PHYSICAL REVIEW A

VOLUME 25, NUMBER 6

JUNE 1982

Maximization of entropy, kinetic equations,
and irreversible thermodynamics

John Karkheck
Department of Science and Mathematics, General Motors Institute, Flint, Michigan 48502

G. Stell
Departments of Mechanical Engineering and Chemistry, State University of New York,
Stony Brook, New York 11794
(Received 9 October 1981)

By an extension to the dense-fluid regime of a method based upon maximization of en-
tropy subject to constraints, first exploited by Lewis to obtain the Boltzmann equation,
kinetic equations for one-particle and two-particle classical distribution functions are ob-
tained. For the hard-sphere potential and a one-particle constraint, the kinetic equation
(for the one-particle distribution function) of the revised Enskog theory is obtained; for a
two-particle constraint a more general kinetic equation (for the two-particle distribution
function) than that studied by Livingston and Curtiss is obtained. For a pair potential
with hard-sphere core plus smooth attractive tail, a new mean-field kinetic equation is ob-
tained on the one-particle level. In the Kac-tail limit the equation takes the form of an
Enskog-Vlasov equation. The method yields an explicit entropy functional in each case.
Explicit demonstration of an H theorem is made for the one-particle theories in a novel
way that illustrates the roles of the reversible and irreversible parts of the hard-sphere
piece of the collision integral. The latter part leads to the classical form of entropy-
production density as described by linear irreversible thermodynamics and so possesses
many of the features of the Boltzmann collision integral. The former part introduces new
elements into the entropy-production term. It is noted that the kinetic coefficients of the
revised Enskog theory exhibit Onsager reciprocity in the linear regime. Upon considera-
tion of the standard Enskog theory in the linear regime, we construct an entropy-
production density and identify conjugate fluxes and forces and also kinetic coefficients
which are shown to exhibit Onsager reciprocity. The standard theory is in disagreement,
however, with the results of phenomenological irreversible thermodynamics for the con-

ventional forms of fluxes and forces.

I. INTRODUCTION

The great advances made by Boltzmann' and
Enskog? toward constructing a kinetic theory of di-
lute and dense classical fluids, respectively, were
the products of brilliant intuition. Boltzmann’s ex-
plicit construction of an entropy functional and
demonstration of its monotonic increase in time (H
theorem) is a landmark in the program of exhibit-
ing relationships between microscopic dynamics
and irreversible processes. Thus, aside from their
value in describing hydrodynamic and transport
processes, kinetic equations have come to be re-
garded as a bridge between the microscopic domain
and the realm of macroscopic irreversible process-
es.

Enskog’s equation represents a generalization of
the Boltzmann equation to the dense-fluid regime
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for the hard-sphere potential model. Construction
of an explicit entropy functional has not yet been
done for the original Enskog theory (herein re-
ferred to as standard Enskog theory—SET) though
a recent result’ provides a prescription for con-
structing an entropy functional. An explicit entro-
py functional and irreversibility have been demon-
strated for a revised version (RET).*

Investigations over the last three and a half de-
cades have sought to elucidate the principles and
assumptions inherent in these theories in order to
establish systematic techniques for the construction
of more general irreversible kinetic equations that
are appropriate to dense gases and liquids. A logi-
cal starting point for the description of classical
many-body dynamics has proven to be the
Bogoliubov-Born-Green-Kirkwood-Yvon (BBGKY)
hierarchy,5 which connects the evolution of an s-
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particle distribution function, F;, to the distribu-
tion function for s +1 particles, F; ;. Both objects
are unknown. To determine F; exactly, therefore,
requires solution of the full many-body problem.
Performance of this exceedingly difficult task
would yield a huge amount of superfluous infor-
mation, inasmuch as the physical quantities of
greatest interest can be expressed in terms of the
lowest-order distribution functions, typically
s=1,2. The approach is taken, therefore, to
develop a closed set of approximate equations for
the evolution of these lowest-order distribution
functions.

Several schools of thought have arisen regarding
methods that can be used to close the hierarchy.
Closure requires expression of F in terms of
F,, s >t, possibly in a nonlocal or non-Markovian
way. Most efforts have been aimed at the one-
particle kinetic equation wherein approximation is
made directly on F,. Not nearly as much effort
has been devoted to the two-particle equation al-
though it can be expected to provide a better ap-
proximation for F,, which contains the informa-
tion of paramount interest to a description of the
dense-fluid state.

A systematic approach to describe the evolution
of F, in terms of the dynamics of distinct groups
of two particles (the Boltzmann term), three parti-
cles (the Choh-Uhlenbeck term), etc., was first in-
troduced by Bogoliubov® and has been developed
and expanded by many workers.” The density of
the fluid is regarded as the determinant of how
many terms one should include. The main as-
sumption in these approaches is in regard to the
correlations among the particles of each group at
some distant time in the past. Closure is had by
assuming no correlation among particles in the far
past when the members of a group are far apart
and not interacting. Then F; s=2,3,... is factor-
ized into a product of F,’s at some time in the
past. Thereby indirect dynamical correlations
among members of a group through interaction
with the remaining fluid are neglected. With the
exception of the theory of Klimontovich [Ref.
7(c)], theories of this kind have yet to be demon-
strated as having an H theorem or an entropy
functional. Moreover, they have proven to be in-
tractable at liquid densities; the transport coeffi-
cients exhibit great complexity, including loga-
rithmic density dependence, which has blocked the
way to analysis of all but the first few terms.”?

Now Enskog’s theory® extends only as far as the
Boltzmann term in group dynamics but accommo-
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dates spatial correlation between the two colliding
particles via the two-particle spatial correlation
function of the dense uniform hard-sphere fluid at
equilibrium. Van Beijeren and Ernst’ have gen-
eralized this kinetic equation by using instead the
correlation function appropriate to a nonuniform
fluid at equilibrium. Resibois* has shown that this
RET does indeed have an entropy functional and
an H theorem.

A natural basis for incorporation of dynamical
aspects of the fluid structure, in general, is had by
recourse to the two-particle equation. A Markovi-
an kinetic equation is obtained'® when the Kirk-
wood superposition approximation'! (KSA) is ap-
plied to F; for closure. Alternatives to this have
been considered'? but neither an entropy functional
nor irreversibility have been exhibited by such ap-
proaches.

Quite apart from the kinetic theory, the problem
of the relationship of higher-order distribution
functions to given ones of low order has been in-
vestigated from several points of view. Mayer'
has characterized the nonequilibrium ensemble
which exhibits maximum entropy subject to a
prescribed set of low-order distribution functions.
An alternate analysis to this end was given subse-
quently by McLachlan and Harris'* using
Lagrange undetermined multipliers. A maximum
“entropy” principle was used by Ramanathan,
Dawson, and Kruskal'® to derive the KSA and
higher-order generalizations.

Lewis'® employed maximization of entropy sub-
ject to constraints to effect closure in a derivation
of the Boltzmann equation; automatically he ob-
tained a global form of Boltzmann’s entropy func-
tional. Here we extend Lewis’s method into a
form suitable to application to dense fluids. In
particular, we recover the kinetic equation,’ entro-
py functional and H theorem* of the RET assum-
ing a hard-sphere repulsive interparticle potential.
By generalizing to a potential with hard-sphere
core plus smooth attractive tail we obtain a mean-
field kinetic equation, which is suited to liquid
dynamics, such that the hard-sphere fluid structure
serves as a reference structure for the attractive tail
which appears linearly in the mean-field term. We
show that this theory also has an entropy function-
al and an H theorem. When the tail strength is set
to zero, the RET is recovered, and when the Kac
limit is taken on the tail, an equation of the
Enskog-Vlasov type!” is obtained. (A number of
other nice formal properties and applications of
this theory to liquid transport are described else-
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where.!®) A new one-particle kinetic equation for
the square-well potential is also obtained and an H
theorem is proven for it.

The method is also used to obtain a closed equa-
tion for F, for the hard-sphere potential. This new
equation goes beyond that of Livingston and Cur-
tiss!® who applied the KSA to F; for closure. The
new equation contains within F; a three-particle
phase-space correlation function which manifests
the possibility of long-range velocity correlations.
The reversible part of this kinetic equation is
shown to yield at equilibrium the correct two-
particle member of the Yvon, Born, and Green
hierarchy.!”® An explicit form for the entropy
functional is also obtained.

The maximum-entropy approach has great for-
mal mathematical power, yet is conceptually sim-
ple. It is a compact systematic technique for
deriving kinetic equations associated with entropy
functionals as well as a formally closed BBGKY
hierarchy. Moreover, its basic principle, the max-
imization of entropy, conceptually unifies equilibri-
um and nonequilibrium statistical mechanics. The
existence of a physical mechanism for closure is
not addressed in this approach. Rather, the
method provides a mathematical framework whose
relevance to the physical problem is best judged a
posteriori.

