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Analysis of E-shell ionization accompanying nuclear scattering
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Blair et al. have given a semiclassical form for the scattering amplitude describing a

proton scattered by both a E-shell electron and by the nuclear plus Coulomb force of the

target nucleus. This form is at variance with a recent experimental result of Duinker
et al. We present both simple physical arguments and a detailed theoretical analysis

which establish the conditions of validity of Blair's formula. We pay particular attention

to the case of resonant nuclear scattering. We find that in the case of the experiment of
Duinker et al. , the Blair formula is expected to hold.

I. INTRODUCTION AND OVERVIEW

Duinker et al. ' have recently performed a

(p,p'yz) experiment in which a proton scattered
elastically through 125' by the ' C nucleus also
creates a hole in the atomic E shell, whose subse-

quent decay produces an x ray. The x ray is meas-

ured in coincidence with the scattered proton. The
ratio R (E~ ) of p —y coincidences to proton singles

was investigated as a function of proton bombard-

ing energy Ez across an s-wave resonance at 461
keV of width I z ——38 keV in ' N. It was found
that R (Ez) exhibits a resonance enhancement of
some 50%%uo above its off-resonance background
value. This finding is at variance with a theoreti-
cal expression given by Blair et al. and, in extend-

ed form, in Ref. 3. The amplitude T,(k, k ', k, )

for the scattering of a proton by both the nucleus

and an electron of the target atom is written ap-

proximately as the sum of products,

T,(k, k ', k, ):f, (8~)T'(k '—, k, )

+T'(k, k, )fg(8q),

where haik, Ak ', and Ak, are the momenta of in-

cident and outgoing proton and ejected electrons,
respectively, in the c.m. (center of momenta) sys-

tern, e is the incident c.m. energy, e' the proton
c.m. energy after electron emission, 8& the angle
between k and k ', and f, (8&) the proton's nuclear
plus Coulomb elastic scattering amplitude. Equa-
tion (1.1) has the intuitively appealing property
that it gives T, as the sum of two contributions
which describe electron emission after and before
nuclear plus Coulomb scattering, respectively. As
we show below, the two factors in each term are
essentially the on-shell amplitudes for the proton

to scatter separately from the nucleus and from the
electron. In the experiment of Duinker et al. ,

' the
mean energy loss to the electron is estimated to be
about 1 keV, i.e., much smaller than the width (38
keV) of the 461-keV resonance in ' N. It is then

justified to put f, (8~)=fq(8p) so that

I i T,(k, k';k, )
i

d k,
R(g)=R( —„E )=

I f."(8p)
I

'
(1.2)

should, in this approximation, be constant across
the resonance.

This striking disagreement between experiment
and theory has prompted us to take an independent
look at the theoretical description of the problem,
in an attempt to determine under which physical
conditions the form (1.1) for the amplitude given

in Refs. 2 and 3 is valid. We do not restrict our-
selves to elastic proton-nucleus scattering but in-

clude inelastic nuclear processes. We first examine
the conditions for Eq. (1.1) within the DWBA
(distorted-wave Born approximation) description,
in which the nuclear plus Coulomb scattering of
the proton by the target nucleus provides the dis-
torted waves which are employed to calculate the
proton-electron scattering. We subsequently- show
that the same conditions suffice to justify the form
of the result (1.1) within an adiabatic Born-
Oppenheimer approximation in which it is not the
proton-electron interaction which is assumed to be
small but rather the ratio of the proton velocity to
the bound-electron's orbital velocity. We pay par-
ticular attention to the fact that the proton-nucleus
scattering displays a resonance.

Within these two theoretical approaches to the
problem, we find that the form (1.1) for the ampli-
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tude is not universally valid, but that it is accurate
within a well-defined set of conditions on the
parameters of the scattering problem. These con-
ditions are the following.

(i) It is most essential that the proton-electron
scattering (ionization) should essentially occur at
distances from the target nucleus which greatly
exceed the proton's impact parameter b. More pre-

cisely, ionization should essentially occur at a dis-
tance R~ which satisfies

Rg)) lb, (1.3)

where l(b) is the maximum angular momentum

(the maximuin impact parameter} which contri-
butes to the nuclear plus Coulomb scattering of the
proton by the nucleus. Since, in semiclassical
terms, b and I =bk change with the proton scatter-
ing angle (for pure Coulomb scattering, e.g., ac-
cording to I =g cot8&/2, where g is the proton-
target Sommerfeld parameter), the condition (1.3)
will be violated at small scattering angles, where

the impact parameter for Coulomb scattering from
the nucleus can exceed the electronic E-shell radius

R~. As is shown below, for the experiment of
Duinker et al. , Eq. (1.3) is satisfied for angles 8~
greater than 30' or so; we recall that the experi-
ment was performed at 125'.

