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Level shifts of msns Rydberg states induced by hyperfine
interaction in odd alkaline-earth isotopes
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High-resolution two-photon spectroscopy was applied to investigate the msns 'So Ryd-
berg states of the alkaline-earth elements Ca, Sr, and Ba. It is shown for 'Ca, "Sr,
'"Ba, and '"Ba that the hyperfine interaction causes a level shift between odd- and
even-mass isotopes. A theoretical interpretation is presented which relates the energy-
level shift for odd isotopes to the singlet-triplet separation which in turn is a function of
the principal quantum number, and good agreement with the experimental results is
found.

I. INTRODUCTION

The important role of hyperfine-induced singlet-

triplet mixing in two-electron systems has been

demonstrated recently in the case of He. ' The
hyperfine interaction of the 1s open-shell electron
gives rise to a significant modification of the
hyperfine structure of the n D states. The
hyperfine structure was measured for the 2 P and
3 D states using intermodulated fluorescence
spectroscopy' and for the n 3S (n =4—6) and n 3D

(n =3—6) levels via Doppler-free two-photon
spectroscopy. In addition, the isotope shifts
between He and He were then determined in
these transitions. ' The knowledge of the
hyperfine structure is necessary to obtain accurate
values for the isotope shifts. Liao' also pointed
out that hyperfine-induced singlet-triplet mixing
was of critical importance, in particular, for the
character of high Rydberg states in two-electron
systems.

The drastic influence of singlet-triplet mixing on
the hyperfine structure of 5snd 'D2 state of Sr,
e.g., was reported recently, demonstrating that the
hyperfine structure was a very sensitive probe for
testing admixtures of other states. Hyperfine-
induced singlet-triplet mixing was responsible for
an energy shift first observed for Ssns 'So states of

Sr for very high quantum numbers. It was ex-
pected that this shift was typical of all two-
electron systems with a magnitude proportional to
the nuclear spin. In this paper we present experi-
mental results on the level shifts induced by hyper-
fine interaction of msns So states of Ca, Sr, and
Ba. These data clearly confirm the expected

behavior. Calculations of the level shifts for all

alkaline-earth elements are in excellent agreement
with the experimental data.

II. EXPERIMENTAL

In order to overcome the Doppler broadening
and to achieve high resolution, a Doppler-free ex-
perimental setup was used in combination with a
narrow-band cw dye laser. The high resolution is
necessary as the separation between different iso-
topes and hyperfine components is of the order of
10 to 500 MHz. Two-photon spectroscopy is par-
ticularly well suited for the investigations of high
Rydberg states in Ca, Sr, and Ba, since the energy
difference between the ground state and the
msns 'So states can be bridged by two photons of
an energy accessible with cw dye lasers. The out-
put power necessary for two-photon transitions is
obtainable with ring laser systems. These laser sys-
tems are ideal tools especially for high-resolution
two-photon spectroscopy due to the high single-
mode output power and narrow bandwidth.

The measurements reported here were carried
out with a cotnrnercial ring dye laser (Spectra
Physics 380) in the wavelength region between 406
and 480 nm, which was covered by three different
dyes. For the spectroscopy of Ca, Sr, and Ba, Stil-
bene 1, Stilbene 3, and Coumarine 102 were used,
respectively. All these dyes were pumped with the
uv lines of an Ar+ ion laser providing a maximum
pump power of 3.6 W. The most efficient of these
dyes is Stilbene 3 with a tuning range of 420 nm to
470 nm, allowing for output powers up to 250
mW. Stilbene 1 working in the deep blue range be-
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tween 405 nm to 425 nm resulted in a peak power
of about 140 mW and Coumarine 102, providing
wavelengths from 460 nm to 495 nm, yielded

about 200 mW with the uv pump lines.
The dye laser was frequency stabilized to an

external Fabry-Perot reference cavity resulting in a
linewidth of about 1 MHz. The total continuous

single-mode tuning range extended over 30 0Hz,
more than sufficient to measure all hyperfine com-

