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The general-reaction theory of Feshbach is applied, within the framework of the
distorted-wave approximation, to the calculation of excitation-autoionization resonances
in the electron-impact ionization of Ga+. Although the spectrum of autoionizing levels

for Ga+ is quite complex, we focus our attention on the important 3d' 4s'~3d 4s'4p
inner-shell excitations. For excitation of the 3d 4s'4p 'P~ autoionizing level we make a
general-reaction-theory calculation for the dominant partia1-wave cross section and corn-

pute a typical resonance profile in the ejected-electron differential cross section. We find
that the quantum-mechanical interference between the direct and indirect processes has a
small effect on the tota1 ionization cross section. Employing an independent-processes
approximation we calculate excitation-autoionization contributions to all twelve levels of
the 3d 4s 4p configuration. Using the results of our calculations and their comparison
with a recent crossed-beam experiment by Rogers et al. , we discuss the accuracy of the
distorted-wave method and the effects of configuration interaction on energy levels and
excitation cross sections.

I. INTRODUCTION

Among many applications, the knowledge of
electron-impact ionization cross sections for atomic
ions is of importance to the understanding of the
heating and cooling processes in high temperature
plasmas. A significant contribution to the total
ionization cross section may come from the excita-
tion of an inner-subshell electron to a bound state
lying above the first ionization limit, followed by
autoionization. The first experimental confirma-
tion that the excitation-autoionization enhancement
can be quite large came from crossed-beam experi-
ments on the singly charged ions Mg+, Ca+, Sr+,
and Ba+.' Of this group the most dramatic result
is the fourfold resonant enhancement in the total
ionization cross section found for Ba+ by Peart
et al. and Feeney et al. Crossed-beam measure-
ments have also been made on various multiply-
charged atomic ions. For C +, N +, and 0 +,
Crandall et al." found that excitation autoion-
ization makes a 10 to 30% contribution to the to-
tal ionization cross section. Quite recently Falk
et al. have found resonant enhancements in Ti +,
Zr +, and Hf + which are much larger than in
Ba+

A simple theoretical approach to the calculation
of electron-impact ionization cross sections is to
assume that direct ionization and excitation au-

toionization are independent processes. To allow
for resonance decay by radiative processes, branch-
ing ratios must also be introduced. Calculations
for the direct process are made in a variety of
ways, e.g., the Lotz semiempirical formula, the
scaled hydrogenic model of Golden and Sampson,
the Coulomb-Born approximation, and the
distorted-wave approximation. Crude estimates
for the indirect process may be made by calculat-
ing excitation cross sections using the effective
Gaunt factor' "and by assuming unit branching
ratios. More accurate estimates rely on distorted-
wave excitation cross sections and realistic branch-
ing ratios as found, for example, in the recent
study by Cowan and Mann. ' In response to the
experiments by Crandall et al. , excitation cross
sections to autoionization levels for various Li-like
ions have now been calculated in the Coulomb-
Born with exchange, ' distorted-wave, ' ' and
close-coupling approximations. '

A general theoretical approach to the problem of
electron-impact ionization should include the
quantum-mechanical interference between the
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direct and indirect processes. For many years the
formalism of Fano' has been applied to study the
fast electron excitation of autoionizing states in

neutral atoms. ' Jakubowicz and Moores' have re-

cently calculated ionization cross sections of Li-
like and Be-like atomic ions taking interference
into account in their Coulomb-Born method by us-

ing close-coupling wave functions to represent the
initial and final states of the target system. In Sec.
II of this paper we apply the general-reaction
theory of Feshbach, within the framework of the
distorted-wave approximation, to calculate
excitation-autoionization resonances in the
electron-impact ionization of atomic ions. The
theoretical formulation is similar in spirit to recent
work on radiative recombination ' and electron-

impact excitation. In Sec. III we make a model

calculation for the electron ionization of Ga+ us-

ing the general-reaction theory. We focus our at-
tention on the important 3d 4s 4p 'P~ autoionizing
level and compute a typical resonance profile in

the ejected-electron differential cross section. We
find that interference between the direct and in-

direct processes has a small effect on the total ioni-

zation cross section. In Sec. IV we employ the
simpler independent processes theory to calculate
excitation-autoionization contributions to all 12
levels of the 3d 4s 4p configuration. We compare
our results with a recent crossed-beam experiment

by Rogers et al. and discuss the accuracy of the
distorted-wave method and the effects of configu-
ration interaction on energy levels and excitation
cross sections.

