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We obtain asymptotic approximations to the collision-broadened line shape by the
method of steepest descent. Exponentially decreasing line shapes result when the phase at
the saddle point has an imaginary part. Averaging over a thermal distribution of veloci-
ties is shown to substantially affect the line shape.

INTRODUCTION

Exponentially decreasing line shapes are often
encountered in the far wing spectra of collision-
broadened lines. Satellites,"»? for example, have an
exponentially decreasing side, and in systems where
the difference of the excited and ground-state
molecular potentials increases (or decreases) mono-
tonically, one side of the collision broadened line
falls off exponentially.? This has been referred to
as the antistatic wing® as opposed to the quasistatic
wing®? of the line. In this report we derive expres-
sions for antistatic regions of the line shape by
direct asymptotic evaluation of the adiabatic
phase-shift expression for the line wing profile.*>
The importance of averaging over the thermal dis-
tribution of relative velocities is explicitly demon-
strated.

THEORY

We consider an isolated optical transition be-

tween two nondegenerate levels and neglect nonadi-
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where n,, is the perturber density, v is the relative
velocity, V4(R) is the difference between the
excited-state and ground-state potentials V;(R)
= V,(R)—V,(R), and for straight trajectories R ()
= (b*4v%t?)!/2. Equations (1) and (2) are identi-
cal to the Anderson theory* in the low-density lim-
it and for |A| >>vwx + 7(0).

The detuning dependence of the broadening rate

25

ila— [ ar

abatic effects (inelastic collisions, quenching, etc.).
When the binary-collision approximation is valid
(time between collisions long compared to a col-
lision duration), the absorption profile for the line
wings may be written

1 yntr.(A)

I =
(A) . A2

, A >>yn+7.00),
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where yy is the decay rate due to spontaneous em-
ission, A=w —wy is the detuning from resonance,
and the collision effects are incorporated in the de-
tuning dependent broadening rate 7.(A).> The con-
dition |A| >>¥x + 7.(0) ensures that at most a
single collision occurs in the time of interest
7~1/|A], i.e, the interaction of the atom with a
single perturber determines the line wing profile.®
Using classical straight-line trajectories the
broadening rate 7,(A) is’

2
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f
y.(A) is governed by the dimensionless parameter

| A| T4,where Ty is a characteristic collision dura-
tion (T; ~10~'% ). Direct asymptotic expansion
of Eq. (2) for large | A | T, may be obtained by the
method of steepest descent.’” In the time integral
in Eq. (2), ¢ is allowed to be complex and the main
contribution to the integral comes from regions
near the saddle points of the exponent i$(z) where
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t Va[R(2')]
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The saddle points are located by (}S(ts) = 0 which
implies
R,
fA=V4(R,); t,= iT( 1—-b%/RHV? . (4

The leading order asymptotic approximation to the
integral is
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where the sum over f; includes all saddle points
given by Eq. (4) for which Im[¢(z,)] >0. The real
angle 6; is chosen so that the integration path is
the one of steepest descent and we have assumed

| () | 70:
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In taking the absolute value squared of Eq. (5), the
cross terms involve phase differences

exp{ i[Red(r;) —Reg(t,)] }, where ¢; and ¢, are dif-
ferent saddle points. When the saddle points are
well separated these cross terms oscillate rapidly
with impact parameter and hence contribute little
to the broadening rate.® Using these results Eq. (2)

becomes
A7 A
(A)=n ErEe—
T & Ry |
® exp[ —2 Im¢(z,)]
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The evaluation of the impact-parameter integral
depends on whether or not the phase at the saddle
point has an imaginary part. Saddle points with
Im¢(t;) = O correspond to stationary phase points
and are responsible for the quasistatic wing. If a
root R; is real then the associated saddle points ¢,
are on the real ¢ axis hence the phase is real pro-
vided b <R; [see Eq. (4)]. Setting Im¢(t,)=0 in
Eq. (6) and truncating the impact-parameter in-
tegral at b =R, obtain

2p2
Vu(A)=n 22 8m°R,#
| Va(R)|

where the sum is over real roots of #A =V, (R;).
Impact parameters b > R, and any complex roots
R; make exponentially small corrections to Eq. (7).
If the collision-broadening rate y.(A) is large com-
pared to the spontaneous decay rate yy then the
absorption profile Eq. (1) becomes

4R
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in agreement with usual quasistatic theory®?
for the absence of a Boltzmann factor. The
neglect of the Boltzmann factor in our result is due
to the use of straight-line trajectories.

