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The Breit interaction is found to substantially affect predicted multiplet splittings of
double-inner-shell-vacancy configurations in heavy atoms. Not only can the magnitude of
the splitting be greatly changed in some cases but the level order can also be altered with

respect to that predicted from the Coulomb interaction alone. Inclusion of the full Breit
interaction in the splitting of [KL] hole states reduces the Ka, x-ray hypersatellite shift by
—10 eV and increases the Kaz shift by —16 eV at Z =80; the intensity ratio of Ea& to
Ea2 is reduced by -25% at Z =18 and increased by -7% at Z =60.

I. INTRODUCTION
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where the a; are Dirac matrices and r&2 is the dis-

tance between the two interacting electrons. In
most of those calculations dealing with double-

inner- shell-hole states, " only the configuration-

average contribution of this Breit operator is taken
into account.

Currently there is much interest in a particular
kind of atomic inner-shell double-hole states, viz. ,
states in which the K shell is entirely empty. The
radiative deexcitation of such [ls ] states through

Relativistic treatments of atomic structure and
transitions are currently receiving renewed atten-
tion because of their importance for the analysis of
complex x-ray spectra from multiply ionized atoms
that can occur in high-temperature plasmas' or be
generated in heavy-ion-atom collisions. One fac-
tor that has not been thoroughly analyzed in this
context is the effect of the Breit energy, which ar-
ises from the interaction between any two atomic
electrons due to the exchange of a single transverse
photon.

In most recent relativistic calculations of binding
and x-ray transition energies in heavy atoms with
one and two " inner-shell vacancies, the Breit
operator is expressed in a form which is valid only
in the long-wavelength limit, viz. ,

one-electron transitions gives rise to so-called E x-

ray hypersatellites (Kat 2, KP", ). The only

calculations involving double-hole states that in-

clude the Breit interaction in the splitting calcula-
tions' ' pertain to the Ea hypersatellite energies
of the two elements Hg and Tm. There exists no

systematic study of E hypersatellite energies that
includes the effect of the Breit interaction on the
multiplet splitting.

The Ea& 2 hypersatellite intensity ratio has re-

cently been analyzed by Aberg et al."' in terms
of the intermediate coupling scheme. In these
intermediate-coupling calculations, the energy ma-

trix contained only the electrostatic interaction; the
contribution of the Breit interaction was neglected
in determining the mixing coefficients. Further-
more, the differences between the Eu& and Ea2 x-

ray energies and matrix elements were neglected.
These differences, arising from relativity, are the
dominant factors which reduce the intensity ratios
of Ka'~ to Kaz from their j —j coupling limit.

Here we report on a systematic study of the ef-

fect that the Breit operator, in a more accurate
form, has on the multiplet splitting of states with

two inner-shell vacancies. We apply the calcula-
tion to the shift of Ka and Kp x-ray hypersatel-
lites. We also calculate the x-ray emission rates of
the double-K-hole states, using Dirac-Hartree-
Slater (DHS) wave functions. We then use the x-

ray matrix elements to calculate the intensity ratios
of Ka& to Kaz and KP& to KP3 in intermediate

coupling, with and without the Breit interaction
being included in the energy matrix, in order to in-
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In our previous relativistic calculations of
atomic-energy levels, we computed the
configuration-average total energy as the expecta-
tion of the total Hamiltonian, consisting of kinetic
energy, electrostatic interaction, Breit interaction,
and vacuum polarization. The nucleus was taken
to be a homogeneously charged sphere of radius
R =1.20&(10 ' A' cm, where A is the mass
number. The Breit interaction was expressed in
the long-wavelength approximation [Eq. (1)].

The nuclear charge distribution has a noticeable
effect on inner-shell-level energies. For example, a
Fermi distribution causes the 1s level at Z =95 to
be 6 eV more tightly bound than a uniformly
charged sphere. In the present work, we therefore
use the two-parameter Fermi model for the nuclear
charge distribution

po
p(r) =

(r —c)/a+e
The half-density radius c and skin-thickness
parameter a are taken from high-energy electron
scattering results'

c =(2.2291A ' —0.906 76) X 10 a.u. ,
a = 1.039)& 10 a.u.

Instead of the long-wavelength-limit Breit operator
[Eq. (1)] employed in earlier work, "we use a

(2)

vestigate the effect that the Breit interaction has on
these intensity ratios.