II. THEORY

The general theory for electron-impact ioniza-

tion of atomic ions in the distorted-wave approxi-
mation is quite well known. The total ionization

cross section o., in atomic units, is given by

cr= g g o(1 ~iI LSLfSf1,),
LSI-l~ LfSf1

where

o.(l; ~lf,LS,LfSf1, )

d= f (I; ly, LS,LySgl, )de, (2)
de

do
d6

(1;~lf )LS~LfSf1, )

(2I, + 1 )(2S + 1 )
k~ (2L +1)(2S+,)

IMIi I', (»

and

MI; ——(%(pl,L~S~LS)
~

H E—
~
4(aL;S'LS) ) .

(4)

We assume that the total orbital and spin
angular-momentum quantum numbers LS, as well

as parity, are conserved during the collision. The
linear momenta k;, kf, and k, and the angular-

momentum quantum numbers 1;, lf, and 1, corre-

spond to the incoming, outgoing, and ejected elec-

tron, respectively. The ejected-electron energy

e=k, /2 reaches a maximum energy E,„given by

Emax= —I= +
2 2 2

(5)

where I is the ionization potential of the N-

electron target ion. The quantum numbers L;S;
and LfSf correspond to the initial and final states

of the target ion, respectively.
The initial (N + 1)-electron atomic state

%'(aL;S;LS) may be chosen to be an LS coupled
antisymmetrized product of a particular ¹lectron
target ion state 4(aL;S;) and an incoming continu-

um orbital F;. Our notation for this product will

be [4(aL;S'), F;; LS]. Similarly the final (N+1)-
electron atomic state %(PL~S'LS) may be chosen

equal to [4(PL~S'), FI, LS] In low.est order of
perturbation theory the final ¹lectron target ion

state 4(PLISI) is given by [8(yL,S,), F, ; LfSfJ,
where 8(yL, S,) is an (N —1)-electron residual ion

state.
In the distorted-wave approximation the contin-

uum orbital F=PkI(r)Y" (6,$)X is found by solv-

ing

d' l(1+1) 2Z -2V k2 P (r) 0
r r

where Z is the atomic number of the target ion

and V in the Hartree-Fock approximation symbol-

izes both direct and nonlocal exchange potential
terms. The continuum normalization is chosen
such that

where q =Z —N and 5I is the phase shift.
We may improve our description of the

electron-impact ionization process by applying
general-reaction theory to the final ¹lectron
target ion state 4(PL~S') In this manner we will

PkI(r) ~ sin kr+ —ln(2kr) — +5'1 . q ln-
r~~ k 2
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incorporate the interaction between an ¹lectron
autoionization state and the ejected-electron contin-
uum. The wave function may be divided into two
parts

4(PLfSf)=P@(PLfSf)+Q@(PLfSf) ) (&)

where P is an open-channel projection operator and

Q is a closed-channel projection operator. Through
first order a formal solution of Schrodinger s equa-
tion leads to the uncoupled equation

P@(PLfSf ) =Pg(PLfSf ),

Q@(nLfSf)(Qp(nLfSf)
~

A —g'
~
Pg(pLfSf) )

Q@(PLfSf ) =
iW„

where

(PA P 8')PQ(P—LfSf ) =0,
(QP Q —8'„)Qp(nL fSf ) =0, (12)

and A is the N-electron Hamiltonian. The resonance energy 8'„and total width 8'„correspond to the nth
autoionization state Qp(nLfSf) Coupli. ng to the radiation field introduces additional radiative forms in 8'„.
The Hamiltonian matrix element of Eq. (4) may now be written as

A„Xf,.
Myf —Mfj+

i 8'„e

g g„+
(13)

where

Mf =( [Pg(pL. fSf),Ff,LS]
~

H E~ [4(aL—;S; ),F;;LS])

A„=(PQ(pLfSf) M —8'
~
Qp(nLfSf)),

and

(14)

(15)

Xf ——( [Qp(nLf Sf ),Ff,LS]
~

H E~ [4(aL;S—; ),F;;LS ] ) (16)

The functions Pp(pLfSf) and Qp(nLfSf) cannot
be calculated exactly for a many-electron target.
We thus make the approximations that

Pp(pLfSf) =[B(yL,S,), F„LfSf) and that

Qp(nLfSf) is an autoionization state calculated in
some standard atomic model.