When there are no real rooots to the saddle-point
condition #A =V4(R;), the far wing line shape is
determined by the complex roots. In this case the
phase has an imaginary part. The main contribu-
tion to the impact-parameter integral in Eq. (6)
then comes from regions of b where Im¢(z;) takes
its smallest positive values. This occurs for small
impact parameters b << | Ry | hence it is appropri-
ate to use a small impact-parameter expansion of
Imé(z;). That small impact parameters give the
dominant contribution may be anticipated by the
following argument. When |A|T,;>>1 and there
are no stationary phase points, the phase ¢ is ra-
pidly varying throughout the collision. Then ac-
cording to Eq. (2) collisions which produce com-
parably large Fourier components of the difference
potential will contribute to the broadening. Colli-
sions with small impact parameters produce large
Fourier components. Note also that high-velocity
collisions produce large Fourier components hence
velocity averaging will be important.” Expanding
Imé(z;) for small impact parameters gives after a
straightforward calculation

except

bZ
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with R;=ReR; +iImR; determined by #A

= V4(Ry). Using these results the impact-
parameter integral in Eq. (6) is evaluated by the
method of Laplace’ to yield

(10)
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where @, and ®, are given above and only the
complex roots R, for which ®,, ®,>0 are includ-
ed in the sum. This is the leading order asymptot-
ic approximation to the broadening rate for antis-
tatic regions of the line shape.

For power-law difference potentials [ V;4(R)
=+7| C, | R ~"] with even n the integrals for ®,
and @, are easy to evaluate:
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k=o,1,.. ., =2
2

The main contribution comes from the smallest
value of @, namely, k=0 and k =(n —2)/2 in the
expressions above, hence

'}’C(A)=npRévmi‘"|—2Mexp(—bn |ATy |11,
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R, is the characteristic interaction length and T
the corresponding collision duration. The main
feature is the exponential decrease of the broaden-
ing rate as | AT, | increases. The exponential de-
crease of the antistatic wing for power-law differ-
ence potentials was predicted by Holstein in un-
published works.'® Tvorogov and Fomin'' have
also obtained results for power-law potentials with
n =6 and n =8. However, their work contains
some numerical errors.!! We emphasize that Eq.
(11) is the leading order asymptotic approximation
to the broadening rate for the antistatic wing—the
error of this approximation is of order

| AT, l —n/(n—1)

We now discuss the principal effects of averag-
ing over a thermal distribution of relative veloci-
ties. The thermally averaged rate is calculated by
integrating the rate for a given velocity times the
velocity distribution:

(r:(8)= [ dufr(A).

The antistatic wing broadening rate Egs. (9) and
(10) is strongly velocity dependent due to the 1/v
factor in the exponent ®,. The velocity integral is
evaluated by the method of Laplace’ and yields

87 | Ry | Dolvg)
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where ®y(vy,) and P,(vy;,) are given by Eq. (9) with
v replaced by vy, =\/m and the sum over R;
includes only those values for which ®yv,,),
®,(vy) >0. A certain range of velocities (depend-
ing on A) makes the dominant contribution to the
broadening. This is due to the balance between the
broadening rate which increases rapidly as v in-
creases and the velocity distribution which de-
creases rapidly as v increases.