II. THEORY

1 —a i.u2
HcB, —— coscor12 . (4)

r12

Hence, the energy matrix of the electrostatic and
Breit operators between the antisymmetrized j-j-
coupled two-hole states, which can be separated
into direct and exchange matrix elements, is

&J]jzj]M
l
r]z (1—a] az)cour]2 Ij]J2JM)

=D —E. (5)

The matrix element of Hc]]„[Eq.(5)] is a special
case of Eqs. (11) and (19) of our earlier work, '

viz. ,

more exact form of the Breit interaction, appropri-
ate in the local approximation'

1
Hs, ——— [a] apcoscor]p+(1 —coscor]p)] .

r12

(3)
Here, co is the energy transferred by the virtual
photon. From Eq. (3) we calculate the configu-
ration-average contribution from the Breit interac-
tion.

For atoms with double inner-shell vacancies, the
multiplet splitting can be found by evaluating the
corresponding coupled-two-hole matrix elements of
the electrostatic and Breit interaction operators.
Because closed shells do not contribute to the mul-

tiplet splitting, ' the splitting of the double-hole
states is determined by the coupled-two-hole states
alone. The sum of the electrostatic and Breit
operators is

J1 J2 J J1 J1
D = g ( —1)'+ (2j, +1)(2j,+1) ' .
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where

(X,,j,y&XJ ) = X; J (r, )yx(r&rz)
o o

xX,
&

(r~ )dr i dr~,

W;.(r)=G (r)G {r)+F;{r)F.{r),
PJ(r) =A, '(«J —«; ) UJ(r)+ VJ(r),

Q;, (r) =(A, +1) '(«J «; ) U—~(r) V;, (r—),

(9)

(10)

functions with the mixing coefficients obtained in
the diagonalization are then incorporated in the x-

ray matrix elements to calculate the Ka" and KP"
intensity ratios.

III. RESULTS AND DISCUSSION

A. Dirac-Hartree-Slater vs
Dirac-Fock energies

and

U,J(r) =G; (r)FJ (r)+F;. (r)GJ (r), .

VJ(r) =G;(r)FJ(r) F;(r)G—J(r),

(12)

(13)

1 if I&+A, +lz is even

0 otherwise (14)

We have

y~(r&r&) = —{2k+1)NJg(a)r & )9'g(a)r) ), (15)

where r & {r & ) is the smaller (larger) of r& and rz,
j~ and 9'~ are spherical Bessel functions of the
first and second order, respectively. Further de-
tails are provided in Ref. 19.

The splitting of the double-hole states is found
by subtracting the j-j average Coulomb-plus-Breit
energy of the pertinent two-hole configuration from
the energies, given by Eq. (5), of the coupled-two-
hole states. The mixing between [KLq]J=1 and
[KL3]J=1, and between [KM&]J=1 and

[KM3]J =1, is then included by configuration in-
teraction. The needed energy matrices are found
by the procedure described above. In order to
study the effect of the Breit interaction on the
Ka] ~ hypersatellite intensity ratio, the mixing cal-
culations are carried out twice, with and without
the contribution of the Breit interaction being in-
cluded in the energy matrix.

The double-hole-state relativistic x-ray emission
rates are calculated in j-j coupling, with a single
potential corresponding to the initial double-K-hole
state, following the usual procedure. ' ' The eigen-

We use a local approximation to the atomic po-
tential and find zeroth-order wave functions by
minimizing the average energy of the correspond-
ing j-j configurations. These zeroth-order wave
functions are then used to perform perturbation
calculations. Electric energies (Dirac-Fock ener-
gies) and Breit-interaction energies (including
transverse correction) for 8pHg from the present
DHS model are compared in Table I with results
from multiconfigurational Dirac-Fock (MCDF) cal-
culations. ' Our DHS results are seen to agree
exceedingly well with the results of MCDF calcula-
tions; clearly the DHS model can be relied upon,
for all practical purposes, to produce results of ade-
quate accuracy.

B. Multiplet splitting

On the basis of the foregoing theory, we have
calculated the splitting of j-j coupled KL, LL, LM,
and other double-hole states of a number of ele-

ments between Z =65 and 95. This work was per-
formed in connection with the preparation of tables
of I x-ray satellite energies.

The effect of the Breit interaction on the multi-
plet splitting of most double-hole states is found to
be quite significant. The effect is striking, for ex-
ample, in the case of the J =0 and 1 multiplet
states of the [ls2p~~q] two-hole configuration (Fig.
1). Not only does the Breit energy enhance this
splitting by as much as a factor of 3 at high Z, but
it reverses the level order. Other examples of the
Breit-interaction effect on multiplet splittings are
shown in Figs. 2 and 3.