Upon substitution of Eq. (13) into Eq. (3) the
differential cross section, do./de, is now seen to
contain resonance structures analogous to those
found in photoionization theory. The total ioniza-
tion cross section as a function of incident energy
will appear as a series of steps as the various au-
toionization levels become energetically accessible.
We may improve our electron ionization descrip-
tion further by going to even higher-order pertur-
bation theory. By applying general-reaction theory
to the initial (N +1)-electron atomic state,
%(aL;S;LS), we may include the process of elec-
tron capture to an autoionization state of the total
system. This state may then sequentially decay
with the emission of two electrons. In certain

I

cases higher-order terms may significantly alter the
do./de resonance profiles in a manner analogous to
the perturbation-theory treatment of photoabsorp-
tion window resonances in argon.

From our first-order general-reaction theory re-
sults we may easily recover the independent pro-
cesses form of the total ionization cross section.
We simply assume that the matrix elements of
Eqs. (14)—(16) are only weakly dependent on ener-

gy and then average over each resonance in turn.
The total cross section of Eq. (1) reduces to the
well-known result

ro=o+ g o8'
where the summation over m includes the entire
spectrum of autoionization states, i.e., all values of
Lf and Sf that are allowed. The direct-ionization
cross section 0. is found from Eqs. (1)—(4) upon
substitution of Mf; of Eq. (14) for Mf;. The exci-
tation cross section o„ to the various autoioniza-
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tion states is given by

cr„= g o„(l;~lf,LS),
LSl; lf

where

8n.(2L +1)(2S+1)
k; (2L;+1)(2S;+1)

(18}

(19)

The quantity I /W in Eq. (17) is the autoioniza-
tion branching ratio, where the autoionization
width I is given by

I' =4 /A (20

III. MODEL CALCULATION FOR Ga II

The photoionization cross section for the 4s sub-

shell of the neutral Zn atom, which is isoelectronic
with Ga+, is dominated near threshold by autoion-
ization resonances due to the 3d 4s 4p configura-
tion. There are six multiplets and 12 levels aris-

ing from the 3d 4s 4p configuration. Due to the
spin-orbit interaction all three levels 'P&, Pj, and

D& can be excited optically from the ground state.
Since electron-impact excitation is not limited by
optical selection rules, it is possible to excite all 12
levels. Recent electron ionization experiments
have identified structures in the ionization efficien-

cy curve of Zn which can be attributed to many of
the 12 levels. A number of lines were assigned to
additional members of the 3d 4s np and 3d 4s~nf
series. Lines resulting from the simultaneous exci-
tation of both 4s electrons were also observed.

In this section we focus our attention on the
3d 4s 4p 'P& resonance level and make a model

calculation based on the general-reaction theory of
Sec. II. We calculated the ground and inner-shell

excited bound states of Ga+ in a single configura-
tion Hartree-Fock (HF) approximation. Our HF
energies are given in the first row of Table I. For
Ga+ the 3d 4s 4p 'P& level is autoionizing at 2.3
eV above the 4s subshell ionization limit. An in-

termediate coupling calculation using first-order
perturbation theory shows that the 3d 4s 4p 'P&

level is 94% pure, having a 3% mixture of Pi and

a 3% mixture of D&. We thus treat the
3d 4s 4p 'P& level as a single LS term in the fol-

lowing model calculation.
The 3d 4s 4p 'P& electron-impact excitation

cross section for Ga+ was calculated in the
distorted-wave approximation using Eqs. (18}and

(19). Standard algebraic methods were employed
to reduce the Hamiltonian matrix element of Eq.
(16) to radial quadrature. The continuum orbitals
were obtained by solving Eq. (6) in the Hartree-
Fock approximation. ' Both incoming and outgo-

ing waves were calculated in the distorting poten-
tial V of the ground 3d' 4s 'S state in order to
simplify orthogonality conditions. For an incident

energy of 22 eV, which lies 3.5 eV above the
single-configuration Hartree-Fock 4s ionization
limit and 1.2 eV above the threshold for excitation
of the 3d 4s Pi level, we found the cross section

to be 26.8)& 10 ' cm . The two largest partial-
wave cross sections are rJ„(d~p, D)=10.3X10
cm and o, (f~d, K=12.2X1 0' cm .