ponents and isotopes of one Rydberg state in a sin-

gle scan.
Doppler-free signals were obtained by applying

the usual geometry for high-resolution two-photon

spectroscopy as sketched in Fig. 1. The metal va-

por was produced in a stainless steel hot pipe heat-

ed to a temperature which corresponded to a vapor

pressure of approximately 25 m Torr. To obtain

the power density necessary for the two-photon

process the laser beam was focused into the center

of the pipe and reflected back via a spherical mir-

ror. The excited Rydberg atoms were then detect-

ed by a space-charge limited thermionic diode with

substantial gain for detection of ionization. The
diode was formed by a stainless steel wire inserted

into the hot pipe and negatively biased ( —0.5 V)

through a load resistor (10 to 100 kQ). This detec-

tion method is, in particular, well suited for the

spectroscopy of high Rydberg states, because the

sensitivity of the thermionic diode increases with

decreasing energy difference to the ionization limit.

Thus it partly compensates for the decreasing tran-

sition probability.
The laser wavelength was determined by using a

wave meter with an absolute accuracy of 0.01
cm '. This accuracy is important to identify

unambiguously the exact term energies and hence

the quantum number n of the excited Rydberg
state, especially in the range of high principal
quantum numbers. Relative frequency separations
between different isotopes or hyperfine components
were calibrated by means of a confocal Fabry-
Perot interferometer with a free spectral range of
125 MHz. In this way isotope shifts and hyperfine

splittings can be determined with a relative accura-

cy of about +10 MHz.

III. THEORY

In two-electron systems the msns configuration
can form two terms, the 'So and S& states. If the
nucleus has no spin (I =0) these states are single

terms without any hyperfine splitting, and they
both converge for a given isotope with increasing

principal quantum number n to the common ioni-

zation limit I,. In the case of the alkaline earths

this is the Si&2 ground state of the corresponding
ion. If there are no configuration interactions or
perturbations of other states these series follow a
simple Rydberg formula:
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(n —5;)
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FIG.- 1. Scheme of the experimental setup, including
the geometry for the Doppler-free two-photon spectros-

copy and the detection method.

where 5; is the quantum defect for singlet and tri-

plet states, respectively, and R is the Rydberg con-

stant.
With a nuclear spin I+0, on the other hand, the

triplet state is split into 2J+1 hyperfine com-
ponents for I &J (or 2I + 1 if J & I, J is the total
angular momentum of the electrons) with the total
angular momenta F =

~

I —J ~, ~

I —J+ 1 ~, . . .,
~

I+J ~. The ionization limit is also split into two
I

hyperfine components with F=I + —, and

F=I——,, and the Rydberg formula (1) does not

hold for high principal quantum numbers

(I, —E; (hyperfine splitting of the ion) when

detected with sufficiently high resolution. An ad-

ditional energy b,E; has to be added to Eq. (1),
which accounts for two different ionization limits.

Using a simple vector model, as shown in Fig. 2,
the qualitative behavior can be described easily.
For low principal quantum numbers n the electro-
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FIG. 2. Change from LS to Is~ coupling when ap-

proaching the ionization limit. The F=—components

of the 'So and S& states converge to the F=I+—hy-

perfine components of the ion ground state (I/O),
whereas for I=0 all levels merge into the unsplit 'S~q2

ionization limit. The energy at the left is not drawn to
scale.

static interaction between the two electrons can be

regarded as pure Russel-Saunders coupling. This
is certainly true in the case of magnesium and cal-

cium and for low n also for strontium and bari-

um. With increasing principal quantum number,

however, the magnetic interaction between the nu-

cleus and the lower s electron becomes comparable
to the spin-spin interaction. ' This results in a
breakdown of pure LS coupling. The spin of the
lower electron now first couples to the nuclear spin

to form I+s& and then couples to the spin of the
excited electron to form a total F. In this Is j cou-

pling scheme we still have the same total angular
momenta F as compared to the LS coupling case.
However, when the outer electron becomes ionized,
the four states merge into the two hyperfine com-

ponents of the ion ground state. For a Fermi con-

tact term a, y0 the 'So state of an isotope with

I+0 is higher in energy compared to the I=0
counterpart which converges to the unsplit Si&2
state.