In Sec. II the basic dynamical equation for the
one-particle theories is derived and in Sec. III the
statistical procedure for closure is set up. For
completeness, a derivation of the Boltzmann equa-
tion is given in Sec. IV, following Lewis,'® to illus-
trate the role of time smoothing. In Sec. V one-
particle kinetic equations for dense fluids are de-
rived and H theorems proven, and in Sec. VI a
two-particle kinetic theory for the hard-sphere

F(x%t+1)= 3 n"fdxH_l -
k=0

where

T(i+S)Fk+s ____Fk+s(S(I+S)x1+S S( P Xl -

o(=Dk
dxs+k2 ’(k—

fluid is discussed. In Sec. VII properties of the
RET hard-sphere theory in relation to irreversible

thermodynamics are developed. A local entropy-
production density is constructed and forces and
conjugate fluxes are identified. The kinetic coeffi-
cients are shown to exhibit Onsager reciprocity.
(These formal results are shown to hold also for
the SET, although the forces and conjugate fluxes
do not both take the form expected on phenomeno-
logical grounds. Our general conclusion is that the
RET is superior to the SET in regard to its rela-
tion to irreversible thermodynamics, although we
differ in some specifics with van Beijeren and
Ernst.’) A summarizing discussion follows in Sec.
VIII. The salient findings for both the RET and
SET are summarized in an Appendix.

II. THE DYNAMICAL EQUATION
The BBGKY hierarchy for the specific distribu-

tion functions Fj, in the thermodynamic limit and
for pair interparticle interaction, is’

d
EFs+{Hers}
d
=n fde-H 2 ¢u+l 9% Fs+l ’ (1)
i=1 p~
where
H 2 + 2¢U ’
i=1 1<1

n=N/V, x=(T,P), and the F; are normalized so
that f d°’x F;=V*. For convenience we set m =1
so that p=V. A formal solution of (1) in powers
of n was obtained by Lewis®:

]+S)F ( k+s,t) , )

(
—‘rxk+s’t)

and S (l)f=expf{H i» }. Equation (2) demonstrates that there are two parameters at our disposal, » and 7.

For s =1, we obtain

Fi(xy,t+7)—TY Fi(x,,0)=n f dx,[T?) Fy(x1,x,,0) — T Fy(xy,x,,1)]

+n2 [ dxydx;[+T3, F3(x 30— T2 Fy(x 30+ T Fy(x3,0]+
2 2

(3)

The integrands on the RHS do not vanish only when the particle configurations are such that the multipar-
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ticle streaming operators induce interaction among the particles.
Replace x; by S'Vx, in (3), which is an identity in x,. The left-hand side (LHS) of (3) becomes equal to

Jdr(d /dnFy(Sx e +1)

the integrand of which is equal to

V1'€1+‘a— F](S,(l)xl,t+r) .
at

Now the LHS of (3) can be written

v ¥4+ 2 |F @)

1 1 at 1>

where

— 1 T

Fi=— [[drFy8;"x1,t+7) . (5)

The binary collision term on the right-hand side (RHS) can be similarly transformed to
n [ dxo [T TVF,(x),x5 )= Fax1,%,1)] - 6)

Similar forms can be obtained for the ternary and higher-order terms on the RHS of (3), but inasmuch as
any high-order term is O (nTwR ig‘) times the preceding term® (where Ry is the range of the interparticle in-
teraction and g is the mean relative speed of colliding particles) we will not be interested in the ternary and
higher-order terms in the sequel because we choose n or 7 such that these terms will be very small. Combin-
ing (3) and (5) we obtain the result

F-'_l(xl,t)=F,(x1’t)+O j"‘l , (7

m

where the mean free time 7, is (n7R ﬁg‘)“l. Therefore the time-smoothed and unsmoothed one-particle dis-
tribution functions are approximately equal if r<<7,. As we will see subsequently, the role of time
smoothing is to establish a time scale which captures a complete collision. As utilized here time smoothing
does not play a role per se in introducing irreversiblity.
The dynamical equation of interest in the one-particle theories is obtained from (4), (6), and (7). In antici-
pation of later results we assume here that 7 << 7,, and also define the correlation function
F 2(x 1,X2,t )

&2 (%1% = P et) ’

and introduce the notation
TOTVF,(x,x2,0) =F,(x],x5,t) , 9)

where x|, x5 are related to x,,x, through the interparticle potential. Combining (4), (6), (7), (8), and (9) we
obtain the leading order result

%.{.Vl-ﬁl Fi(x,t)=n fdxz[gz(x'l,x'z,t)Fl(x'l,t)Fl(x'z,t)—gz(xpxz,t)Fl(x1,I)F1(x2,f)] .

T

(10

III. THE CLOSURE PRINCIPLE

To simplify the formulas in this and following sections we replace the specific functions F, by generic
functions f; =n°F,. The macroscopic fluid properties can be expressed in terms of f, and f5,%' and, in par-
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ticular, knowledge of f) is sufficient to describe the state of a dilute gas. Generally, then, we assume that
some low-order function f; is known at time ¢. Closure can be had'*'* by maximizing the statistical entro-
py functional S,

S=—k [ d¥x Wyln(Wy/T), (11

where f dVx Wy =1 and T is a measure on the phase space whose value is not pertinent to the following
development so will be suppressed, subject to constraints of symmetry and that all known information (f;) is
reproduced precisely by contraction of Wy. The latter means

N! -
flet = [d¥=sxwyxn . (12)
Formally, we express this problem via the use of Lagrange multipliers'*—maximize the functional
N!
I[Dy]=S[Dy]+ky [1—dex EyxDy ]+k fd‘x Alx*,t) fo(x*,t)— (N—~s)!k dex Mx*,t)EyDy .

(13)

Here for convenience we have split Wy into a product of factors, Ey =Ey(T") which is assumed to have a
known form (which in Sec. V we shall take to be the function © that excludes the overlap of hard cores)
and Dy =Dy(x",t) which is not known in form and is the function to be varied in seeking the maximum of
S. The Lagrange multiplier function A is symmetric in all x;, as are all f, so the last term in (13) may be
written in the symmetric form

N ’
—k 3" [ d¥Mx,..x;,DENDy ,
‘1 ... 'S=1

where the prime means no indices equal.
The operations 31 /dy=0 and 8 /[8A(x{,)]=0 yield the normalization condition 1= f d"x Wy and Eq.
(12), respectively. The functional variation with respect to Dy yields

N
8IN = —kEy(T)) [14+InEy(F0)+InDy(x,0+7+ 3" Alxg ,...rXo D) | - (14)
SDN(XO ,t) iy ig=1 i s

Provided that EN(f}[)v)#O, setting &7 /[SDN(xON,t)]=0 yields

N
IEy(FQ)+InDy(x,=—y—1— ' AMxg, ;.%o 1) - (15)
iy ig=1 ! s
|
1IV. DILUTE GAS AND THE eric functions, (10) now takes the form
BOLTZMANN EQUATION
3 . =
Here nvg << 1, where vy is the volume of a parti- [57‘“" Vi lfilxp0)

cle. Set s=1and Ey=1 and from (15) obtain

1
N N =—Jdx,[f1(x],0)f1(x5,8)—f1(x1,8)f1(x2,1)].
WN(xN,t)ze_l“YHe A "”zN“NHfl(x,-,t) Tf 2L/ 1(x 1{x2 1x,8))1(x;
i=1

i=1

(18)
(16) . .

] ) ) The configurations for which the integrand of
so t}}at [through (8) in generic function language], (18) does not vanish permit a collision to occur
obtain upon backward streaming by T? after free

: . () .
g2(x1, %00 =1 . (17) streaming of both particles by 7" [cf. L9)]. This

situation is typified in Fig. 1(a), where Ry=T7,—T7,

Hence, correlations among particles are neglected g=V,—Vy, and R,=Ry+gr. Given 1,,V,V,,7
in this approximate ensemble. In terms of the gen- then T, must be so that (i) if Ry*g >0, then
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FIG. 1. (a) Precollision configurations for the
Boltzmann equation. (b) Geometry of precollision con-
figurations in the hard-sphere limit.