The result for (y.(A)) is closely related to the
thermally averaged antistatic profile given by Szu-
dy and Baylis.> These authors use a quadratic ex-
pansion of the potential in the neighborhood of the
saddle point. The motivation for this is that it en-
bles analytic results valid uniformly for the usual
quasistatic case and also in the region near a satel-
lite. We can recover the Szudy-Baylis antistatic
profile (except for a Boltzmann factor and a multi-
plicative factor'?) by using a quadratic expansion
of the potential to approximately evaluate ®o(v),
®,(v,,) in Eq. (9). This type of approximation can
lead to subtantial error because ®y(v,,) appears in
the exponent in Eq. (12). The use of a quadratic
expansion can only be expected to yield good re-
sults if the complex roots R, are close to the real
axis.

For power-law potentials [V3(R)=+#|C, |R "]
the thermally averaged broadening rate is

(Ve(A)) =n,Rvpmay ATy | '3

Xexp[ —3(B, | AT | '],
(13)
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Formin and Tvorogov'* have obtained similar re-
sults for n =6-and n =8 by averaging their previ-
ous results!! over a Maxwell-Boltzmann velocity
distribution. They report correct numerical factors
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in the exponent (3,) but different multiplicative
factors.!! Comparing Egs. (11) and (13) it is ap-
parent that velocity averaging substantially affects
the detuning dependence of the line shape.

CONCLUSION

We have applied the saddle-point technique to
obtain asymptotic approximations to the collision-
broadening rate y.(A). An exponentially decreas-
ing broadening rate results when the phase at the
saddle point has an imaginary part. Velocity

averaging substantially affects these antistatic re-
gions of the line shape due to the strong velocity
dependence of the broadening rate. The results in
this report expand the range of detunings covered
by simple analytic approximations to the collision-
broadening rate.

ACKNOWLEDGMENTS

This work was supported by the National Sci-
ence Foundation under Grant No. PHY79-09743.
The author thanks Professor D. E. Pritchard for
useful comments and critical reading of the
manuscript.

IK. Sando and J. C. Wormhoudt, Phys. Rev. A 7, 1899
(1973).

2). Szudy and W. E. Baylis, J. Quant. Spectrosc. Radiat.
Transfer 15, 641 (1975); 17, 269 (1977).

3R. E. M. Hedges, D. L. Drummond, and A. Gallagher,
Phys. Rev. A 6, 1519 (1972) and references therein.

4P. W. Anderson, Phys. Rev. 86, 809 (1952).

5V. V. Yakimets, Zh. Eksp. Teor. Fiz. 51, 1469 (1966)
[Sov. Phys.—JETP 24, 990 (1967)].

6M. Baranger, in Atomic and Molecular Processes, edited
by D. R. Bates (Academic, New York, 1962).

7C. M. Bender and S. A. Orzag, Advanced Mathematical
Methods for Scientists and Engineers (McGraw-Hill,
New York, 1978).

8These terms may produce oscillations and are not al-
ways negligible, see F. H. Mies, J. Chem. Phys. 48,
482 (1968).

9The combination of small impact parameters and high
velocities is such that straight trajectories are ade-
quate provided # | A | <<kT.

10Holstein’s results are cited by G. N. Plass and D.
Warner, Phys. Rev. 86, 138 (1952). Holstein ob-
tained the same numerical factor in the exponent but
a multiplicative factor ~6 times larger than our re-
sult.

1S, D. Tvorogov and V. V. Fomin, Opt. Spektrosk. 30,
413 (1971) [Opt. Spectrosc. (USSR). 30, 228 (1971)].
The numerical errors in this reference are: Eq. (20) is
too large by a factor V7 and the coefficients c; in
their Table are incorrect (their values for ¢ are
correct). For n =6 the result of Tvorogov and Fomin
is ~1.2 times larger than our result.

2Instead of the factor cos’d in the results of Szudy and
Baylis we have a factor of % when using expansion

Eq. (7.9) of Ref. 2. For a purely quadratic potential
our results agree exactly with Ref. 2 to within terms
of order (ImR,/ReR,)? i.e., for R close to the real
axis.

13y, V. Fomin and S. D. Tvorogov, Appl. Opt. 12, 584
(1973). The same errors occur here as in Ref. 11.