(ii) The momentum transfer,

fiq =A(k —k'), (1.4)

to the electron must be a small fraction of the in-

cident proton's momentum k. Since classically q
cannot exceed the value 2(m, /mz)k, where m, and

mz are the mass of electron and proton, respective-

ly, this condition is surely well satisfied.
(iii) The angular momentum transfer RqRx to

the electron must not exceed, roughly speaking, a
few units of fi. In the Duinker et al. experiment,
irtq Rx is about limni.

(iv) Since Duinker et al. observe a resonance
enhancement of the ratio R (E~), it is vital to es-

tablish the condition on the resonance part of the
proton scattering wave function that leads to Eq.
(1.1). The nuclear resonance can decay into the
proton continuum through the Coulomb interac-
tion between proton and bound electron, ejecting
the latter in the process. This can be viewed as
internal conversion where one of the nuclear states
is a scattering state. This process does not lead to
the form (1.1) for the total scattering amplitude.
We estimate the relative contribution of this pro-
cess to F, to be of the order
(E, /I N)' -(RN/R~), where E, is the resonance

energy, RN the nuclear radius. The factor
E, /I ~ =-10 describes the resonance enhancement
of the process. The factor RN/Rx accounts for
the fact that in a nuclear resonance, the proton is
confined to a sphere of volume Rz while in the
DWBA matrix element involving two scattering
states of the proton, the integration over the proton
coordinate extends essentially over a sphere of ra-

dius R~.
To summarize in physical terms: (a) The contri-

bution from internal conversion —the genuine reso-
nance contribution —is relatively suppressed be-

cause the ratio Rx/RN » 1. (b) The large ratio of
proton mass to electron mass guarantees that pro-
ton scattering on an electron at rest is very forward
peaked (for the proton}, and transfers very little
momentum to the electron. (c) This forward peak-

ing eliminates multiple scattering of the proton, of
the nucleus-electron-nucleus type, which would re-

quire the proton to backscatter from the electron.
(d) For large enough proton scattering angles, the
nuclear plus Coulomb scattering of the proton oc-
curs in a volume which is negligibly small com-
pared to the volume of the atomic E shell. Then,
proton-nucleus and proton-electron scattering be-

come mutually independent processes. These con-
ditions suffice to justify the form (1.1) given by
Blair et al. , and make it difficult to understand the
experimental result of Ref. 1.

The paper is organized as follows. The essential

physical steps leading to the conditions (i) —(iv) are
outlined in the following sections. In view of the
discrepancy between theory and experiment, we

also wish to give a detailed and precise account of
our arguments. In order not to destroy the simpli-

city of the basic reasoning, part of this account is
given in several appendices. We use the DWBA
form for T, throughout and show in Sec. V that
the conclusions remain unchanged when the adia-
batic form is used instead.

II. DWBA TREATMENT OF PROTON-
ELECTRON SCATTERING

As stated in Sec. I, we first consider the range of
validity of the factorized form (1.1) of T, within a
DWBA formulation, in which the weak (,37 )

proton-electron interaction is considered as a first-
order perturbation on the dominant proton-nucleus
scattering. Since our primary purpose is to present
an independent search for possible deviations from
the factorized form of T, given by Blair et al. , we
have taken some pains to construct a proton-
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nucleus scattering wave function which explicitly
contains the effects of a resonance (which does not
normally occur in distorted-wave calculations).
For generality, we have considered both a one-body
("shape") and a many-body ("compound nucleus" )

resonant state, but in order not to interrupt the
main argument, we present the detailed discussion
of this wave function in Appendix A. As men-

tioned in Sec. I, we consider the general case of in-

elastic proton-nucleus scattering. To. focus on the
essentials in the main text, we deal with this gen-
eral case in Appendix B, and concentrate here on
the one-body aspects, treating the resonance as a

shape resonance, and the proton-nucleus scattering
as an elastic process. In this case, the proton-
nucleus scattering functions q,'+-'(k, rp) depend on
the single variable rp (proton's positron) and the in-

cident (final) momentum Ak(haik '), respectively.
Let =0(r, ) be the (normalized) E-shell bound-state
wave function of the electron in the target nucleus,
and:-~ '(k„r, ) a scattering wave function of the
electron in the Coulomb field of the target nucleus
with asymptotic momentum haik, subject to an in-

coming wave boundary condition, and normalized
to a delta function in energy.