Ro <Ry, where R, is the range of the potential;
and (i) if Ry g <0 then Ry >(R{—Ry g2 and
either R, <R, or RT g>0and R >R¢

The volume of this region of contributing T,’s is
of order ﬂTgRﬁ (neglecting end caps). As already
mentioned the ternary and higher-order collision
terms will be negligible if

T<L< Ty ng"n'Rﬁ .
Now regions A and C correspond to configurations
which produce mcomplete colhslons in time 7

and their total volume is 3 +7R} # Which may be
neglected if 7>> (R¢/g)~‘rc, the duration of a
collision. The physu:al domain of applicability of
our ultimate result is then characterized by the re-
lation

Te K<KT<L Ty + (19)

To the same order of approximation, based upon
the first inequality of (19), we may write

J,dt= [dbbde [dz,

where db b de is the differential cross section for
scattering which applies to both terms in the in-
tegrand of (18) due to microscopic reversibility
which is naturally built-in by the presence of T'%.
To complete the analysis we make a smoothness
assumption:

FUTH AV, 0)~f1(T,V,1)

if | A| ~O(rZ). Thereby, we obtain from (18) the
Boltzmann equation

0 _ =
——+V1'V1

3t f](xl,t)

= [ av, [ dbbdeglf (¥, 71,0)f1(T1,V50)
_fl(xl’t)fl(?bvbt)] .
(20)

To complete the picture, we obtain from (11)
and (16) the dilute-gas global entropy functional

S =kNInWN —k [ dx f,(x,0lnf (x,0) . 1)

It is straightforward to show that (3/3¢)S%! >0 us-
ing (20), equality holding if f; is the Maxwellian
distribution. As a final note here, as shown al-
ready by Grad,?® Eq. (20) follows as an exact result
from (3) [glven an m the limit n— o0, Ry—0
such that nR¢ =0, nR¢ =const. In our context
this limit implies 7,—0, 7,, =const, and permits
taking 7—0+ while still capturing a complete col-
lision and conforming to (19).

If instead of relation (19) we impose 7—0, down
through 7., onto (3) and use (8) and (17), then we
obtain the Vlasov equation

d . =
—4+V,'V,

— 20 [ T dofican, @
Vi

which is completely reversible.

V. DENSE GAS AND SIMPLE LIQUIDS
A. Kinetic equations

Here nvy <1 and for a general potential the
strong inequality (19) cannot hold. To simplify
matters we model the repulsive part of the poten-
tial by a hard-sphere repulsion. The duration of
such a collision is 7, =0 so that an inequality like
(19) can be maintained while taking 7—0+. Also
in this limit the ternary and higher-order terms in
(3) vanish and, from (7), F; =F, holds exactly. In
this framework we distinguish several cases.

1. Hard-sphere core, diameter o,
no attractive tail potential

The configurations which contribute to binary
collisions are shown in Fig. 1(b). In terms of gen-
eric distribution functions, (10) becomes the exact
result
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d I
-—+V1’V1

at f](xl’t)

=o? [ av, [d36-80(6-B)g,(T1,V1,F1+08,Vy,0f1(F1, V1,0 1(T1+05,V2,0)
—82(T, V1, T1—008,Vy,1)f |(T1, V1, 1)f 1 (T1 — 05, V), 1)] , (23)

where 6(x) is the Heaviside function.
The Ey =0, which is the overlap function

©=1 if |T;—71;| >0 forevery i#j,
0=0 if |T|—7;| <o for any pairi,j .

In this case EyInEy =0 always, so, interpreting {x§ } in (15) to yield ©=1, when s =1 (15) yields

N
DN —e _7,_] He »k(xi,t) ,
i=1
whereby
N
Wy=e 710 [ """ . (24)

i=1
This function is identical in form to the N-particle equilibrium distribution function for hard-sphere parti-

cles in an external field, and it represents the starting point for Resibois’s analysis.*® In particular, it
renders

falxq,x2,t) =g,(T, T | n())f1(x1,8)f1(x3,2), (25)

where n(T,t)= f dV,f(x,,t) and g, is that functional of the density field which reduces to the equilibri-
um radial distribution function for the hard-sphere potential if the density #, is constant; g, has the same
graphical structure as its uniform-system counterpart?* except that each field point is weighted by the ap-
propriate value of the number-density field instead of a constant number density.

Insertion of (25) into (23) yields the kinetic equation of the revised Enskog theory’

I, -.v .
57+V1'V1 [TV L,0=C(f1,f1)
=0 [ d¥, [ d65-§0(6-B)ga(F),T1+06 | mi(O)f1(T1,V1,0)f1(F1+08,92,0)
—82(T,T1— 00 | ny())f1(T},V,0)f1(T1 —05,V),1)] .
(26)
I
The only difference between (26) and Enskog’s hard-sphere fluid are concerned, the revised and
equation lies in the form of dependence of g, on standard Enskog theories are identical in predic-
density: in the original formulation g, was treated tion.” However, the revised theory appears to be
as a uniform-equilibrium function evaluated at the superior when applied to hard-sphere mixtures; the
density at the point of contact. As far as the standard-theory thermodynamic driving force for

linear transport properties of the one-component diffusion does not exhibit the form expected on
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phenomenological grounds?® whereas the driving

force of the revised theory does® (see Sec. VII). ®© <o
¢(r)={—€ o<r<Ro (27)
0 Roxr
2. Square-well potential is the simplest such representation of a real poten-

tial. An exact dynamical equation for the potential
(27), analogous to (23), follows from analysis simi-

Any smooth potential can be approximated by a lar to that above.?® Closure of this equation is had
sequence of step functions with the result that by setting Ey =O which makes g,, as in (25),
“collisions” occur instantaneously and only at the dependent only upon the hard-core repulsion. The
discontinuities. The square-well potential square-well kinetic equation is obtained:

2499, [filxn=0? [ dv, [ d65-566-)
3t 1 |J1lxy, 2 g g
ngz(?l,?1+0+3 | n)f1(?1,vll,t)f1(?1+0’6’,V12,t)
- gZ(f‘l’f,l_o"}.a l n )fl(xl»t)fl(?l_aa)vbt)]
(hard-core collision)
+R%? [ dv, [ d36-§6(6-8)
X [g2(T}, T\ +Ro ™8 | n)f (T, V) ,0)f1(F1+R06, V5 1)
—gz(f’l,i"l—RaJ't’i ] n)fl(x],t)fl(?l—RO’&,Vz,t)]
(entering collision)
+R%? [ dv, [ d66-§6(6-E—V%e)
X[gz(?l,?l—RU+6' | n)fl(f’l,V'l' ! ’t)fl(Fl —RU&,V'ZI ' ,1)
— &(T, T\ +Ro™G | n)f 1 (x1,0)f |(T1+R0G,V),1)]
(escape collision)
+R%? [ dv, [ d66-§6(6-8)0(V3e—5F)
X[g2(T), T1—Ro ™6 | n)f (T, V1,8)f1(T|—R08,V3,t)
— gz(-l?l,-lr1+R0—6' l n)fl(xl,t)fl(f’l +R06',V2,t)] ,
(bound-state collision)
(28)
where

1
V' —V1=78{6E—[(6-8)+4€]'?}, (29)
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Though g, obtained from (25) is continuous for | ¥,— T | > o, distinction is made in (28) between points
just inside and just outside the well edge. This distinction is used in the subsequent discussion of irreversi-
bility. This equation differs formally from that of Davis, Rice, and Sengers (DRS)?" in the pair correlation
function g,. These authors assume a form of f, like that of (25), but give g, an equilibrium form depen-
dent upon the full square-well potential.

3. Hard-core repulsion plus smooth attractive tail

In the limit 7—0+ we obtain from (3) and (8) in this case the exact equation

Jd . =
—+VI'V1

at fl(x’t)

A
= fdxz — ———[820x1,x2,) f1(x 1, 1) 1f1(x,,2)
ar, aVl

+o? [ dv, [ d66-80(6-8)[g,(T1, 91,71 +0+8,75,0f 1 (F1, 91,00/ 1 (F1+06,¥3,1)

— gz(f'l,Vl,f',——0+6',72,t)f1(?1,71,t)f1(FI—a&,Vz,t)] . (30)
Recognizing that 6:1_15v < j=26,~j may be interpreted as a product of Boltzmann factors for the hard-
sphere potential suggests that a way to generalize the Ansatz Wy +©D), for more general potentials is to let
EN = Hf\r<j=2eij9 such that lne,-j o ¢}]a-i].

Choosing again {x{)v } to correspond to a nonoverlap configuration, several cases of interest may be dis-
tinguished for (15).

(1) At low density the mean particle separation is much greater than the range of the potential, so that
InEy is zero except on a set of relatively small measure [see discussion above Eq. (19)]. Then (16) is
recovered.

(2) When the potential has a weak long-range attractive tail, e.g., the Kac potential, each particle sits in a
mean field produced by all the others which is sensibly the same for each particle, hence InEy =0 (N).
Since also InDy =0 (N) by (15), at best we can say ENDNze"‘""GHfL] P which implies g, given
in (25), so that more general a priori factorization does not produce here a more general form of g,.

(3) When the potential has a short-ranged strong attractive tail, e.g., a Lennard-Jones type, the Ine;; is ap-
preciable only among near neighbors so that InEy =0 (N) and is of order InDy. Again EyDy=e~!"7

N —Alx;,t) .
xO[[/Lie " and g, as given by (25) follows.

At the one-particle level, this closure principle will give the dense fluid a hard-sphere structure at most, if
the potential has a hard-core repulsion. There is no velocity correlation manifested in g, in any case. So,
using for closure the result (25), we obtain from (30) in generic-function language the kinetic-variational
equation,'?

