve at higher ener-
gies, while experimental data of Berkner et al.
clearly denote it as shown in Fig. 13. Comparison
of the eikonal theory to the UDWA theory, has
concluded that the overestimation of cross sections
by a factor of about 3 in the previous UDWA re-
sults ' may be largely attributed to the off-
diagonal matrix elements ignored in the UDWA
theory. Although his conclusion based on the
Born series is true for the eikonal theory, it is not
the case in the UDWA theory. The present work
shows that the overestimation of cross sections for

1 0 ) ) I I I IIII I I I I I I III I I I ) I IIII I ) I I ) I III ) I ( I I IIII

10 10 10 10 10 10

ScaIed lmpaci Energy EI keV/amu 1

FIG. 13. Results of application of the scaling rule to
experimental charge-transfer cross sections for impacts
of highly stripped ions (Z & 12) on atomic and molecu-
lar hydrogen. Open circles denote the results of
Gardner et al. (Ref. 41); open triangles, the results of
Meyer et al. (Ref. 42); solid circles, the results of
Berkner et al. (Ref. 32); diamonds, the results of
Berkner et al. (Ref. 43); and solid triangles, the results
of Crandall et al. (Ref. 14). Also shown, for compari-
son, are the UDWA results for impact of Si' + and
Ca + ions on atomic hydrogen. The Si' + curve can be
used as a universal curve to estimate charge-transfer
cross sections for impact of highly stripped ions
(Z & 15) on atomic hydrogen.

charge transfer in the previous work ' is attri-
buted to the neglect of excitation and ionization
channels. The appearance of the concave curve in
energy-dependence curves of cross sections at
higher energies has been supported by the experi-
ments of Berkner et al. ', as shown in Fig. 13,
which is nothing except the contribution of excita-
tion and ionization channels.

V. CONCLUDING REMARKS

In the present paper, an attempt to perform
UDWA calculations based on a complete set of
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channels is described. The calculations have been
applied to the collision systems involving atomic
hydrogen and the incident fully stripped ions H+,
Li + B + C + and Si + which include the sys-
tems for which experimental charge-transfer cross
sections are available to be compared with the ob-
tained results, and which serve to derive a scaling
rule to charge-transfer cross sections. The results
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FIG. 14. Charge-transfer cross sections for impacts
of different ions (Z )2) on atomic hydrogen at low en-
ergies E & 10 keV/amu. UDWA denotes UDWA results
for E & 10 keV/amu (Refs. 8 —10); CMO, the results of
Salop and Olson with the method of coupled molecular
orbitals for Fe + impact at energies E=0.2, 1.3, and
5.2 keV/amu which increase with impact energy (Ref.
15); ASM, absorbing-sphere-model calculations by Olson
and Salop at E=2.5 keV/amu (Ref. 45); ETT,
electron-tunneling-theory calculations by Grozdanov and
Janev at E=2.5 keV/amu (Ref. 44); and experimental
data are the results of Crandall et al. at the impact en-
ergies E=0.05 —5 keV/amu (Ref. 14), where the data of
charge values being Z are plotted between Z and Z+1.
The solid curves show the upper and lower limits es-
timated from the classical-barrier theory (Ref. 11) in
combination with UDWA calculations. The dot-dashed
straight line denotes the charge dependence given by
0=5.3)(10 ' Z' ' (cm ) which corresponds to
cr(E)=5.3 )& 10 ' (cm ): the average value of the solid
curve shown in Fig. 13 for E & 1 keV/amu.

show the following:
(i) The ionization cross sections denote the Z'

dependence at the higher impact energies where Z
is the projectile charge.

(ii) The charge-transfer cross sections for Li +,
B +, and C + impacts show a perfect agreement
with experimental data except for a few data
points.

(iii) The inclusion of ionization and excitation
channels considerably decreases charge-transfer
cross sections at the impact energies E & 100
keV/amu for the higher values of projectile charge.
In particular, in the case of Si' + impact this ef-
fect is most pronounced in the vicinity of E=1000
keV/amu and, consequently, the energy-dependence
curve is concave there.

(iv) In the scaled frame, the above-stated
energy-dependence curve almost completely fit the
UDWA results for Ca + impacts and the experi-
mental data for the range of projectile charge
Z =14—25. This fact suggests that the Si' +

curve can be used as a universal curve to estimate
charge-transfer cross sections for high Z.

It is also known from the present calculations
that the ionization cross sections for H+ + H colli-
sion system cannot be reproduced by the present
UDWA method at the collision energies E && 100
keV. At these energies, transitions via charge-
transfer channels and/or excitation channels are
dominant as suggested by Rudd. The UDWA
method ignores such transitions in consequence of
the neglect of off-diagonal transition matrix ele-
ments except those including the initial state.

The reasonable upper limit estimation of
charge-transfer cross sections is important for the
design and operation of controlled thermonuclear
fusion devices. The present result agrees with oth-
er theories to within 50%.
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APPENDIX cr„p-2m(2Z'~ + 1) (A6)

(A1)

with

R,„=2(Z—1)/(Z /n —1),
and that connecting the ballay is given by

(A2)

It is deduced from classical treatment" that at
low energies, the cross sections oscillate as a func-
tion of the effective charge of projectile, which is
received by the transferred electron. The envelope
connecting the peaks is given by

2
+up —2 ~Rmax ~

and

o ~,„-2m(Z —1)2/[Z2/(n~ —1) —1] (A7)

Equations (A6) and (A7) denote the upper and
lower limits, respectively, of the cross sections for
a given value of the effective charge Z.

The UDWA calculations show that if we replace
Z in Eq. (A6) by Z+1 and Z in Eqs. (A5) and
(A7) by Z —1, we can use these equations for colli-
sion energies below 10 keV. Therefore, we will

rewrite Eqs. (A5) —(A7) as

2
+low —

2 dmin s

with

(A3)

and

o'„~=2m [2(Z+1)'~ +1] (AS)

R;„=2(Z—1)/[Z /(nz —1) —1],

where

n =[(2Z'~ +1)/(Z+2Z' )]'~ Z

(A4}

(A5)

o),„-2m(Z —2) /[(Z —1)~/[v(Z —1)—1]2—1]~,

(A9)

with

and Z is the effective charge. These can be rewrit-
ten as v(Z) =[(2Z'~ +1}/(Z+2Z' )]'~ Z . (A10)
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