The DWBA form for T, is given by

2

T,(k, k', k, )=(qr,' (k', r~):-z '(k„r, ) q,'+'(k, r~):-0(r, )) .
/ r~ —r,

/

(2.1)

We have used the electron-proton interaction as a perturbation. This interaction must be supplemented by a
recoil term (see Appendix A); such a term does not alter our conclusions and is therefore omitted here. In
the published literature, one sometimes uses electronic wave functions for the united atom; in this case, the
perturbation takes a different form. However, our arguments carry through for this case just as well; see
our discussion of the adiabatic approximation in Sec. V.

According to Appendix A, the functions q,'-' have the form (we suppress the proton spin which is ir-

relevant)

'(k, r-~}=[(2m~}I(eke )]'~ g i'Y~ (k)YP(r~)exp[+i5t(e)]
l, m =0

X p& F&(p&)+5I of dE'(6 —e )r& Fg, (p&) V(~—e g'~) V~

+(4nrp} 'Fo(rp) exp[+i50(e)](e Ãg) 'V~ —. (2.2)

(2.3)

It is the purpose of Eq. (2.2) to exhibit the explicit
influehce of the resonance which to be definite we
have assumed to occur in the s wave. According
to Appendix A, 50(e) and F,(rp) are smooth back-
ground phase shift and smooth background real
regular radial scattering function, respectively, for
s waves, the latter again with asymptotic behavior

Here, mp is the reduced mass of the proton, 5I(e)
(i & 0}are the nuclear-plus-Coulomb scattering
phase shifts of the proton (we assume for simplici-

ty that the Coulomb potential of the target nucleus
is screened and omit the logarithmic phase shift of
an infinitely extended Coulomb potential), and

F,(rz) (i & 0) are the real radial scattering wave
functions of the proton which are regular at the
origin and behave for large distances as

F,(&p) ~ sin(&rp 2 ~~+~I)
r ~ao

I

(2.3), while the effect of the resonance resides in
the last two terms of Eq. (2.2). The real radial
wave function Fo(rp ) is normalized according to

f dr&FO(rz ) = I; (2.4)

it is the "wave function of the resonance" and
differs from the functions F,(r~) in decaying ex-
ponentially (or in some other fashion) outside the
target nucleus, where the functions F, have oscilla-
tory behavior. The real quantity Vz is the matrix
element which couples the resonance to the proton
continuum. It is responsible for the width

I N
——2m. ( V~) (2.5)

of the resonance. The complex energy

K~ ——EN+i —,I z is given in terms of the width and

the real resonance energy Ez.
Of the three additive terms appearing in Eq.
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(2.2}, the first [F,(rz)] describes the nonresonant
background. The other two are resonant, but
differ in that the first [containing F~(rz }]is long
ranged in rz, and the last [Fp(rz)] is, as mentioned,
of bound-state form and so localized in or near the
nucleus. To simplify the notation we designate
these three terms, in the above order, as 1, 2, and
3. Substituting Eq. (2.2) into (2.3) then produces 9
terms (i

~

T
~
j)=TJ, with ij =1,2, 3. The contri-

butions TJ have a simple physical interpretation
along the lines of multiple-scattering theory and a
great formal similarity to the work of Ref. 5. T»
is obviously the sum of the nonresonant contribu-
tions; it will receive detailed attention in Sec. IV.
The term TI2 can be read as formation and subse-

quent decay of the nuclear resonance, propagation
of the proton in an intermediate state (integration
over the intermediate energy e', followed by ejec-
tion of the electron. The term T2] has the time-
reversed interpretation. The term T]3 signifies for-
mation of the nuclear resonance, followed by a
process which is a generalization of, but similar to,
internal conversion: The Coulomb interaction be-

tween proton and electron leads to the simultane-
ous emission of the electron and decay of the reso-
nance. (In internal conversion, one considers tran-
sitions between two nuclear levels, whereas here we
deal with the transition from a nuclear level to the
proton continuum. ) The interpretation of the other
terms TJ can be given in a similar way.