3 |Filen0 =2 f1x00- [ dE(T G (s (FFa | m )+ Calfiufy) (31)
Vi
I
By imp.osing the Kac limit, %+V1'€1 £
tf‘z"=lirr})y3V(yr) ,
Y
Gl -5 -
which can be effected equivalently by setting o=0 = v, Sixp,0) f AT,V Vir)n (T

in the mean-field-term integral, the result is ob-
tained, +Ce(f1,f1) - (32)
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In form this equation has the appearance of an
Enskog-Vlasov equation and differs in detail from
the equations in Ref. 17 only by the specific form
of g, which appears in Cg.

B. H theorems

Each of the three theories (26), (28), and (31) is
accompanied by the same entropy functional,
namely, from (11) and (24)

S§n =k Ine'+7—k [ dx fi(x,0lnf(x,1)
+k [ dTn(F,0na(T,0) (33)
where
a(T,0)=eM*"f (x,1) (34)

is a functional of f|. This form was obtained by
Resibois.*® Similarly, each has an H theorem
which will be demonstrated explicitly. From (33)
we have

af1

i den __ —l—yi I+y__ AL 1
5, S =ke 3¢ kfdx (Inf;+1)

Ina +k f d?nlilna

+k [ a7 o

9,
ot !
(35)

In all three theories (26), (28), and (31) the relation
holds

-——nl(r N=—V-[dVfi(F,V,0), (36)

whereas from (24) and (34) there follow

9 i4y_ —Axph 8 —Mxp,n)
a3’ —Nfd H 3¢
(37)
and
9 o ,—1-79 14y
atlna(r,t)— e ate
d N —Alx;,t)
N-1 v i
+ fd xeatigze
N |
d¥V"xO[fe " ,
Jarxell
(38)
so that

iy @ BN TN
ke 7'ate Y4k fdr nl(r,t)-&lna(r,t)—o

The equations (26), (28), and (31) are abbreviated

VG =MA O, 09
where M =0 for (26), (28), and yields the mean-
field term in (31). The C(f,,f;) is the collision in-
tegral.

The third term of (35) becomes, using (36) and
rearranging,

k [ df [dV[-V-V(filna)+f,7-Vina] .  40)

The first term can be transformed to a surface in-
tegral which vanishes by boundary condition as-
sumptions. Now a(T,t?) depends on T only
through O,

N
N-1) [ dTs8(ry—0) [ dV T e]]p;
i=2

Vilna(t),t)=

N
[ a¥-'rel] p:
i=2

where p; = fd_v’,-e—

A - - o
" and ?12=(_I"]—I'2)/| I'l—l'zl.

This simplifies to

Vilna(Fy,0)= [ dT5F18(r1—0)n (To,08,(T1, T2 [ ) (41)
where g,(T';,T, | n) is the same g, in (25). Hence the last term of (40) becomes
k fdxlfl(xht)vl'fdFZ?IZB(rH_U)nl(FZ:t)g2(?bF2|n)' (42)

Recently, Grmela and Garcia-Colin® gave a prescription for constructing a term like (42) and for relating it
to an entropy functional, within the SET framework.
Substitute (39) into the second term of (35). The
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k [ dxV-Vfi(nfi+ D=k [ dx ¥-9(flnf))

which vanishes via boundary condition assumptions. Also —k f dx Mf (Inf,;+1)=0. Thus it remains to
evaluate

—k fdxc(flvfl)lnfl ,

since f dx C(f,f1)=0 because there is no mass transfer at collision. The approach we take, different than
that of Resibois* and first described in an earlier report,?® is particularly enlightening in relation to discus-
sion of irreversible thermodynamics. We break the hard-sphere collision term [RHS of (26)] into two pieces,
denoted

Ci=70* [ dv, [ d66-810(6-8)+0(—5-8)I[g2(T1, T1+08 | n)f 1(T1, V1,011 (F1+06,¥5,0)
—g2(?1,i?1—-0'6’ ‘;ﬂ)f](?l,vl,t)f](?]—U&,Vz,t)] . (43)

Similar forms for the standard Enskog collision term have been termed “reversible” and “irreversible” by
Gross and Wisnivesky.?’
Then 3SZ /3t=—k f dx,CgInf, is transformed to

3S¢
a—f=+}kazfdx,dv2fdaa-g[wa-g)ie(-a-g)]
(F1,¥1,1)
X 8,(T1,F1—08 | n)f1(F1, V1i,)f 1 (T —aﬁ,Vz,t)lnil——_’l_’—,l
fl(rl’vl’t)

(44)
by the changes of variable: (V,V,)—(¥},V3) such that dV{dV,=dV,dV,and 6-g=—0'¢
drop primes. Switch V<V, §— —3, and change T variable to obtain the alternate form

9SZ
ot

’

,0——0 and

=sko? [ dx,dv, [ d66-E[6(6-8)+6(—5-)]

oo . N = f1(T1—0G8,V),1)
X 8a(T, T1— 00 | n)f (T}, V,0)f 1 (T —00, Vo, hh——————,
1((T1—00G,V3,1)

which is averaged with (44) to yield

asg 1 — A A = A = A =
> =+ko? [ dx,dv, [ d66-E[6(6-8)+6(—5-8)]

xg2(F1’?l—Ua' | n)fl(Fl’Vl,t)fl(Fl‘_Ua’vbt)

[1(x,0)f (T —00,Vt)
fl(?l’vllyt)fl(_fl —0’6’,712,”

We want to point out that only velocity independence of g, has been used to this point. Thus these manipu-
lations are valid also for the SET, and it is worth noting that by setting g, =1 and imposing smoothness on
f1—f1(FT—06,V,t)=f,(T,V,t)— we find that S /9t =0 and S /3t becomes precisely of the form of the
entropy-production function given by Boltzmann theory.

Now apply xIn(x /y) >x —y to the integrand, where

(45)

x=fl(xlyt)f1(?l—aa,V2’t)
and

y=H(T,V,0f1(T1—08,V2,1),
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to obtain

ast
ot

> tko® [ dx,dv, [ d65-§[6(6-8)+60(—5-8)]

ng(f'l,f'l—a& | n)[fl(x,,t)fl(Fl—08,72,2)
—f (T, V1,0 1(T1—06,V5,1)] . (46)
Transforming away primes as before yields

ast
ot

> vko? [ dx,dvV, [ d66-E[06-8)+0(—5-8)]
X[g;(f’l,f}—ac’i | n)fl(xl,t)fl(fl—ac'i,vz,t)

—g(T,T1+00 | n)f(x,0)f (T +05,Vy,1)] ,

which after rearrangement becomes
asé

Tz%kazfdxldvzfd&&-‘g’e(ﬁ-’g’){gz(f],f’l—m’iln)fl(xl,t)f,(f’.—a&,Vz,t)[lil]

—g(T,T1+0C | n)f 1(x,0)f (T +06,V,t)[1+1]} . (47)

So (3S¢ /dt) >0, which demonstrates that the “irreversible” part of Cg, Cg , has irreversible character simi-
lar to that of the Boltzmann collision integral. Rewriting 3S¢ /9t as

asz: 1 2 AA — A —
—Erz;ka fdxldxz fdao-gB(a-g)
X 8T, Ty | n)f1(x,0)f1(x2,0)[8(T,— T +00)—8(T,— T —00)]
or
aSg: 1 2 A A —> — — A - —
o > ko fdxldxz fdaa-gS(rz—rl-i-aa)gz(rl,rz|n)fl(xl,t)fl(xz,t)

=k fdxldxz?lz'_g'gz(?l’Fzln)fl(Xx,t)fl(xz,t)s(’lz—ff)
=3k fdxldxz(?lz'vﬁ'?zl'Vl)gz(f'l,f}|n)fl(xl,t)fl(xz’t)&rlz—0)

=k fdxlde?u'V]gz(?],?z‘n)f](xl,t)fl(X2,t)8(r12—0') . (48)

No use was made of the functional dependence of g, on n to arrive at (48) so that a result of similar form
holds for the SET as well. Though the sign of (48) is indeterminate, this quantity is the negative of (42).
Thus we have shown for (26) and (31) that (3/91)S$* > 0, with equality holding when

f(l)(xlvt)f(l)(?l_U&’Vbt):f(l)(?bvll,t)f(l)(_fl_Uaavlbt) (49)

for all T,,V;,V,, and 6-g >0. Resibois has shown*® that (49) holds also for o-g <0. This condition (49) is
not sufficient to make C; =0 but it does make Cz =0, as can be seen from (43) by changing & to —& in the
terms governed by 8( —&-g). Taking Resibois’s approach*® we find that the Fourier transform of
Inf9(¥,V,t) has the form
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Ok, ¥,0=F[Inf}(F,V,0] =a(K,0+(K,V,08 ¢, , (50)

whereby we find f9 has the form

FUTV,0=R(TDV(T,1) . (51)
Using (51) we can determine the summational invariants of Cg .
Consider
I= [ dvy(¥)C5 , (52)

where ¢(V) is any function, vector or scalar, of V,. Using (43) and performing the usual transformations
we obtain

I=50* [ d¥,d¥, [ d66-806- )WV —9(T)] [ dTof1(x,,00f1(x2,0)8,(F1, T2 | )
X [8(Fy—T1+06)+8(Fy— 1 —08)] . (53a)
Switching V;«<>V, and 6— —& yields
I1=30 [ d¥,d¥, [ d66-§06-B)YV5)— (V)] [ dTof1(Fr,Vo,0)f (T2 V1,082(F1, T2 | 1)
X [8(F,—T1+06)+8(T,— 1 —08)] . (53b)
Use (51) and add (53a) and (53b) to obtain
1°=50* [ d¥,d7, [ d6 6806 BT +YT3) — () —h(¥))]
X [ ATy fA01,0f 0000, 008(F1, T | n[8(Ty— 1 +06) +8(F,—F1—08)] . (54)
Clearly I° vanishes for »=1,V,v%. Thus Inf? is a linear combination of these only, of the general form
Inf)=a(7,t)+b()-V+c(th? .

