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Period doubling: Universality and critical-point order
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The dependence of the universal bifurcation ratio on the order of the local maximum is
studied for a family of maps f(xi=i —ax*(z=2,4, 6,8). Although these maps all exhibit
period doubling, the precise bifurcation ratio depends on the order z, and seems to be an
increasing function of z. %'e have employed a renormahzation-group method to calculate
5(z) to second order. They agree very mell with the exact values.

I. INTRODUCTION

The period-doubling route to chaotic behavior
has become a subject of intense theoretical and ex-
perimental interest. The discovery of universal ra-
tios' and subsequent experimental evidences
further excited workers in the field. The nonlinear
dynamics displayed here also seems to be common
to a variety of phenomena in a diversity of discip-
lines.

The concept of universality is indeed very im-
portant in this regard. The mathematical model
equation Feigenbaum studied is a simple one-
dimcnslonal quadlatlc Inap

f(x)= l —ax

However, the many features present in this map
also seem to be embodied in much more complicat-
ed higher-dimensional systems with a large number
of degrees of freedom. Theoretically this was
found to be the case when Franceschini et al.
studied a five-mode and a seven-mode truncation
of the Wavier-Stokes equations for a two-dimen-
sional incompressible Quid on a torus and found
that the results are compatible with Feigenbaum's
theory. Experimentally, the Rayleigh-Bernard sys-
tem was studied by Libchaber and Maurer with a
low Prandtl number, by Gollub et al. with an in-

termediate Prandtl number, and by Giglio et al.
with a low aspect ratio. They have all found
period-doubling bifurcations, and the measured
universal ratios are consistent with the numerical
values obtained by Feigenbaum. All these results
sccrn very irnprcssivc indeed.

The concept of universality is common to both
critical and chaotic phenomena. However, despite
the importance and usefulness of this concept, if
one asks for the defining criteria of universality

classes, one cannot but conclude that universality is
a less mell-developed concept in chaotic than in
critical phenomena. In critical phenomena, one
can cite, for example, thc dimensionality of space,
the number of components of the order parameter,
and the symmetry of the system, as the criteria for
defining universality classes. These criteria have
also met ample theoretical and experimental verifi-
cations. However, in chaotic phenomena, our
knowledge is less complete. Yet we do know, for
example, that 5 depends on the order of the local
maximum and on the conservative or dissipative
nature of the map. In this paper we will use a
simple renormalization-group method to calculate
explicitly the dependence of 5 on the order of the
locR1 rnaxlInuIn foI' R family of Inaps

for z =2,4,6,8. They all exhibit a period-doubling
route to chaotic behavior, and yet the rate of con-
vergence depends on the order z. As will be shown
later, the higher the order the faster the rate. In
Sec. II the method of the renorrnalization group to
calculate the bifurcation ratio will be described.
Applications and the results will be presented and
discussed. Finally, a summary will be given in
Sec. III.

II. METHOD OF THE RENORMALIZATION GROUP

Many analogies have been drawn between chaot-
ic and critical phenomena: e.g., the bifurcation ra-
tio and the critical exponent, the Lyapunov ex-
ponent and the order parameter, etc. As a rnatter
of fact, when Vhlson first proposed the renorrnal-
ization-group theory of critical phenomena, he al-
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A,„(a)=A,2„(a') . (3)

ready alluded to the relevance of the renormaliza-
tion group to the study of turbulence. Feigenbaum
in his first works further expanded on this point.
However, it was not until Derrida et al. , following
the earlier discovery by Metropolis, Stein, and
Stein (MSS)' of the universal ordering pattern of
the MSS sequences, found the important property
of self-similarity that a theoretical basis for the
utility of the renormalization-group approach was
laid. They developed a simple renormalization-

group method and calculated the Feigenbaum
universal ratio for the quadratic map to second or-
der. Very good agreement with the exact numeri-

cal value was achieved. Recently the calculation
has been extended to third order, " and extremely

good agreement was attained. %'e will therefore
adopt this method for our purposes in this paper.