TABLE I. Electric (Dirac-Fock) and Brest-interaction energies (in eV) of Hg-atom hole states, as calculated from a
multiconfigurational Dirac-Fock (MCDF) approach' and from the present Dirac-Hartree-Slater (DHS) model.

MCDF
E(1s)

DHS
E (2p3/Q )

MCDF DHS
E(ls )

MCDF DHS
E(1s2p3iz, J= 1)

MCDF DHS

Electric —451 116.1 —451 116.3 —522 347.8 —522 349.3 —366 177.7 —366 177.0 —438 400.4 —438 400.7
Breit 306.0 306.2 570.4 570.3 206.1 206.1 283.4 283.3

'Reference 14.
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FIG. 1. Fine-structure splitting between the J=0 and
1 multiplet states of the [Is2pi/z] two-hole configura-
tion, as a function of atomic number Z. Inclusion of the
Breit interaction in addition to the Coulomb interaction
(solid curve) causes the splitting to increase greatly at
high Z, and inverts the order of the J=0 and 1 levels.

reverses the level order. Other examples of the
Breit-interaction effect on multiplet splittings are
shown in Figs. 2 and 3.

The importance of the magnetic interaction in

the multiplet splitting of Li-like ions of low-Z
atoms has previously been found. In this earlier

work, the long-wavelength limit of the magnetic

I I I I I I

----—COULOMB
I I I I

65 70 75 80
Z

I I

85 90

interaction was used and a retardation correction
was not included in the splitting calculations.
These approximations are good for low-Z atoms,
but they are not adequate for heavy elements' as
considered here.

FIG. 3. Splitting between the J=1 and 2 multiplet
states of the [2p3/73p, /z] two-hole configuration, as a
function of atomic number Z. A calculation with the
Coulomb interaction alone (broken curves) shows split-
ting that increases with Z. When the Breit interaction
is included in the calculation (solid curves), splitting is
predicted to decrease with increasing atomic numbers,

and the level order is inverted above Z =93.

IO-

C. Ka and KP hypersatellite energies
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FIG. 2. Multiplet splitting between the J=1 and 2
levels of the [2p&/z2p3/i] double-hole state, as a function
of atomic number. Splitting computed with the
Coulomb interaction (broken curves) is reduced when the
Breit interaction is included in the calculation (solid
curves).

Experimental data exist, in particular, for the
Ea hypersatellites Ea~ and Eaz, which arise from
the double-hole-state transitions [ ls ]~[ls 2p3/p]
and [ls ]~[ls2pi/z], respectively. The energy
shift of these Ea hypersatellites with respect to the
diagram lines has been calculated by several
groups, ' mostly without, however, including the
splitting of the final [KL] double-hole state due to
the Breit interaction. Moreover, the configuration-
average Breit energy was calculated in the long-
wavelength approximation [Eq. (1)].

We have applied the theory outlined in Sec. II to
compute the energy shift of the Ka and KP hyper-
satellites in intermediate coupling, including the
full Breit interaction [Eq. (3)] and the final-state
splitting produced by the Coulomb and Breit in-
teractions. The Kai z and KP& z energies were
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determined by performing separate relativistic self-

consistent-field calculations for the intitial [KK]
and final [KL] or [KM] double-hole states to find
the configuration-average transition energies. The
splitting of the final [KL] and [KM] states was
then calculated by the procedure described in Sec.
II. The Ka and KP diagram-line energies were
calculated according to the same model, i.e., with a
Fermi nuclear charge distribution and the full Breit
interaction.

We neglect the self-energy contribution to the
hypersatellite shifts. This contribution has never
been calculated ab initio but is estimated to be
rather small (-2 eV at Z =80). We also omit
contributions due to electron correlation. The
Breit-energy contribution to the Ea~ —Ea~ hyper-
satellite energy shift increases from 2.7% at Z =30
to 21.7% at Z =95, and the Breit contribution to
the KPj KPi ene—rgy shift ranges from 2.1% at
Z =30 to 9.4% at Z =65 as illustrated in Fig. 4.

The mixing between [KLi]J=1 and [KL3)J= 1

final states is found to contribute significantly to
the hypersatellite energy shifts for light elements
(-6 eV at Z =20), but less at medium Z (-0.8
eV at Z =54); for heavy elements, this contribution
is negligible (-0.1 eV at Z =80). Mixing between
these two J=1 states is reduced if the Breit energy
is included in the energy matrix for the interme-
diate-coupling calculation. Since all the MCDF
computations" ' fail to include the Breit energy
in the mixing calculations, they tend to overesti-

mate the energy shift due to configuration interac-
tion between these two J=1 states.