The Si (F=I) states are lowered in energy, as
their ionization limit is the F=I ——, hyperfine

component. The maximum shift is given by the
amount of the hyperfine splitting of the ion ground

I

state and is directly related to the Fermi contact
term of the lower s electron and the nuclear spin:
E,„('So) =(a, /2)I and

E,„( S, )=—(a l2)(I+ i)." The other two
components of the Si with F=I+1 and

1 1F=I —1 converge to the I+—, and I——, ion

state, respectively. They are not considered in this
discussioq as only states with the same total angu-
lar momentum interact strongly in first order.

A measurement of the isotope shift of msns So
states between even (I =0) and odd (I+0) isotopes
of alkaline-earth elements as a function of the
principal quantum number should clearly show
this energy shift for high n. The energies of the
excited states have to be high enough so that the
singlet-triplet separation becomes comparable to or
smaller than the Fermi contact term, which deter-
mines the hyperfine splitting of the ion ground
state. In this case the pure LS coupling breaks
down and the Isi coupling takes over.

A quantitative calculation of the singlet-triplet
shift, which was carried out recently for Sr, ' is
based on the solution of the eigenvalue problem of
the perturbed Hamiltonian using mixed wave func-
tions. We will briefly describe the principle of the
calculations and then develop a general equation
for the hyperfine-induced shift as a function of n

where the nuclear spin is the only parameter.
These results can be used to calculate the shift for
all odd isotopes of two-electron atoms with a nu-

clear spin —, &I(—,, provided the singlet-triplet

splitting is known.
The Hamiltonian Ho of the unperturbed system

has to be extended by the Fermi contact term"

W =const I s . (2)

and

3& =E3
I
e3&

results in the following secular equation for the
perturbed eigenvalues E of H:

(4)

The wave function
~

e) is taken as a linear combi-
nation of the singlet and triplet wave functions
with the total angular momentum F=I:

~e)=a, ~e, (F=I)&+~, ~e,(F=I)) . (3)

Diagonalization of H and considering that

Ho
I
e, &=E,

I
e, &

det
E, +(e,

i
wie, ) —E

(e, i wie, &

(e,
( w[e, )

E,+(e, l wle, &
—E

=0.
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The matrix elements are given by'

From (5) and (6) it follows that

E)/3 — +
2 [(E& E3) +—a~, (E& E3)+—a~, (I + —, ) ]

Ej+E3 a
2 & 2 1/2

2 4
—2

The energy differences ~i/3 to the unperturbed term values E] and E3 due to the hyperfine interaction are
then given by

~i=E) —Ei=—
2 4

+ 2 [(E~ E3) +a—(Ej E3)+—a (I+—, ) ]'

EE3 E3 E3——= — — ——,[(E& E3) +—a, (E& E3)+a—,(I + —, ) ]'
(8)

It is more convenient to express the energies in un-
its of the Fermi contact term a . Equations (8)
then read

(9)

l

features. The energy shift of the S~ (F =I) series
converges both for a &0 and a, & 0, with

~ g ~

~ ao, [(E&—E3)&&a, ] to the limit

(F13+ )„=(rl3 )„=——,

or

with g&/3 (E]/3 E]/3) and g=(E& E3)la-
Equation (9) holds only for positive a, as indicat-
ed by the superscript +. If the Fermi contact
term is negative, the hyperfine components of the
ion ground state are reversed and the two F=I
states of 'Sp and Si are supposed to cross. But as
both states have the same total angular momentum
F they repel each other and the 'So (F=I) state
merges into the F=I ——, ion component and the

S] (F=I) states end in the F=I+ —, hyperfine

state. In the simple vector model this case can be
accounted for by changing the quantum numbers
in Is& coupling. The ordering of the hyperfine
components of the Si state is in this case also re-
versed.