That is, /9 has a Gaussian form. The usual definitions of density, n = f dv f,, of average velocity,
i= f dV Vfi, and of temperature, %nkT: f dV%(V—Ti)Zfl, fix a, b, c, and render the specific forms
R =n =const,

V=(QrkT) =32 ~v"/*T

at equilibrium. Note that C; alone cannot determine R. For this, C§ comes into play*®"*° Also there is
no inconsistency here between the vanishing of (8/9¢)S$" and the nonvanishing of Cf. Equation (49) mere-
ly characterizes the most general condition under which (3/91)S%"=0. This does not mean that f* is
achieved and then relaxation proceeds around that form. A similar conclusion was reached by Grad®! in re-
gard to the Boltzmann theory where the analog of our f is the local Maxwellian. Put another way,
(3/91)S$™ =0 is a necessary but not sufficient condition for equilibrium. As a last note, (51) precludes the
precise local Maxwellian form which is used as a zeroth approximation to f; in the asymptotic expansion
employed in the Chapman-Enskog development.?

To complete the picture for (28), we analyze the remainder term by term, denoted C,,C3,C,, respectively.
By manipulation similar to that for —k f dxCgInf above, we obtain

—k [ dx,Cylnf,=+1kR%? [ dx, [ d¥, [ d66-86(5-8)

Xﬂ(ﬂz—-@'_g')gz(?l,f'l+Ra’6' [ n)fl(xl,t)f,(?l+R06,72,t)

f](xl,t)fl(f'1+R05,V2,t)
f1@ELVL,0f (T +Ro6, V5,0 (55)
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Also,
—k [ dx,Cylnf,
=—kR%*[ dx, [dV, [ d66-E6(6-E)nf,(x,,1)

X[gz(f’l,f'l—f—Ra_G I n)f](f"],vlll,t)fl(F1+RUU,V2 ,t)

—8:(T, T1—R0o™¥G | n) f(x,,0)f1(T1—R06,V,,1)]
transforms to

—k [ dx,CyInf,
= —kR?? [ dx,dV, [ d66-Ef1(x,,0)

— 1

X[e(a‘_g'—\/4_€)g2(?1,?1+Ra—U I n)f](?l +RU&,V2,t)lnf|(r1,V1 ,1)

—6(6'§)g2(?1,?1—R0'+6' | n)fl(f'l —RO’&,Vz,t)lnfl(xl,t)] (56)

rr = A 211 gt

under the change of variables in the first term (V,V,)—(V}", V") such that 6-g''dV|' dV, =6-gdV,dV,
and by use of (29). Similarly, —k f dx,C;Inf, transforms to

—k [ dx,Cslnf,=—kR%? [ dx,d¥, [ d65-E
X [6(6-8)gy(T1,T1—Ra*G | n)f (xy,1)

X f1(T1—R0&,V,,0Inf (T, V) ,1)

—0(6-8 —V'4€)g,(T,,T1+Ro~6 | n)f(xy,1)

Xf1(T14+R0oG,Vy,t)Inf(x,1)] . (57)
Add (56) and (57), exchange V«<>V,, change 66— —0, and rearrange to get
—k [ dx,(C,+Cy)Inf,

=1kR%? [ dx,dv, [ d66-E
X |0(6-8)g,(T,T1—Ro*0 | n)f (xi,0)f1(F1—R0G,Vpt)

fl(?l _RU&’VZ’t)fl(xl’t)

Xln — A ! — =t
f1(Ty—Rao6,V, ,0)f1(T,V] 1)

+ 9(6"_g'——\/4—v_e)g2(f'1,?1 +RU_6' | n)fl(xl,t)fl(f'l+R03,V2,t)

(x1,8)f (T +R0G,Vt)
X ln fl Ill! fl l A illl * (58)
f](.f,],vl ,t)fl(?l"'RUO',Vz ,t)

Apply x In(x /y) > x —y to the integrands of the sum of (55) and (58) to get
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—k [ dx,(C,+C3+Cy)inf,
> 7kR%? [ dx,d¥, [ d6 6§
X {0(5-8)0(V4e—5-8)g,(T,,T1+Ro ™5 | n)
X [f1(x1,00f ((F1+R08,V,,0)— f1(T, V1,0 f1(T1+ Ra6,V,1)]
+6(6-8)g,(T,, T1—Ra*5 | n)
X [f1(x1,0)f1(T1—R08,V,t)— f1(T1, V] ,0)f 1(T1 —R0G, V3  ,1)]
+6(6+8 —V'4e)g,(T,T\+Ro ™G | n)
X1 u0f 1((F1+R08, Vo, ) —f1(T, V) ,0f ((F1+R06, V5" ,0]} . (59)

Transform primed velocities as before to obtain

—k [ dx,(C,+C3+Cy)nf,
> 7kR%? [ dx,d¥, [ d66-E
X {0(6-8)0(V4e—5-8)[g,(T), Ty+Ro ™8 | n)f(x,1)
X f1(T1+R00,V,,t)—g,(T},T1—Ro*6 | n)
X f1(x1,0f1(F1—R08,7,,1)]

+[6(6-8)—60(6-E —V%e)1g,(T1, T1—Ra 16 | n) f1(x1,0)f1(FI—R08,7V),1)
+[6(6-8 —V4e)—6(5-8)1g2(T1,T1+ R ™8 | n) [1(x1,0)f 1| (T1+R0G, V), 1)}
=-;-kR20'2fdx1dV2fda'6"?0(6"?)9(\/4-_6'—6"@’)f1(xl,t)flGl—RUa',Uz,t)

X [g2(T1,T1—Ro*6 | n)—g,(F),T1—Ro~ 6 |n)] . (60)

Because g, from (25) is continuous at T, —r; =R o3&, the RHS of (60) vanishes identically. Note that only at
this point have we used the form of g, from (25) (except for lack of velocity dependence). In particular, had
we used the DRS Ansatz for g, (60) would be indeterminate since the bracket becomes g,(t;,T1—Ro*&;n)
X (1—e®€). With the vanishing of the RHS of (60) we have established that (3S{*"/dt) >0 for (28).

VI. TWO-PARTICLE HARD-SPHERE KINETIC THEORY

The attractiveness of the one-particle dense-fluid kinetic theories is their mathematical tractability, partic-
ularly for eliciting transport coefficient formulas. However, the approximate F, used for closure of the
one-particle equation might not exhibit important features which are characteristic of the dense-fluid state.
Herein we discuss a new two-particle hard-sphere kinetic theory which is expected to yield a better approxi-
mate F,.

Two-particle hard-sphere dynamics can also be developed from (2) for s =2, wherein

Fylx 1,00t +7) =T, Fy(xy,x5,0=n [ dxs[T) Fy(x®,0)—T2 F3(x3,0)]
+n? [ dxydx [T Fyx* ) =T Fyx 0+ T Fyx 0]+ - - - .
61)
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Change x,,x, as above [Eq. (4)] to obtain for the LHS of (61)
T(Jl),.Fz(xl,xz,t—FT)—T(_Z), T'VF,(x,,x5,t) (62a)
and similarly for the first term on the RHS of (61)
n [ dxs [T T VF;(x0,%0,%5,0 = TETVF (x,x0,x3,0)] . (62b)

Nonvanishing contributions to the integrand occur for those configurations of particle 3 which lead to colli-
sion with 1 or 2 within time 7. Similarly the four-body-term integrand does not vanish only if particles 3
and 4 can collide with 1 and 2 within time 7. Hence this term and higher ones vanish in the limit 7—0+.
Because collisions between 1 and 2 do not contribute to (62b) it may be rewritten

n f dx3[T(—:;ZJ'TEr“F3(x1:x2’x3’t)"'F3(xl’x2’x3at)] . (62b')
Again, since interaction between 1 and 3 or 2 and 3 only is admissible in the limit 7—0+, (62b’) reduces to
a form similar to the RHS of (23). Hence we obtain the exact two-particle equation:

no? [ d¥; [ d66-§406-F)F3(T0,V 1, T0 V011 +80,7 5,0~ F3(T1,9,,T5, V5,1 —06,5,1)]