1 1

R ——aK 6 B= ~2~s

where aB is the Bohr radius. We accordingly
parametrize gp(k„r~) in the form

(3.3)

For simplicity of notation, we have put
50(e) =50(e'). This obviously does not affect the

magnitudes of T~3 and of T». The function

g0(k Pp ) is the form factor for the atomic mono-

pole transition, obtained by integrating the product
of 0,

' and the interaction in expression (2.1)

over the variable r, . This form factor is still a
function of the electron momentum haik, . For di-

pole transitions, the momentum dependence of
g i (rz) is displayed in Fig. 3 of Ref. 6. As the en-

ergy of the ejected electron changes by a factor
100, the characteristic features of the dipole form
factor—position and width of the broad maximum

occuring at about I"p ——R~, the K-shell radius —can
be seen not to change by more than a factor of 2
or 3. Keeping in mind that we aim at giving an

order-of-magnitude estimate of T» and TI3, and

that the characteristic energy dependence of the
monopole form factor is expected to be similar to
that of the dipole term, we approximate gp(k„rz)
by an energy-independent function. The form of
this function is suggested by Fig. 2 of Ref. 6 which

shows gp(k„rz ) for nuclear charge 20 to be a
monotonically decreasing function of r&, with a
half-maximum value taken roughly at rz

——R~, the
atomic E-shell radius. In our case,

gp(k„r&) =exp( r&/Rx—) . (3.4)

III. NEGLECT OF "INTERNAL
CONVERSION" PROCESSES

T i i ——[(2m& )/(M k ) ](4m.) exp(2i5p)

X dIpF&(Pp)F& (lp)g0(k& lp) .
0

(3.2)

We show that all contributions to T containing
the resonance wave function Fp(r~), i.e., all terms

Tj'with i or j equal to 3, are negligibly small. We
simplify the argument by considering only atomic
monopole transitions (the extension to higher mul-

tipoles is straightforward). We compare the s-wave

contribution to T~3 with the s-wave contribution to
T» and show that the former is very small corn-

pared to the latter.
The two contributions are denoted by Ti3 and

T», respectively, and are given by

Tii [(2m~)/mfi k)]'——~ (4ir) exp(2i5p)VN(e —8'~+)

X drpF0(rp )F;(Ip )g0(k„rp ), (3.1)
0

We emphasize that (3.4) does not constitute a pre-
cise approximation to gp(r~ ) (we have paid no at-
tention to normalization); it suffices, however, to
show that

~
Tii

~
&&

~
Tii

~

. We approximate the
bound s-wave function F0(r&) of the proton in a
similar way, writing

Fp(r~ )= (2/RN )' exp( r~/R~ ), —(3.5)

which is consistent with Eq. (2.4). To evaluate the
integral in Eq. (3.2), we note that the range of in-

tegration extends over about 10000 fm, while the
classical turning point of s-wave protons at 460
keV lies roughly at 20 fm. It is therefore justified
to use for I, the asymptotic form (2.3). Using this
form, we find two contributions, one containing
the factor exp[i(k +k')r~], the other, the factor
exp[i (k —k')r&]. since k =0.15 fm ', the first
contribution contains a function which oscillates
rapidly over the range R~ of integration, and thus
is negligible in comparison with the second, in
which the momentum transfer Rq defined in Eq.
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The magnitude of T~3 given by Eq. (3.1) is overes-
tiinated if we replace F,(rz) (which oscillates, and
is suppressed near the origin because of the
Coulomb penetration factor) by unity. this yields,
with R~))R~,

Tip &2[(2m~)/(iriii k)]'~ (4ir)

x(V'/I N)(2R )' '.
As a result, we find, using Eq. (2.5}, that

(3.7)

I T13/Tii
1

«(F.- /I ) (Rx/R }'"
X(kRx)-'"(I+q'Rxi ) . (3.8)

Since k ' is of the order of Rz, this agrees with the
qualitative estimate given in the Sec. I. Quantita-
tively, we see that with Rz =-8000 fm, RN -=4 fm,
k=-0.15 fm ', E, /I N-=10, R~q&3, the ratio
1Tiq/Tii

1
&0.0005. Even though this estimate is

based on qualitative features of go and Fo it shows
that the contribution of Ti3 can never explain the
finding of Ref. 1. It is conceivable, of course, that
at an energy where (Tii+ Tii+ Tii) nearly cancel,
T~3 gives a contribution of a few per cent, but this
is not enough.

The same arguments can be used to show that

1
Ti3/Tii

1
« 1. Finally, comparing T33 with

T», we find analogously that the ratio T33/T» is
roughly given by (E„„/Iz) (Rxk) ' (1+q Rx) so
that T33 too, is negligible.