For a, &0 Eq. (9) has to be replaced by

Q, n —+ , 0 , + , [0'+k—+(—I+——,—)"]'' .

(10)

Figure 3 shows gi/3 for different values of I. The
graph can be used to determine the hyperfine-
induced shift for all alkaline-earth elements with
different nuclear spins and both positive and nega-
tive a, . Let us discuss briefly some characteristic

or (12)

aE+ = — (I+1)
2

and

or

1

('93 )o= ,I—
(13)

ams
5E3 —— I .

2

Hence for different signs of a, the Si (F=I)
series converge with increasing principal quantum
numbers n to different hyperfine states of the ion.

atns

2

which is the hyperfine splitting of the S~ (F=I)
state without any perturbations. This is the case
for large singlet-triplet separations at low principal
quantum numbers n. In the high-n limit with
small singlet-triplet energy differences (

~ g ~

~0) it
follows that

(q3+)o ————,(I+1)
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-40

FIG. 3. Calculated level shifts for the I' =—components of 'S0 and '5» for different nuclear spins as a function of

singlet-triplet separation. The energy shift and the singlet-triplet separation are normalized to the Fermi contact term

a . For further details see text.

or {14)

a,
hE+, = I,

2

or

~ms (I+1) .
2

It is obvious that the amount of the energy shift is

proportional both to the nuclear spin and the Fer-
mi contact term. Hence even isotopes with I =0
are not shifted even if their wave functions are
strongly Inixed.

IV. RESULTS AND DISCUSSION

A. Strontium

Strontium is a very favorable case for the obser-
vation of the hyperfine-induced level shift. It has

The S~ (I' =I) series always ends in the lower

component of the hyperfine doublet.
The energy shift of the 'So (F=I) series con-

verges to zero for
~ g ~

~ oo as expected. For small

~ g ~

we have again two different limits for q~+ and

q&, due to the reversal of hyperfine splitting of the

ion ground state. These limits are

three stable even isotopes ( "Sr: 0.56%, ' Sr:
9.86 lo, and Sr: 82.56% isotopic abundance in

the natural admixture) with the nuclear spin I =0
and one odd isotope ( Sr: 7.02%) with I = —,.

The maximum shift is rather large (2.75 6Hz) so

that even at low principal quantum numbers a pro-

nounced energy shift can be observed. On the oth-

er hand, the transition probability for two-photon

transitions is enhanced due to a suitable intermedi-

ate level: the 5s 5p 'P& resonance level at 21698.48

cm '. Therefore also states with high principal

quantum numbers can be excited. In addition, the

output power of the Stilbene 3 dye laser peaks at

435 nm corresponding to a two-photon energy of
45977 cm '. Rydberg states with a principal

quantum number n =9 up to the ionization limit

are accessible with this dye. The term energies up
to n =36 were taken from the work of Rubb-

mark. '" For higher-n values the positions of the

states were calculated using Eq. (1).
Typical spectra of different msns 'So Rydberg

states of Sr as obtained with two-photon excitation
are shown in Fig. 4. All stable Sr isotopes are
resolved. The isotope shifts between even isotopes
are dominated by the normal mass shift. As they
all have the nuclear spin I =0 there is no addition-

al energy shift due to hyperfine interactions. How-

ever, the energy shift of the odd Sr isotope
depending on the principal qunatum number as
discussed above can be observed clearly. In order
to exclude other effects which also can shift the
term energies, various parameters were changed



25 LEVEL SHIFTS OF msns RYDBERG STATES INDUCED BY.. . 1501

ee e7 ee
5s10s 'SG

O
C
gl

Vl

N
C0

I I I I I I I

se I ee
Ss35s 'SG

87

2 QL
86 88

5s50s SG
87

0 400 800 1200
Rel. Frequency (MHzj

FIG. 4. Doppler-free two-photon excitation spectra
from the 5s 'S0 ground state to different 5sns 'S0 Ryd-
berg states. The isotopes are labeled by their mass num-

bers.
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during the experiment. Different voltages across
the pipe (0.1 V & U & 10 V) and external magnetic
fields up to several hundred gauss did not influ-
ence the relative positions of the isotopes within
our accuracy. The isotope shifts also remained
unaffected if the Sr vapor pressure was varied or if
a buffer gas (He, Ne) was added. A contribution of
the ac Stark effect was negligible as verified by
changing the laser power by a factor of 5.