2 — — - = = — = - = - - = -
+no fdv3fd&&-g329(6'_g’32)[F3(r,,v,,rz,v'2,r2+ac’i,V’3,t)—F3(r,,v1,r2,v2,r2—06,v3,t)]

2 2
=iF2(F1,71,?2,V2J)+ 2V ViF, -3 %’LFZ . (63)
ot i=1 i=1 0T; QV;

In (63) we note that if | ¥;—T,| <20 then particle 3 cannot occupy all positions denoted by & on the
precollisional hemisphere, but only those outside the cone whose angle 6, is given by
0.=cos~!(| F;—T>| /20). This excluded volume is implicit in F;.
For closure we return to (14), set Ey =06, and obtain
Wy —Oe —1—y H e —Ax;x;,1) )
i#~j

(64)

This Wy has the form identical to a canonical equilibrium N-particle distribution function for a potential

that is the sum of one-body and two-body terms, with a hard-sphere two-body core but otherwise arbitrary

form. Thus we have®

Sa(x 1, x0,)f2(x1,%3,8)f2(x3,X3,1)
f](xlyt)fl(XZ,t)fﬂXg,t)

where Y3 is the same functional of f, and f as its equilibrium counterpart: Y; has a formally exact cluster
expansion of the form

f3(x3,t)=

Y3(x]’x27x37t) ’ (65)

Y3(x3,t)= 1+ f dx4f1(x4,t)h2(x,,x4,t)h2(x2,x4,t)h2(x3,X4,t)+. te (66)
where

_Sabxixa)
fl(xl,t)f1(x2,t)

We note that, though the equilibrium 453(T'},T,) must go to zero in order to insure thermodynamic stability
as | Tj—T3| — oo, the nonequilibrium function does not a priori have a similar spatial cluster property and
the expansion (66) may not converge. Clearly it holds the possibility of long-range velocity correlations. We
also note that (65) by itself may be regarded as a means of defining Y3, as Livingston and Curtiss'® point
out. The closure principle provides an explicit form for this function, whereas the latter authors set Y;=1,
which is the Kirkwood superposition approximation (KSA). It is worth noting that the form (65) is not
peculiar to the hard-sphere potential, but is consistent with any form of two-body potential.

Combining (8) and (63) (in generic function language) with (65) we obtain the two-particle kinetic equation

hz(xl,x2,t)=
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i+ﬁ é_@qﬁ_ 2 f2(x1,%2,1)
o = i=10T; 0V

=0? [ dV; [ d6 685166 830 Lf1(F1, ¥ 1,0 1(x,0)f 1(T1 408,V 5,082(F1,V1,%2,1)

X 82(T,V 1, 11400,V 3,008,(x2,T1+00,V 3,0) Y3(T1,V 1,%5,T) +08,V3,2)

—f1x1,0f 1 (x2,0)f1(T1— 05, V3,2)85(x 1,%2,1)

Xgy(x1,T1—08,V3,1)8,(x2,T1—008,V3,1)Y3(x,X,,T1 —00,V3,1)]

+0? [ d¥; [ d66-83,0(6-8n)
X[f1(xe1,0)f 1T,V 5,0)f1(T24+ 05,V 5,1)82(x1, T2,V 3,1)
X 8(x1,T2+08,V 5,008,(F5, ¥ 5, T2+ 08,V 5,1)Y3(x,, T2,V 5, T2 +06,V5,1)

——f;(xl,t)fl(xz,t)fl(?2——03,73,t)g2(x|,xz,t)
X82(x1,T2—00,V3,t)8,(x2,T,—08,V3,1)Y3(x,,X,,T, —06,V3,1)] .
From (11) and (64) we obtain the two-particle entropy

S§=kine'+"— 3k [ dxidxofaxy,x0,0Inf5000,x0,0+ 5k [ dxidxyfr(x,,%5,0Ina (x1,x2,1)

2M(x},%, . . . .
where a(x,x,,t)=e 1% t)fz(xl,xz,t). We write the kinetic equation (67) in the abbreviated form
3 V.7 9 3 _ _
3 +2 : '—2 f2(x1,%,)=C{5+C3+CH+Cx ,
t i=1 i=1 ar. avi

where, for example,
Ciy= zfd"deUU Enl[0(8-831)+6(—5-¢3))]

X[f3(T1,V],x2,T1+08,V3,) — f3(x1,%,,T1—03,V3,0)] .

(67)

(68)

(69)

(70)

For convenience we choose to use f3 instead of carrying all the factors shown in (67). Take the LHS of (69)

to be at equilibrium, at which
falx1,x2,0)=f 1w, )f 3} v,y)ga( | T —T1 )

Impose f dv, f dV,V, on this LHS to get
equil LHS=n*(kTV,g,+8,V.0) .

For the RHS we find
[ dvi(cH+Ci)=0

and by the usual transformations

[ av, [ dv,9,C5

=30 [ dv, [ dv, [ dv; [ d66-En(V5—V)I06 E3)+0(—8-E3)1f3(x1,%2,T2— 08, V3,1) .

Interchange V,<>V3, impose the equilibrium form

(71)

(72a)
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F3(x1,%0,x3)=f1(v, )f 1 (0y)f 1 (v3)g3(T, T, T3)

to obtain
[ dv, [ av,9,c5=0, (72b)
[ dv, [ d9,9,CH =0’ [ d66g:(T,,15,T,—05) . (72¢)
Combine (71) and (72) to get
kTVzgz( | ?2—-?1 l )+g2V2¢=n02 f dﬁ&g;(f’l,f},f'z—aﬁ) ’ (73)

which is the two-particle member of the YBG hierarchy!® for the hard-sphere potential, but in (73) we know

already the form of g; from (65) and (66):

83(T, T, T, —00)=g,( | T,—T | )g2(0)g,( | T,— 00 —T | )Y;3(T}, 15, T,—03) .

This result shows the importance of the reversible part of the collision operator in two-particle kinetic
theory for defining the form of equilibrium integro-differential equations. Wisnivesky*® had investigated a

similar role in one-particle kinetic theory.

VII. CONNECTIONS WITH IRREVERSIBLE
THERMODYNAMICS

From the Boltzmann equation (20) and the en-
tropy functional (21) it is straightforward to obtain
the equation for the entropy density s, such that
s$'= [d7s(T,),

%s(?’,t)+ V- [sU(E,0+T,(F,0] =o(F)0)

(74)
where U is the local average velocity,
Ji=—k [ d9(F—)fInf,

is the entropy flux and the entropy-production den-
sity o(T,t) is given by

o(T,0=—k [ dVInfiCp(f1,f1)20, (79

where Cp is the Boltzmann collision integral.
Clearly

d dil - (=

S = [dTo(T,n) (76)
since the flux term of (74) vanishes when integrat-
ed, by boundary condition assumptions. Generali-
zation of these formulas to mixtures is straightfor-
ward.’3 By applying the Chapman-Enskog
development® to the mixture version of (20) an ex-
pansion of f; to linear order in gradients of n;,u,T

r

is obtained whereby an explicit expression for To,
To=3 /7 jXj, is obtained from the mixture ver-
sion of (75). From To can be identified forces, X;
(gradients) and conjugate fluxes, #;, and demon-
stration made of the Onsager reciprocal relations
for the kinetic coefficients L;; in the linear rela-
tions #; =2, ;L;X;. This embodies the sole
kinetic-theoretic support for the phenomenological
theory of linear irreversible processes.

We note that the Boltzmann theory is readily
amenable to a purely local formulation since the
Boltzmann collision term is purely local. [Dif-
ferentiation of s leads directly** to (74).] In the
dense fluid, collisions are not spatially localized
and so the transport, which is dominated by colli-
sional transfer, embodies nonlocal effects. So too
the production of entropy is not localized and
indeed the H theorems demonstrated earlier are
global results. It is an open question to what de-
gree the program outlined above can be carried
through for the dense fluid. A fundamental diffi-
culty, in general, is defining a consistent local-
entropy density. In our discussion here, attention
is limited to the pure hard-sphere theory for which
some partial results have been described else-
where.>*° A number of new features arise when
the attractive tail is included and so discussion of
this more general case will be made in a separate
article.3*

Utilizing results in the development between
Eqgs. (35) and (48) we obtain
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i den_i 2o (7
S Sim= [ des(@n

= [ a0 ootk [ dEn(E0 2 Infa(F,ne+7V)]

f](f’,vyt)

a(t,t)

k. o . I
~—1§;lne +"fdrV'nu—i-k fdrV-fdv vV (T, V,t)n
where
s(f',t):%n(f’,t)lne‘”—k defl(?',V,t)ln(fl/a)

reduces to the dilute-gas form when low density is imposed,
o (T,0=—k [ dVInf\(F,9,0Cc(f1.f1)
and
o Ty, )=k f dv fiv- f dToF138(r;; —0)n (T, t)ga(T), T2 | n) .
Now the last term on the RHS of (77) can be written
— [arvsu+Ty),
where
T(F0=—k [ dVE-0)f,(F,9,0In(f, /a) .