These findings justify the neglect of the com-
ponent proportional to Fo(r&) in the wave function
(2.2).

IV. THE RANGE OF VALIDITY OF THE
FACTORIZED FORM (1.1) OF T~(k, k '; k, )

Even within the DWBA and after neglect of the
terms involving Fo(rz), we do not obtain the fac-
torized form (1.1) in general. The reason is that in
the angular range where Eq. (1.1) is valid, the fac-
tors themselves are in essence the on-shell ampli-
tudes describing the scattering of the proton in-
dependently by the target nucleus and by the elec-
tron; this form can only be expected to hold when

(1.4) appears. This momentum transfer is typically
of the order fi(Rx } '. With these approximations
(which are further treated in Sec. IV A), we find

Tii ——[(2m')/(iraqi k)](4m)

X exp(2isp) i Rx(1+q R»)

(3.6)

these scatterings occur at very different points in
space. The latter condition requires, in turn, the
nuclear plus Coulomb scattering by the target to
occur well inside the electronic E-shell radius R~.
For Coulomb trajectories, this will only be true if
the scattering angle 0& is sufficiently large.
Mathematically we understand this to demand that
the integral over r~ in the ionization matrix ele-
ment (2.1) come predominantly from rz values at
which the distorted waves of the proton are accu-
rately described by their asymptotic (large rz)
form, i.e., well outside the range of Coulomb and
centrifugal effects from the target nucleus.

To bring out the basic simplicity of our argu-
ment most clearly, we proceed in two steps. We
first show that using the asymptotic form of the
wave functions (2.2), one does obtain the factorized
form (1.1). We subsequently establish the range of
validity of this formula.

A. Asymptotic evaluation of the DWBA
matrix element

P',-+'=[(2m&k)/(iraqi )]'~ (4ir) 'exp(ik r~)
~[+]

+Y'e, scatt s (4.1)

with the resonant (F, ) contributions contained in

Asymptotically in rz (rz ~ ao ), this term
has the form

',«~[(,2m&)/(irk' )]'~ r&
' exp(+ikr&),

S,—1
' + F (k)F ( )(2')+}

I,m =0

We have used the definitions

(4.2)

SI——exp(2i5, ) l )0,
Sp =exp(2iSp)'[(E—g'~ )/(e '—g ~ )]

(4.3)

The derivation of the l &0 part of Eq. (4.2) is
straightforward. For l =0, we use the fact that
the e' integration on the right-hand side of Eq.
(2.2) can be expressed in terms of the proton's s-
wave radial Green's functions; using the space rep-
resentation, this Green's function, too, can be
evaluated asymptotically in standard fashion. We
note that in the asymptotic region, the resonance
manifests itself only in the energy dependence of
So(e).

For any value of rz, and under neglect of Fp(l~),
the functions P,(+) given by Eq. (2.2) can be recast
into the conventional form
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x Yi (k)Yi (r~) (4.4)

With the help of this function, we rewrite Eq. (4.2)
as

[(2m~k )/(iriri )]'~
I' —+ oo

The symbol l,„on the right-hand side of Eq.
(4.2} indicates that only a finite number of partial
waves contributes to q,'+',« if the scattering angle

0& is held fixed. The dependence of l,„on 8&
and the ensuing restriction on the values of r& for
which the asymptotic form (4.2) can be used, are
treated in Sec. IVB.

We introduce the nuclear plus Coulomb scatter-
ing amplitude for the proton,

maxl

f, (k, r~)=(k) ' g (2i) '[Si(e)—1]
l, m =0

Ii =8mR» ( I+
I
k —k '

I
R») (4.8)

For scattering angles large enough that

I
k —k '

I
=2k, and for kR» » 1,

Ii -(k R») ' « I2 or Ii as estimated below.
This is intuitively obvious: The small momentum
transfer to the electron makes it impossible for the
proton to scatter into sizeable angles, unless this is
accomplished by nuclear plus Coulomb scattering
on the target. The neglect of I& is ultimately justi-
fied by the smallness of m, /mz.