The comparison between experimentally obtained
level shifts of the odd isotope and calculated values
using Eq. (10) is shown in Fig. 5. The experimen-
tal data were determined by measuring the isotope
shift between Sr and Sr and subtracting the
normal mass shift. The remaining shift represents
a combination of the hyperfine-induced level shift,
the specific mass shift, and the field shift. The

latter two should show no n-dependence and are
neglected for Sr. The theoretical curve was calcu-
lated taking the Fermi contact term a5, ———0.99
GHz. ' The singlet-triplet energy differences as a
function of n were derived using Eq. (1) and the
following parameters: I, =45 932.19 cm

5& ——3.269, ' 53——3.37.' At low principal quantum
numbers (n & 30) there is only a small increase of
the energy shift, above n -30 the shift increases
drastically and finally starts to saturate at n -80,

1

converging to the F=I ——, hyperfine component

of the Sr II S&&2 ground state with a maximum
shift of 2.75 GHz. There is excellent agreement
between theory and experiment.

B. Calcium

The natural mixture of calcium contains one
stable odd isotope, Ca (I = —, ), with an abundan-

cy of only 0.135 at. %. Figure 6 shows a laser
scan over the 4s10s 'So Rydberg state with the
well resolved Ca and the even isotopes Ca
(96.97 at. %), Ca (0.64 at. %), Ca (2.06 at. %),
and Ca (0.185 at. %) demonstrating the high
detection sensitivity of the space-charge limited

thermionic diode. However, the two-photon transi-
tion probabilities for the 4sns So series decrease
drastically above n —15 with increasing quantum
number as already observed by Wynne et al. '

Thus in the case of calcium the isotope Ca could
only be detected up to n =21 at a corresponding
laser wavelength of 408.2 nm. Here, the single-
mode output power of the ring laser working with
Stilbene 1 was limited to about 30 mW only. In
comparison, the hyperfine components of the
4snd 'D2 levels have been resolved up to n =50
(laser wavelength -406 nm) with the same experi-
mental setup. ' When employing time averaging

a20-
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44
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4s 'So-4s10s'Q
(2108 nmj
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0
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FIG. 5. Calculated energy shift for 'Sr as a function
of the principal quantum number n. Circles represent
the experimental data.

1000
I I
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FIG. 6. Two-photon excitation spectrum for the
4s 'S0-4s10s 'SG transition in natural calcium.
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FIG. 7. Calculated energy shift for 'Ca as a func-
tion of the principal quantum number n. In the insert
experimental data are compared with the prediction.
The error bar represents the error intervals for all deter-

mined data.

using a frequency offset locking system it should
be possible to record data also for high ns 'So lev-
els of Ca. Work along this line is in progress.

Figure 7 shows the theoretical level shift for
Ca using again Eqs. (1}and (10}with the follow-

ing parameters: I= —,, I,=49305.99 cm

5~ ——2.337 (Ref. 18), and 53——2.441.2' The Fermi
contact terrr& a4, was calculated with the Fermi-
Segr'e-Goudsmit formula to a4, ———0.827 GHz.
In the insert the experimental data are compared
with theory, showing reasonable agreement. The
experimental values were obtained applying the
same procedure as for strontium. The contribution
of specific mass and field shift is reduced by nor-
malization of the data for n =12 to the theoretical
value. Although we did not measure very high-n
values the trend for the odd-even energy shift is
obvious.