Using the definition of U, (77e¢) reduces to the dilute-gas form below (74).
From (77a) and (77¢) we can extract®® the local equation
OA(x’,t)

a —a =, 7 - = ’ ’
s?s+V-(su+ V) =07 +0} +0o+kn(T,t) fdx filx ,t)T

N-—1
N

with the definitions
ot =ko® [ dV,dv, [ d66-E[0(6-8)+6(—5-8)g,(T1,T1—08 | n)
f1(x1,0)f (T} —05,V),1)

[T,V L,0f(F1—08,V),1)

Xfl(xl,t)fl(f’l—06,72,I)ln

Clearly we have
%Sci = f droZ

and the H theorem proved earlier showed that
f dto; >0

and
f dtlof +00)>0.

Using (79) it is straightforward to show that
o (1) >0

holds at each point, however, we also obtain

0’:' +00> ‘;'k f df’zf'\lz'[ﬁ(f'z,t)—{-ﬁ(?],!)]nl(?l,t)nl(?2,1)82(?1,?2ln)S(?lz—a) .

—&(T,T"|n) |,

(77a)

(77b)

(77¢)

(77d)

(77e)

(77

(78)

(79)

(80)

(81)
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Though the RHS is indeterminate in sign, we note that f dtiRHS=0. The quantity o + 0, therefore ap-

pears to manifest a combination of entropy production and entropy flux.
Explicit demonstration of this feature is readily achieved for linear perturbations from equilibrium for
which [superscript (1) denotes linear regime]

=20+, (82)

where f1” is a local Maxwellian and @ is linear in gradients of U, T as described by the Chapman-Enskog
development.® We find (by functional differentiation)

8,(T, 13 | ")’:82(’12;"(?1,1‘))'*'%?21'61"7{1‘32(’12;'1(?1,1)) ,
when the full g, given by (25) is expanded in n about r’; and so
o (T, t)=— 370k TV, [ng,(0)] (83)

equality holding through second order in gradients. Similarly, starting from the representation for o} given
by (79) we find

boe°€°—

0(cl)+(f»bt)= _ %r-gz(a)a3kn2€1‘ﬁ+ %1m3kn 2g,(0) (84)

SRV
3=
B

where €°= %[Vﬁ + (Vi) — % V-6l and T is the unit dyadic. To achieve (84), the expansion of ® in
Sonine polynomials®

_ Z’ZT(v—a)"(v_a):va zob,sg')2
r=

has been used. We note that by >0 and a; <0. By combining (83) and (84) we find

A o=~ F-TUE 040
where
TV= 4+ 27 o3kngy (o)

3

and o’ >0 follows from (84). Now o’ is not a complete entropy-production density in the sense of irreversi-
ble thermodynamics®® since it does not manifest the leading orders of collisional transport of energy and

momentum and in particular omits bulk viscosity altogether; on the other hand, we show below that ol
can be regarded as such. This means that the local entropy equation in the linear regime does not take the

same form in the RET as that found in Boltzmann theory, (74). For the RET we find in the linear regime

—%s“’(?,t)%—6'(s‘l)ﬁ+-1'(s')+ iM=c"" 40" . (85)

The terms T‘” and o’ have no analog in the Boltzmann theory, but do vanish in the low-density limit.
Furthermore, in the linear form of (74), the tf(,”=( /D)3 7,°¢ where TT is the dilute-gas heat flux. A simi-
lar result cannot be identified within (85), though therein _ji” is so related to the streaming part of the heat
flux. The collisional part of the heat flux cannot be so accounted for by either T‘” or o’

To fully demonstrate the features of the o'’ necessitates working with a mixture of L species for which
the formal results for kinetic equations, entropy functional, and H theorem go through in an obvious way.
In this case, o, takes the form
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L
o=k 3 o} [dv.dv, [ d65-E[6(6-8)—6(—5-8)]
Xgij(f'l,?l—a,-jal { n })f,-(f'l,V],t)fj(f']——oijc’},Vz,t)

f}(f’l,vl,t)f:i(fﬂ—Uija',V2,t)

- — — A = *
f,-(r,,v 1,t)fj(r1—or,~ja,v 2,1)

(86)

To achieve (86) requires symmetry, g;;(T},T,)=g;;(T5,T1), which is exhibited by the RET and also the stand-
ard Enskog theory g;;’s. For linear perturbations from equilibrium, wherein V= 9 +®;) and @, is
linear in gradients of n;,u, T, Eq. (86) takes the form

L
o'"=k 3 o}, [ dv,dv, [d66-866-8)f (T, V01T, Vo 0D (T1, V1)

ihj=1

X[Di(F1,V1,0)+P(T), V3, ) = ®;(T1,V 1,1) — D (T1,V 3,1)]

L — —
+ S oy [ d9.dv, [ d66-866-8)f (T, ¥, 0f AT, V5,08V Inf{O(T,, ¥, 16+ ¥

2,5
0= =
(T, Vo)
xInd—2— (86)
fj (rla v ’29t)
where Y}; is the contact value of the equilibrium g;; and expansion is made of all functions about T to
linear order in gradients. The conventional expansion®
— — - — L — —
®;=—A;VInT—B:Vi+H;V-i— 3 D;-d, (87)
I=1
is made. The second term of U‘c”_ can be evaluated explicitly since
32
FOFT0=n(F0) | ———— | exp | —— [V_T(ED]
T 2wk T () 2kT(T,1) ’
and the first abbreviated by using the bracket notation of Chapman and Cowling®:
2 172
B 4 L Qmuk*D'\? | yr L QapzkT)'V?
ol =kn*{ &,d}+— > aj}jY,'jn,-nj———&J————— vr +% > a}‘jYijn,-nj ——_%vi
3,5 mij r ij=1 r
Qmu kDY
(V. (88)

L
4 4
+5 2 o Yymn—
ij=1
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Here m;;=m; +m; and p;; is the reduced mass.
The last three terms are related, respectively, to the
collisional contributions to heat flux, off-diagonal
momentum flux (shear viscosity), and diagonal
momentum flux (bulk viscosity). Using the linear-
ized integral equation which is satisfied by ®° it is
straightforward to show that the mass flux can be
expressed as
. 3, =n?VInT-{A,D;}

nim;

L ., L
+n* ¥ di{DyD; }, (89)
1=1
the heat flux including collisional contribution is
L — - —
Jr=—kTn*{A,A}-VInT—kTn? S d; {D;,A}
I=1
L (2m -~k3T)l/2
-3 2 oy¥ymin ,-———“':n” VT, (90
et i
and the momentum flux, including collisional con-
tributions, is
> L —_ >
P= —% 2 O'j Y,-jninj(Zﬂy,-jkT)’/ZV'ﬁI
j=

o5 Yynin;2mp k) 2€°

Collecting (88)—(91) we find

o= 1-
=——J,VInT—k
T T n ,;l nm, i

(92)

This is precisely the form to be obtained by using
the Boltzmann equation. Though 3, d =0 and
2, J m; =0, it is clear that not both conjugate
mass fluxes and forces, represented in the combina-
tion

kTS, (n/mim;)J  +d;

are linearly dependent. Choosing the forces’” to be

—d;, we eliminate d; = — 3% 7! d; and obtain

Vi .

Let the independent forces be —VIn7, — V1,
—d;, i=1,...,L —1, then the conjugate fluxes are
obtained:

Fr=3r=—n*%T{AA}-VInT

(2mp;k3T)17?
£ % oty ZED O
lj—l m;

L-1_, - -
—nsz 2 dl‘{DI-—DL,A} ’ (94)
=1

/’”isz

n - _ n r<4
mm; "™ npmp ML
— —n%T [mr.g A,D,—D, |
L-1 _, . - -
+ 3 dr(B-DBB-Bi} ],
I=1

(95)
and ?P =Pas given by (91). We note the follow-
ing with regard to (94) and (95).

(1) The coefficients of 3 in (94) and of VInT
in (95) for i =j are equal because
{A,D}={D,A }, therefore these klnetlc coeffi-
cients exhibit Onsager recxprocxty

(2) The coefficients of d in (95) for i =k and
of dy for i =j are equal and also exhibit Onsager
reciprocity.