The basic idea of Derrida et a/. is to associate,
for each value a, a value a' such that the 2nth
iterated map f,' "' locally resembles the nth iterated

map f,'"'. An approximate way to do it is to
linearize the function in the neighborhood of a
fixed point and equate the eigenvalue of the n cy-
cle A,„(a) to that of the 2n cycle A2„(a')

Let Ix; I be an n cycle, i.e.,

x;+) f—(—x;) (mod n) .

Each element x; is then a fixed point of the nth
iterate of f:

x,.=f'"'(x, ) .

(6)

The chain rule then implies that the eigenvalue at
each point of the cycle is the same:

A,„(a)= ff f'(x;) .
i=1

Now, let Ix ) be a 2n cycle, then similarly

x+i=f(x ) (mod 2n),

(1D)

&f we denote by f,e the function f with parameter
value a*, then the set of equations to be solved are
the following:

x;+I f,e(x;——) (mod n)

x+) f;(x ) (——mod 2n)
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The fixed point of this recursion relation then
gives the limit point of the bifurcation sequence:

gf,'.( x)=g f,'.(x ) . (13)

A.„(a*)=A,2„(a*) .

The derivative of a with respect to a' at the fixed

point gives the bifurcation ratio

Ba

BQ

Successive higher cycles provide increasingly accu-
rate approximations to the exact values. In the
case of the quadratic map, analytic expressions can
be derived for the lowest order. However, even for
the second-order approximation, Derrida et al. '

had to resort to ingenious tricks to derive an impli-
cit analytic equation and solve it numerically. Ob-
viously this algebraic approach very quickly be-
comes prohibitively difficult, if at all possible.
One alternative is to use algebraic programs like

MACSYMA or REDUCE to write a very complicated
equation and solve it numerically. However, since
we are ultimately interested in numbers any~ay, it
seems much simpler to solve the constitutive equa-
tions directly. Let us brieQy describe the method.

This set of (3n + 1}equations solves for the

(3n+1) unknowns: Ix;I, Ix I, anda'. Af««'
has been found, 5 can be found easily by solving

the corresponding set of derived linear equations

with known constant coefficients.
Using this approach, we have calculated to

second order the universal bifurcation ratios for
the family of maps as described in Eq. (2). Our re-

sults, together with the exact values' and the ana-

lytic approximations' ' of Vilela Mendes are tab-

ulated in Table I. The averaged deviation of our

results from the exact values is approximately 4%,
whereas that of Vilela Mendes is approximately

16%. Moreover, it is evident that Vilela Mendes'

analytic approximations are already quite unreli-

able for z =6,8 (17% and 36% in error, respective-

ly), let alone higher z's. Our results, on the other

hand, admit of systematic improvements. For ex-

ample, a third-order calculation for the quadratic

map gives the Feigenbaum ratio 5=4.675 3244,
which is different from the exact value by only

0.1%.
It is also evident from Table I that 5 seems to be

an increasing function of z. Although present ex-
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TABLE I. The universal bifurcation ratio for a family of period-doubling maps

f(x)=1—ax* (x =2,4,6, 8). The subscript denotes the order of approximation.

1 —ax 2

1 —ax
1 —ax 6

1 —ax 8

5.1224
9.3160

13.3721
17.3987

4.6142
6.9992
8.8071

10.3294

4.669
7.284
9.296

10.948

4.83
6.87

10.91
14.93

1.3904
1.5692
1.6525
1.7043

1.4014
1.5958
1.6842
1.7366

periments are consistent with the quadratic map, it
mould be prexnature to preclude the relevance of
higher z's since it may happen that, for symmetry
or other reasons, the quadratic term vanishes.

Moreover, these large 5 values make them more
difficult to discern experimentally.

III. SUMMARY

the four lom even orders me have studied, 5(z) is
an increasing function of z. These larger bifurca-
tion ratios may be relevent to the description of ex-
periments in the future. The challenging impor-
tant problem is indeed to find the full set of defin-

ing criteria for universality classes. Any progress
made in this direction mill undoubtedly shed light
on the entire subject of nonlinear dynamics.

In summary, me have employed a simple
renormalization-group method to calculate the
dependence of the universal bifurcation ratio on
the order of the critical point. To second order,
the calculated values agree very mell with the exact
values. %e expect the agreement to be even better
when higher-order calculations are performed. For
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