The energy difference (E~ —E3), which is neces-
sary for the calculations, cannot be extracted from
the literature, because 6sns S& levels are not
known for values n & 12. The known term values
are of little use, however, since in these lower re-

gions of the principal quantum numbers perturba-
tions affect the term energies considerably.

To obtain a reasonable value for the quantum
defect 53 we took our experimentally derived ener-

gy shift for n =50 and the known 5~ for the
singlet series to determine the quantum defect for
high values of n for the 6sns S~ levels of barium.
At this point it should be mentioned that the
theory presented above also offers the possibility to
determine exact term energies for Rydberg series,
which are not easily accessible for experimental in-

vestigations due to selection rules, provided the
wave function does not contain contributions from
other configurations.

With the data for the quantum defect derived in

this way [5~——4.218 (Ref. 24) and 53——4.280], tak-

ing the revised ionization limit for barium
42035.04 cm ' (Ref. 24} and subtracting again the
normal mass shift for the isotope shifts

Ba— Ba and i38Ba—' Ba, the comparison be-

tween experiment and theory is illustrated in Fig. 8
for both odd Ba isotopes. Again, the experimental
data closely follow the theoretical predictions. The
larger increase for ' Ba is verified by the experi-
ment. Deviations from the calculation for low n

are mainly due to the influence of perturbing states
such as 6p Po, 5d6d Do, and 5d6d So. Specif-
ic mass and volume shifts are considerably affected
by these perturbations.

In addition, there are many more interacting lev-

C. Barium 3-

The natural isotopic mixture of barium is com-
posed of five even and two odd isotopes, both with
the nucelar spin I = —,. The energy shifts of '"Ba
(6.59%) and ' Ba (11.32%) 6sns 'So states were
analyzed between the principal quantum numbers
n =21 (41 646.38 cm ') and n =50 (41 982.68
cm ') with respect to ' Ba (71.66%).

The a6, factors of Ba+ are known very accurate-
ly a6, (' Ba+)=3.59167 GHz and

a6,(' Ba+ )=4.018 87 GHz. While the nuclear
spins of both isotopes are identical, a slightly
larger increase of the energy shift for ' Ba should
be obtained due to the larger value of a6, for ' Ba
compared to ' Ba.

N

'-2-
UJ

(/)

I
C

UJ

0 I I

0 50 100 150
Principal Quantum Number n

FIG. S. Calculated energy shifts for ' Ba and ' Ba
as a function of the principal quantum number n. Ex-
perimental data for ' Ba and ' Ba are added for com-
parison. The values for n =9 were taken from Ref. 26.
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els in the barium spectrum also for high principal

quantum numbers n as can be seen from the work

of Aymar et al. These perturbations can lead to
slightly different energy shifts, because they are
not included in this simple theory.

V. SUMMARY

In conclusion, we have demonstrated that high-

resolution two-photon spectroscopy of alkaline-

earth elements in high Rydberg states can gain ac-
curate information about singlet-triplet mixing in-

duced by hyperfine interactions. The effect of the

energy shift first observed for the odd Sr isotope
occurs also in other alkaline-earth elements, as was

demonstrated by the data for Ca, ' Ba, and

Ba. These data are compared with calculated
values taking into account the interactions of F=I
hyperfine levels of 'So and S& states only. There
is good agreement between experiment and theory,
although the influence of F=I hyperfine states of
'D2, D~ 2 3, or other series are neglected. The
theory allows for the determination of term ener-

gies or quantum defects even for levels which are
not accessible to experimental analysis due to van-

ishing transition probabilities.
Similar behavior is expected for 'D2 and D2,

which was observed for the same isotopes dis-

cussed here; this effect requires an extended theory
due to additional terms necessary in the Hamiltoni-

an and more interacting levels involved.

In principle, the observed shifts have to be taken

into account for all isotopes with nuclear spin

I+0, when term energies of Rydberg states are

determined with very high accuracy and mul-

tichannel quantum defect theory (MQDT) is ap-

plied.
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