The fourth contribution involves the integral

I4 (4n)2 J——der&G(k„rz)rz exp[i(k+k')rz]

To show that this is negligible for scattering angles

0& & 6' or so, we use the monopole term in Eq.
(4.6) (the argument applies similarly to L &0), with

go(k„r~ ) =exp( —r~ /Rz ). Then,

f, (k, rp)
Xr~ 'exp(+ikr~) f, ( k, r", )— xf, (k, rp) f~( k', rp) . —(4.9)

(4.5)

We note that qr,
'—+ ',« is proportional to the nu-

clear plus Coulomb scattering amplitude of the
proton in the asymptotic region; it is this fact
which renders R (E&) independent of the resonance.

Inserting the relations (4.1) and (4.5) into the
DWBA matrix element (2.1), we obtain four con-
tributions, involving as integrands the factors
exp[i(k —k '}rz],
exp(ikrz —k'. rz) exp(ik rz+ik'rz), and

exp[i (k +k '}rz], respectively.
To evaluate these four contributions further, we

expand the form factor G(k„rz) in Eq. (2.1},i.e.,
the result of the integration over r„ in multipoles,

maxL

G(k„r~)= g Yi (k, )YL (r~)gL, (k„r~)
L,M=0

(4.6)

and make use of the well-known fact that only a
few multipoles (L,„&2) contribute to K-shell ion-
ization. This is intuitively clear because qR~ =-1.
[In writing Eq. (4.6), we have also used the fact
that 6 is independent of the direction of the spin
of the electron. ]

The first of the four above-mentioned contribu-
tions involves the integral

Ii ——fd rz exp[i(k —k ').r&]G(k„rz) . (4.7)

(The units are the same as for I].) Again, we ob-
serve that the radial integral over the monopole
term (which we take once more as representative)
yields a factor

f dr go(k„r~)exp[i (k +k')rp]

=R»(1 i 2kR» }—
We see that I4 has the order of magnitude (recall
that kR& &) 1)

II4 I
=-(4 )'R»(2kR»)

we have used that k J I f, I
dQ r=l for the low

l values (l (l,„)here considered, and have for
simplicity also approximated

(4.10)

k k' J d 0, f, (k, r~ )f;( k', r~)—
by unity. This is clearly an overestimate. Again,
I4 is negligible compared with I2 and I3 which are
estimated below. We mention that I4 describes the
process of nuclear-atom-nuclear scattering by the
proton mentioned in Sec. I. This process involves
a backscattering into the nucleus by the electron of
the nuclear-scattered proton; such backscattering
requires a large momentum transfer to the elec-
tron. This causes the factor exp[i(k+k')r~] to
appear; the ultimate reason for the neglect of I4 is
thus the same as for I& and rests in the inequality
m, /m& &&1.
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We turn to the evaluation of the remaining two
contributions. They involve the two integrals

Ii={4rr) fd rrG(k„rp)

Xexp(ikr~ i k —'rp)rp 'f, (k, r~),

(4.11)

Is (4——r) Jd'rpG(k„rp)

Xexp(ik'rz+i k rr)r~ fq{—k', r" ) .

Since f, contains a summation over I restricted
by I,„,and since 6 contains angular momenta 1.
not exceeding L,„=2 [see Eqs. (4.4) and (4.6)], we
see that in the angular momentum expansion of
the plane-wave factors appearing in Eqs. (4.11),
only terms with I & Imam+I max contribute. For
such a limited range of I values, an asymptotic ex-

pansion of the Bessel functions can be used; it has
the same range of Ualidity as Eq. (4.2). We find
(see Appendix C)

exp(ik. rz)~[(2ir)/(ikrz)][exp(ikr~)5(Q-„— Q, }—exp( —ikr~)5(Q z +Q-, )] .

The delta functions in Eq. (4.12) are simply representations of the finite sums

Im~+Lm~
r~ (f)Z (r") ~

l, m =0

for the restricted set of angular moments here considered, they are identical to these sums.
Inserting Eq. (4.12) into Eq. (4.11), we find that both Iz and Ii consist of two terms, involving the factors

exp[i(k+k')r&] and exp[i(k k')r~]—, respectively. Approximating G(k„r~) by exp[ r~/R»] a—s before,
the first is of order

( 1 i (k —k—')R»
( /

~

1 —i (k +k')Rk
(

relative to the second, and so negligible in the
limit (k +k')R» » 1 » (k —k')R». This finally yields