(3) The analyses and results from Eq. (85)
through (95) hold for the linearized revised Enskog
theory, which is characterized by the mixture ana-
log of (25) and (26). Because of theorem IIL. 4 in
Ref. 3, analogous results hold, at least formally,
for the standard Enskog theory wherein g;;(T, 1)
has the form proper to uniform equilibrium but
with densities evaluated at (T +7,)/2. Thus an
entropy-production density of the form (93) arises
which permits identification of forces and conju-
gate fluxes in the SET framework and the relevant
kinetic coefficients exhibit Onsager reciprocity as
described in items 1 and 2. In the context of (93),
(94), and (95), the only difference between RET
and SET lies in the form of 3,-. For the former we
have shown?®

—ReT _ Mi | 1 i
= % VT et
+VT 1+—20,, ’
j=1 ij

(96)
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where pi is the chemical potential per particle. To
obtain di=", replace (1/kT)(Vpy;)r by

4r & 2r <
J= J=

which differs from it (unless all diameters are
equal) in second and higher order in density.” We
note with van Beijeren and Ernst® that dx"" con-
forms to the form expected on the basis of

. 33 3JSET
phenomenological treatments” whereas d;~ does
not. This distinction is manifested in the behavior
of the diffusion coefficient in the critical region of
a phase separation point.*®
(4) Because o\ ’SET;EU(C”‘RET, it is not possible
to construct an invariant linear transformation®
from the RET to SET description. Thus it is not
possible to use reciprocity of the RET kinetic coef-
ficients as a basis within transformation theory to
investigate the presence of reciprocity in the SET,
as attempted in Ref. 9. We leave open the ques-
tion of whether an invariant linear transformation
can be applied to the SET to effect internal rear-
rangement of forces to agree with those of the
RET. If such is possible, it is almost certain that
the conjugate fluxes will no longer each be identifi-
able with a single conventional transport flux, as
depicted in (94) and (95). Furthermore, the
maintenance of reciprocity must be checked, since
not every transformation will preserve reciproci-

SET og o
ty.’® In any case, the 0.~ would not exhibit

the explicit form given by phenomenological ir-
. _RET
reversible thermodynamics, whereas the o'

does.

(5) The RET entropy equation (85) does not con-
form to the result (74), so that clearly even the
RET, which must be regarded as the superior
theory, is at odds with the phenomenological result

d N
az”v

-

si+—Jr|=0. 97

1
T
This phenomenological result is of a form not sa-
tisfied by the RET. However, it may itself bear an
oversimplified structure—adequate for rare gases
but not for dense fluids—rather than bear clear
evidence of RET deficiencies. In particular, the
two additional terms appearing in (85) [beyond
(74)] vanish in the low-density limit. The disparity
between the SET and phenomenology, on the other
hand, appears to be of a more fundamental sort.

(6) That both the RET and SET should exhibit
reciprocity is not surprising since the main in-
gredient of the phenomenon, microscopic reversibil-

ity,% is built into both theories at the outset in the
scattering cross section in the collision integrals.
(7) Because of the reciprocity condition, To‘c”“

achieves a minimum for steady-state conditions.*!

VIII. DISCUSSION

The closure principle we have employed yields
more information than is used to obtain a closed
kinetic equation. For example, in (23) only g, for
two particles in “precollision” contact is needed.
The result (25) is obtained, however, for completely
arbitrary 1, and r,. Though the method over-
characterizes the ensemble as far as closure is con-
cerned, the entropy functionals reflect the full
character of the ensembles. (We note that we have
obtained corresponding results in the framework of
the grand ensemble.) We emphasize that the H
theorems we have demonstrated are global and not
local properties of the theories. In this light, the
Boltzmann theory is seen as a degenerate case
which readily permits a local interpretation as well.

Closely related to the problem of closure is the
problem of chaos propagation. Expression of clo-
sure does not have a unique form [cf. (17), (25),
(65)] but in all cases neglect of some higher-order
correlations (chaos) is a common characteristic.
The viability of a closed kinetic equation hinges
upon the propagation of this form, i.e., of contin-
ued irrelevance of correlations at this higher order
to the description at hand. It is not at all clear
that this literally requires destruction of these
higher-order correlations, a possibility advocated
by Mayer,'? for example. Thus, in a physical
sense, closure of a description may be a practical
matter and chaos propagation can best be regarded
as a manifestation of the irrelevance of the disre-
garded correlations rather than their absence. In
this view it is meaningful to seek an approximate
ensemble which manifests and propagates closure
in a way compatible with the dynamics of an ap-
proximate kinetic equation.

Mathematically there remains the problem of
what constitutes a proper framework to model
these phenomena. The dilute-gas case has received
the greatest attention.”>*> These analyses show the
possibility of persistence in time of g, =1 [cf. (17)],
almost everywhere. More generally, that (25) can-
not be maintained indefinitely (and that the theory
is thus not an exact one for hard spheres) is clear.
Discrepancies in form and in numerical values of
the transport coefficients derived from the theory



compared to results of more exact approaches are
evidence of this.

Clearly, one could generate a hierachy of kinetic
theories with our approach by successively setting
s=2,3,4,.... One would expect a stage to be
reached beyond which the added dynamics and
statistics becomes irrelevant to the questions one
normally asks of a kinetic theory. The two-
particle kinetic theory we have introduced offers
the ingredients which appear to be minimal for a
closed theory, at least as evidenced by the
Boltzmann theory. These are an entropy function-
al, a kinetic equation which yields correct equilibri-
um forms, and containment of fluxes within the
level of description. The kinetic equation (67) ap-
pears to be Markovian due to the appearance of
one time instant. However, the three-particle
correlation function appearing in the theory
depends in a nonlocal way on the two-particle spa-
tial and velocity distribution and through velocity
correlations “memory effects” may be built in.
This two-particle theory appears to be unique in
terms of the structure of the three-particle correla-
tion function, Y3, Eq. (66), which does not obvi-
ously show the cluster property assumed by
Green.” Such an assumption is not obviously
necessary in order for our formalism and the ap-
proximation that we propose to be meaningful. Fi-
nally, we wish to note that although the maximiza-
tion of entropy is a fundamental aspect of the in-
formation theoretic approach to statistical mechan-
ics pioneered by Jaynes?? and others,* our use of
this procedure to generate approximations of the
sort discussed here bears no close technical relation
to the work of Ref. 22 or Ref. 44 that we can see.
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APPENDIX

By taking the m,m¥V,5m(V —1)? moments of f,
the kinetic equation (26) yields conservations laws
for number density, momentum, and temperature
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and from these are obtained explicit expressions for
the corresponding fluxes. The transport coefficient
formulas may be obtained from the flux expres-
sions which are expanded to linear order in gra-
dients. An alternate approach is to identify forces
and conjugate fluxes from the entropy-production
density and identify transport coefficients from
those fluxes. At the Boltzmann equation level
both approaches are clear cut and unambiguously
lead to the same transport coefficient expressions.
For both the RET and SET, however, caution
must be exercised in employing the latter ap-
proach. In the linear regime for the RET we find
9

Es(l)'*'ﬁ'(smﬁ'*'jin'*Ym)=0(c

1)—_+_0,r .

(85)

If, following custom, we were to interpret the sum
o'V~ 40 as the entropy-production density and
use it as the basis of the latter approach, the ex-
pressions for thermal conductivity and shear
viscosity so obtained would disagree with the well-
known expressions obtained via the former ap-
proach. Consequently, in order to achieve agree-
ment between the two approaches it is necessary to
interpret o'~ as the classical entropy-production
density from which conjugate fluxes and forces
may be identified. The o’ arises as an extra term
whose function is not fully understood at present.
These arguments hold also for the SET. Thus
both RET and SET present an entropy-
conservation law that differs from the phenomeno-
logical result (97). (A second difference lies in
disagreement with the form of the phenomenologi-
cal flux term.)

To compare the RET and SET results requires
first the recognition that the Onsager reciprocal re-
lations are rooted in microscopic arguments*’ and
are not on a conceptual par with phenomenological
results of irreversible thermodynamics. In the
latter domain, the “correct” forms for driving
forces are ascertained; in the former domain the re-
ciprocity concept stands quite apart from any
prescription for driving forces.

For both RET and SET we obtain an entropy-
production density (in the case of mixtures and in
the linear regime)

To\""=_T - VInT—B:Vi
L—1 N N .
—kT 2 n y, — n J 'd,' .

. m
mm; "™ npmp "L

(93)
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Choosing as independent forces —V InT, — V1,
—d;, i=1,...,L —1, then conjugate fluxes

—

F 1(94), }mi(95), ?p(91) are obtained. In both

cases, the kinetic coefficients, i.e., those coefficients
Ly; in the expression ;=3 .L;;X;;, where £
stands for a flux and X, ; an independent force, ex-
hibit the property L;;=Lj (reciprocity) and also
L; >0 (dissipation). Furthermore, the d}w‘r(%) ex-
hibits a form in agreement with phenomenological
thermodynamics but the d;t [cf. below (96)] does
not agree with phenomenology. Consequently, the
RET forces, conjugate fluxes, and entropy-
production density (93) all take forms in agreement

with phenomenology. In this sense (and because of
the realistic consequences®® of the form E?ET asa
diffusive driving force rather than E?ET) the RET
is a superior theory to the SET. It is also superior
in the sense that for a system in an external field,
the RET relaxes into an equilibrium state charac-
terized by the correct f(xy,t) and f,(x,x; ¢)
whereas the SET does not. [Although we have not
explicitly included external fields in the discussion
of this paper, it is clear that the correct equilibri-
um g,(T;,T, | n(t)) incorporated into the RET but
not the SET insures this result.]
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