TABLE I. Ga+ energies.

Method
Ionization
potential

(eV)

3d'4$ 4p
Center of gravity

(eV)

3d 4$ 4p P
(eV)

Hartree-Fock

(HF)

Hartree-Fock Relativistic
(HFR)

Hartree-Fock Re-
lativistic with 4s
pair correlations

(HFR$)

Hartree-Fock Re-
lativistic with 4s
and 3d pair
correlations

(HFRsd)

18.5

18.8

19.7

19.7

20.3

19.6

19.6

22.3

20.8

20.1

20.1

22.8
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tial of 18.5 eV differs substantially from the exper-
imental value of 20.5 eV, and the position of the
3d 4s 4p appears to be too low, being nearly equal
to the experimental ionization energy. We includ-

ed relativistic effects by using the Hartree-Fock
method with relativistic modifications (HFR), '
which includes the mass velocity and Darwin
corrections within modified HF differential equa-
tions. This provides a small improvement on the
ionization potential but lowers the position of the
3d 4s 4p configuration. These results were

checked by performing a Dirac-Fock calculation
and we found that the HFR energies are within 0.1

eV of the fully relativistic results.
The effects of electron correlation should be sub-

stantial in Zn-like ions. We approximated the 4s

pair correlation in the ground-state configuration
3d' 4s by performing a multiconfiguration
Hartree-Fock (MCHF) calculation on 3d' 4s

plus 3d' 4p . We found that the 3d' 4s configu-
ration was lowered by 0.9 eV. If we assume that
the 4s pair correlation is the same in 3d 4s 4p, this
effect increases the ionization potential, but does
not affect the position of the 3d 4s 4p configura-
tion, This estimate is designated by HFRs in
Table I. It is well known that pair correlation
within the 3d' subshell is very large. ' For ex-

ample, Jankowski et al. have determined that the
total correlation energy in the 3d' subshell of
Zn + is —13.673 eV (or —0.3038 eV per 3d-3d
pair), and that this value is nearly independent of
nuclear charge. If we assume the same correlation
per 3d-3d pair in Ga+ 3d&o4sz and 3d 4s 4p, we
obtain a correction of 2.73 eV for the energy
difference between these two configurations. This

correction, which does not affect the ionization po-
tential, is designated by HFRsd in Table I. It
should be noted that if we add this same correction

to the HF ionization potential for Cu+ 3d', we

obtain a value within 0.2%%uo of experiment. This
method of correcting for correlation effects, how-

ever, does not include the differences in pair corre-

lation between nonequivalent electrons. The
remaining error in the ionization potential is

presumably due to additional correlation effects,
such as 3d-4s pair correlation. We have used the

experimental ionization potential in estimating and

plotting the direct-ionization cross section.
The excitation cross sections for

3d' 4s 'SO~3d 4s 4pL~S~J~ were calculated in

the distorted-wave approximation using Eqs. (18)
and (19) modified for intermediate coupling. We

used HFR bound orbitals and the continuum orbi-

tals were obtained by solving Eq. (6) using a semi-

classical exchange term. This exchange term

simplifies the solution of the differential equations

and gives results in close agreement with results

obtained from the HF distorted-wave program. In

calculating the Hamiltonian matrix element of Eq.
(16) we included the term which results from the

lack of orthogonality between the bound state orbi-

tal of the active electron and the continuum orbi-

tals with equal values of angular momentum. The
form of this term used in the present calculations

is the same as that employed by Clark et al. It
proved to have a significant effect on the cross sec-

tions for all transitions except the strong optically
allowed excitation to 3d 4s 4p 'P&.

The results of our excitation cross section calcu-
lations are summarized in Table II. The energies

TABLE II. Ga+ 3d' 4s ~3d 4s 4p excitation cross sections.