Ii ——(4n)(2ni)(k') 'f, {k,k') f dr&G(k„rz) „g,exp[i(k —k')rz],
(

Ii (4m )(——2ni) (k) 'f;(k', k) J dr&G(k„rz) r g exp[i(k' —k)rz],

where we have f,(k,k')=f, (8&)=f,(k', k)=f, ( —k', —k}. Estimating f, roughly again by k and
evaluating the integrals in Eq. (4.13}in the monopole approximation, Iz-Ii -Sir R»k (1 iqR»)—
=Se R»k, so that I4/Ii-(kR») '-10 and IiqIi-(16ak R») ' &10

Collecting our results, we find that T,(k, k ', k, } has indeed the form of Eq. (1.1). The two amplitudes
appearing in this equation are given by

T', (k ', k, ) =[(imp}/(sruti ')]I drpG (k„rp) „gexp[i( , k k')rr], —
P (4.14)

We have put (k'/k}=—1 which is consistent with
our other approximations. Equations (1.1) and
{4.14) are consistent with the results of Refs. 2 and
3. Equations {1.1}and (4.14) were obtained under
neglect of terms of the order m, /m&, and with the
help of the asymptotic form (4.5) [which because
of L,„&2ensures the validity of Eq. (4.12)]. We
now discuss the validity of this form.

T', (k, k, )=[(i')/(vriii )]I dr&G(k„rz) „gexp[i(k' k)rz] . —
P

I

clear plus Coulomb scattering of the proton. For
inelastic nuclear scattering, fewer I waves contri-
bute, and the condition is seen to be fulfilled under
weaker conditions than in the elastic case. Hence,
the most conservative estimate of the rz range
where the asymptotic representation (4.5) is valid,
is given by the asymptotic condition for elastic
Coulomb scattering wave functions

8. Range of validity of the asymptotic
form {4.5)

kryo ~p I (1+1}+q (4.15)

In keeping with the entire main text of the
manuscript, we establish this range for elastic nu-

~here q is the proton-nucleus Sommerfeld parame-
ter. In the limit I &g g, this is the condition rnen-
tioned in Sec. I, where we have replaced r& by R~,
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the K-shell radius as an estimate of the region in
which the proton form factor G ( k„rz ) is concen-
trated.

The condition (4.15) imposes a lower limit on rz
for each nuclear partial wave, which in physical
terms demands that the centrifugal and Coulomb
potentials be much smaller than the incident (or
outgoing) energy throughout this rz range. Thus
we require that (4.15) be met for the largest 1 value
contributing to the nuclear plus Coulomb scatter-
ing at the scattering angle 0&. Since this 1 value is
obviously determined by the Coulomb (without nu-

clear) potential, the simplest estimate is given, on
semiclassical grounds, by

l (8~)=rl cot(8~/2) . (4.16)

For the Duinker experiment' and 8&
——125', this

gives l(8~) =1. To allow for wave effects, we can
use the stationary-phase approximation in the
manner described in Sec. 5 1.1 of Ref. 8 to estimate
the spread of 1 values around this central value.
Unfortunately, this stationary-phase approximation
works only if the central value given by Eq. (4.16)
is about 10 or larger, as otherwise the representa-
tion of the Legendre polynomials in terms of
asymptotic formulas is not accurate enough. For
1(0&)=10, the spread due to wave effects can then
be estimated to be five or six, and we expect a
similar number to apply for the central value
l (8~)= l. If only five or six (or even eight) l
values contribute significantly to scattering into

0&
——125', then the condition (4.15) is met for

k=0.15 fm, Rz=-8000 fm, and the validity of the
Blair formula is established.

An independent check on the validity of our rea-
soning can be read off from Figs. 4 to 6 of Ref. 6.
There, a numerical evaluation of the DWBA ma-
trix element for Coulomb scattered proton wave
functions is compared with a semiclassical evalua-
tion using classical Coulomb trajectories for the
proton. The figures show that for small values of
the atomic number Z of the target nucleus and
large scattering angles (8& )90 or so), the agree-
ment between the two calculations is excellent
(better than 1 part in 10 ). We therefore feel very
confident in the use of the asymptotic form (4.5).
We emphasize, however, that the use of this ap-
proximation is restricted to sufficiently large
scattering angles. This is not because of the nu-
clear or the nuclear resonance scattering, both of
which occur in partial waves of low 1 so that the
use of asymptotic forms presents no problem.
Rather, it is due to the Coulomb field. For
scattering angles 8& (50, the classical 1 value in-

creases steeply with 0~, and the use of the asymp-
totic form (4.5) ceases to be correct.