The calculated Ka and KP hypersatellite energy
shifts are listed in Table II. Inclusion of the Breit
interaction in the splitting calculation of [KLJ hole
states reduces the Ka& hypersatellite energy by
—10 eV and increases the Kaq shift by —16 eV at
Z =80. Our calculated Kai shift for Hg (1177.4
eV) agrees very well with the result (1176.8 eV)
from a MCDF computation' which also included
the full Breit interaction in the splitting calcula-
tions.

In Figs. 5 and 6, we compare calculated and
measured ' ' ' Ea] q hypersatellite energy
shifts. For Z & 36, present results differ by less
than 2 eV from those of MCDF computations in
which the Breit interaction was omitted from the
splitting calculations. "The experimental energies
are not sufficiently accurate to differentiate between
the theoretical predictions. Agreement between ex-
periment and theory is good within the uncertain-
ties, however, except for one measurement' at
Z =80.

TABLE II. Calculated energy shifts (in eV) of the
Ka& ~ hypersatellites with respect to the Kai & diagram
lines, and the KP& 3 hypersatellites with respect to the

KP, , diagram lines.

Atomic
number Kai Kai Ka—q Kaq KPi —KPi KP3 K—P3
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FIG. 4. Contribution (in percent) of the Breit energy
to the energy shifts of Kal and Kpl hypersatellites with
reference to the respective diagram lines.

18
20
25
30
36
40
45
47
49
54
60
65
70
74
78
80
85
88
90
92
95

184.4
206.3
260.7
317.3
388.0
438.9
506.6
535.0
564.1

641.1

742.9
836.1

940.0
1029.2
1125.7
1177.4
1316.5
1408.2
1473.0
1541.5
1650.7

175.5
197.4
254.9
314.0
387.6
439.1

506.4
534.3
562.7
636.9
733.1
819.8
913.2
993.2

1078.8
1123.9
1243.7
1321.6
1376.0
1432.7
1522.6

226.3
255.5
324.8
397.4
492.3
558.8
645.7
681.8
718.8
815.5
941.7

1055.6

225.4
254.3
324.5
397.0
492. 1

558.6
645.2
681.2
718.0
814.0
938.7

1051.1
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FIG. 5. Calculated shift of the Ea~ x-ray hypersatellite with respect to the diagram line, as a function of atomic

number Z (solid curve). For comparison, predictions due to A.berg and Suvanen (Ref. 11) are shown (broken curve), as

well as experimental results from the following sources: (a) 20 &Z &40, Ref. 27; (b) 40&Z &70, Refs. 30 (triangles) and

31 (square); (c) 70 &Z & 90, Refs. 9 (dot), 10 (triangle), and 29 (diamonds).

The calculated KP~ 3 energy shifts are compared
with experiment ' in Fig. 7. Agreement is fair at
Z =25 and 31, but the measured energy shift for
Z =49 far exceeds the theoretical prediction.

D. Ka" and KP" intensity ratios

The x-ray emission rates for double-hole states
were calculated with DHS wave functions as indi-

cated in Sec. II. ' ' Radiative rates for transitions
from p states are listed in Table III. The K x-ray
emission rates, per K hole, are larger for double-
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'I I I

tl

N

1~300-
700—

I)
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U

M
500-

400-

I I I I

20 25 30 35
Z

FIG. 6. Calculated shift of the Kaz x-ray hypersatel-
lite with respect to the diagram line, as a function of
atomic number Z. For comparison, experimental results
are shown from Refs. 26 (squares), 27 (dots), and 28 (di-
amond).

300
25 30 35 40 45 50 55

Z

FIG. 7. Calculated shift of the KP~ 3 x-ray hypersat-
ellites with respect to the diagram lines, as a function of
atomic number Z. For comparison, experimental data
from Refs. 26 and 29 are also shown.
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TABLE III. X-ray transition rates (in a.u. ') from [ls ] double-K-hole states.