Resonance
energy

(eV)

Eigen vectors Cross section (10 ' cm )

at threshold

21.6
21.9
21.9
22.0
22. 1

22.2
22.4
22.5
22.6
22.8
22.9
22.9

—0.99 Pz+0. 15 Dz
—0.98 P)+0.13 D) —0. 16'P)
—0.83 F)—0.54'F)+0. 17 D3
—1.00 F4

1.00'Po
—0.95 Fp+0. 25 Dp+0. 17'Dp

0.71'Fp+0. 62 Dg —0.34 Fg
0.78'Dp+0. 55 Dp+0. 29 Fp

—0.77 Dg+0. 45'F) —0.45 F)
—0.97 P] +0.19 D] +0.18 P&
—0.97 D ] —0.2 1 P )

—0. 10 P )

0.78 Dp —0.61'Dp+0. 11 Pp+0. 11 Fp

1.5
1.4
2.5
3.5
0.3
1.8
1.7
0.7
1.5

18.5
1.2
0.7
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and eigenvectors were calculated using an atomic
structure program furnished to us by Cowan.
The excitation cross sections in intermediate cou-
pling at threshold were determined by extrapolat-
ing each cross section calculated at higher energies
back to the threshold energy. As expected the
transition to the 'Pi level at 22.8 eV dominates;
however, the excitations to the other 11 levels do
make an appreciable contribution to the total cross
section. It should be noted that the difference be-

tween the 'P& cross section value of 26.8)& 10
cm in Sec. III and the value of 18.5g10 ' cm
from Table II is due primarily to the change in the
excitation energy discussed above. The branching
ratios for autoionization were calculated using a
method similar to that used by Cowan and Mann'
and were found to be nearly equal to one. Thus,
the total cross section is equal to the sum of the
direct-ionization and excitation cross sections.

A plot comparing our calculated ionization cross
section with experiment is shown in Fig. 2. Our
excitation cross sections, when added to the
direct-ionization cross section calculated from the

Lotz equation, are about 10' higher than experi-

ment at an energy of 30 eV. At least some of this

discrepancy is due to the fact that the Lotz equa-

tion tends to overestimate the direct-ionization
cross section. When we add our cross sections to
the PWB calculation, the agreement between

theory and experiment is excellent.
Despite this apparent agreement, there are

reasons to believe that the distorted-wave approxi-
mation overestimates the contributions of the
3d' 4s ~3d 4s 4p transition to the total ioniza-

tion cross section. We have not included the ef-

fects of transitions to the configurations 3d 4s nl

(nl+4p;n =4,5), which are expected to occur in the

energy range from 29 to 35 eV, nor transitions to
the doubly excited state 3d' 4p4d which should oc-
cur between 21 and 22 eV. Although the contribu-

tions of such transitions to the total cross section

should be much smaller than the 3d~4p excita-

tion, they should still be measurable. In addition,

the calculation depicted in Fig. 2 does not include

the effects of configuration interaction in the final

state of the target ion. The interaction between

3d 4s 4p and the bound-state configuration
3d' 4s4p is particularly important. The excitation

cross section for the transition 3d' 4s 'So~
3d' 4s4p 'Pi is quite large and a small admixture

of this state within the eigenvectors of the quasi-

bound states will have a significant effect. We

have performed a calculation of the cross section

for the transition to the quasibound level at 22.8
eV in which we included the configuration mixing
between this level and 3d' 4s4p 'P&. Although the

mixing coefficient was only —0.091, the cross sec-

tion at threshold increased from 18.5X10 ' cm

to 26.6g10 ' cm . We found that the
3d' 4s4p~3d 4s 4p mixing had a small effect on

the cross section to other J levels of 3d 4s 4p, and

the enhancement of the total cross section is ap-

proximately 25% near threshold.
Finally our calculations do not explain the rather

gradual increase in the experimental cross section

between 23 and 28 eV, nor the small but visible

structure in this region. However, despite the
above mentioned discrepancies, the excitation-
autoionization contributions in Ga+ appear to be

reasonably well explained by the distorted-wave

method and the independent processes approxima-
tion.

0 —~ucwrrrtu~
15 20
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