Atomic
number [ls 2p]

Final hole state
[ls 3p] [ls 4p] [ls 5p]

Total
rate

18
20
25
30
36
40
45
47
49
54
60
70
80
85
90
95

6.577(—3)
1.035(—3)
2.682( —2)
5.776(—2)
1.232( —1)
1.905(—1)
3.094(—1)
3.698(—1)
4.387(—1)
6.522( —1)
1.002
1.869
3.186
4.050
5.069
6.255

6.824( —4)
1.258( —3)
3.363(—3)
7.323(—3)
1.774( —2)
2.936(—2)
5.088( —2)
6.214(—2)
7.520( —2)
1.168(—1)
1.871(—1)
3.672( —1)

6.475( —1)

8.337(—1)

1.055
1.310

2.023(—3)

4.431(—3)

8.587(—3)

1.085(—3)

1.387(—3)

2.417(—2)

4.105(—2)

8.242( —2)

1.549( —1)

2.059(—1)

2.682( —1)

3.423( —1)

2.370(—4)
3.347(—3)
6.430(—3)
1.124(—2)
2.888(—2)
4.404( —2)
6.381(—2)
8.592( —2)

7.259(—3)
1.161(—2)

3.018(—2)
6.510(—2)
1.430(—1)

2.244( —1)
3.692(—1)
4.433(—1)
5.286( —1)

7.977(—1)
1.239
2.337
4.038
5.170
6.514
8.079

'1 a.u. = 27.21 eV/fi = 4. 134)& 10' s
Numbers in parentheses signify powers of ten, e.g. , 6.577(—3) = 6.577 X 10

hole states than for single-hole states (by -38% at
Z = 18 and by -9% at Z =60).

Table IV contains Ka& to Ka2 and KP& to KP3
intensity ratios from the present calculations in in-
termediate coupling, including the eAect of the

Breit interaction and of the diA'erences in x-ray ma-
trix elements. The En" intensity ratios are corn-

pared in Fig. 8 with the results of MCDF calcula-
tions" and with experiment &s, 26, 27, 3&,3z

For low-Z elements, the Ko;& x-ray transition

Atomic
number I(Ka", )/I (Ka2) 1(KP",)/1(KP", )

18
20
25
30
36
40
45
47
49
54
60
65
70
74
80
85
90
95

0.013
0.023
0.169
0.358
0.772
1.04
1.27
1.34
1.40
1.52
1.60
1.64
1.66
1.66
1.64
1.62
1.59
1.56

0.0093
0.022
1.09
0.389
0.831
1.10
1.34
1.42
1.48
1.61
1.72
1.78

TABLE IV. Theoretical hypersatellite intensity ra-

tios. 2o- !
j

I 8- j-

O I.6-
jl

I4-
j '

xlo

IO- I
cd j tN

I~ 0.8-
jI- OS-j

5
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THEORY:
DHS(IC-CB)——DHS(IC-C)

——MCDF(IC-C)
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Z

FIG. 8. The KaI-to-Ka2 x-ray hypersatellite intensity

ratio, as a function of atomic number Z. Theoretical
predictions are from the present DHS computations in-

cluding Coulomb and Breit energies in the intermediate-

coupling calculations (solid curve) and including only the

Coulomb energy in the intermediate-coupling calcula-

tions (broken curve), and from the MCDF computations
of A.berg and Suvanen (Ref. 11) (dot-dash curve).
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[ ls ]~[ls 2p] Pi is dipole forbidden in LS cou-

pling. X-ray emission then arises from mixing be-
tween Pi and 'Pj of the final [ls 2p] configura-
tion. The Ka&-to-Eaz intensity ratio for low-Z
atoms is therefore quite sensitive to the atomic
model. Including the Breit interaction in the
intermediate-coupling calculations reduces the mix-

ing between [KL2]J=1 and [KL3]J=1 states,
which in turn decreases the Ea~-to-Ea2 intensity
ratio at low Z (-25% at Z =18) and increases
this intensity ratio for medium and heavier ele-

ments (-7% at Z =60). Since relativity affects
the 2p&&2 level much more than the 2p3/2 level of
heavy elements, the Ka" intensity ratio does not
increase monotonically toward the j-j coupling lim-

it of 2. Instead, the ECa hypersatellite intensity ra-
tio reaches a maximum at Z =—70 and then de-

creases with increasing Z. At high atomic
numbers (Z & 70), the ordinary Ea&-to-Ea2 x-ray
intensity ratio follows a similar trend.

The diff'erences between our present hypersatel-
lite intensity ratios and those from MCDF calcula-
tions" at low Z are partly due to the differences in

wave functions, and partly to the fact that we in-

elude the Breit interaction in the mixing calcula-

tions. The discrepancy between the theoretical in-

tensity ratios at high Z is mainly due to the fact
that the difference between the Ka~ and Kaq x-rayh h

matrix elements was neglected in the MCDF calcu-

lations. " Experimental hypersatellite intensity ra-

tios are not sufficiently accurate in the medium-

and low-Z region to differentiate between the cal-

culations, and only one experimental ratio is avail-

able for a heavy element. Additional, accurate hy-

persatellite intensity-ratio measurements are very

much needed.
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