V. SUMMARY AND CONCLUSIONS

Starting from a many-body treatment of the nu-

clear resonance (given in Appendix A) and using a
DWBA form for the K-shell ionization amplitude,
we have shown that the T matrix can be written in
the form (1.1). This result is based on the neglect
of terms which are small of the order m, /m~, and
on a truncated summation over angular momenta
in the proton scattering wave function which is
legitimate for sufficiently large proton scattering
angles (0) 50' in the case of the reaction of Ref.
1). This truncation allows us to use the asymptotic
form of the proton scattering wave function, and
this directly implies the form (1.1) for T.

Our result (1.1) is not restricted to a DWBA
form of the K-shell ionization amplitude. It holds
equally if one includes the recoil term, or uses adi-
abatic wave functions for the electrons (defined as
functions of r~ such that for each fixed r~, they
solve the electron's Dirac equation) and calculates
the K-shell ionization amplitude to first order in
the deviation from adiabaticity. The validity of
this statement follows from the observation that in
deriving the form (1.1), we have only used two
features of the electronic transition matrix ele-
ments: (i) the inequalitites mz &&m, and

R~ y&R~ which remain valid for adiabatic wave
functions; (ii) the form (4.6) which only uses rota-
tional invariance. This shows that the factoriza-
tion (1.1) holds under very general conditions, i.e.,
as long as a first-order treatment of some kind of
interaction between proton and electron is justified.

We have shown that for the experiment reported
in Ref. 1, the form (1.1) implies that the ratio
R (Ez) of coincidence over singles is independent
of the nuclear scattering process, including the
presence of a nuclear resonance, if the nuclear
scattering amplitude f, (8&) changes sufficiently
little with energy e within an energy interval de-
fined by the energy transfer to the K-shell electron.
This is the case for the scattering of protons on
' C, and leads to the conclusion that the result of
Ref. 1 is at variance with scattering theory.
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APPENDIX A: s-%'AVE RESONANT NUCLEAR
SCATTERING AS A MANY-BODY PROCESS

In this appendix, we derive the wave function

describing s-wave protons scattered elastically by
' C, including the ' N resonance. In order to es-

tablish a somewhat general theoretical framework
which encompasses any type of nuclear resonance,
we consider two cases. The first considers the
resonance as being due to a bound state embedded
in the elastic proton continuum. The theoretical
description uses the shell-model approach to nu-

clear reactions. In the second case, we consider
an s-wave shape resonance, which we describe in
the framework of the approach developed by Wang
and Shakin. ' In the first case, we deal with a
genuine many-body wave function, while in the
second, it suffices to consider a one-body potential
scattering problem. We confine ourselves

throughout to s-wave scattering. By inclusion of
the proper angular momentum factors, this restric-
tion can easily be lifted if application to other
cases is envisaged.

1. The resonance is caused by a bound state
embedded in the continuum

and e=fr'k /(2m& ), where m~ is the proton re-

duced mass, correctly reproduces the observed non-

resonant cross section. The functions 7, are nor-

malized to a delta function in energy

&Xq I X, & =5(e—e') .

For later use, we also define

X, +'=-exp[+i 5o(E)]X, .

(A2)

(A3)

To introduce the ' N resonance as a bound state
embedded in the continuum, let yN be an antisym-
metric normalized A-body wave function, orthogo-
nal to the tX, ], with spin —, and positive parity

which describes the ' N resonance in the frame of
a shell-model approach as a bound state, so that

&x. Im~ & =0 &(p~ law &
= I (A4)

and that the expectation value Ep of the nuclear
Hamiltonian Hz,

Eo = &mN I
HN

I ~w & (A5)

approximates the ' N resonance energy. (Note that
our energy scale is normalized in such a way that
' C in its ground state plus a proton at rest at in-

finity have zero energy. ) We consider the nuclear
Hamiltonian in the space of functions [X,,q&z ] and

write it as

HN f«IX,'&e&X,'I + IqN&E0&'pN I

+ fde vN( lx'&&q~ I
+

I g~&&x'I )

F,(r~ )~sin[krz+5o(e)] (A1)

We describe the resonance in a truncated space
of functions which we construct as follows. Let

[X,] be a set of antisyminetric wave functions

describing the nucleus ' C in its ground state, and

a proton with angular momentum zero in a scatter-

ing state with asymptotic c.m. energy e. The states

I X, & contain the real s-wave radial wave functions

F,(rz) of the proton which are regular at the ori-

gin and which are solutions of a one-body
Schrodinger equation containing a screened
Coulomb and a nuclear Woods-Saxon potential.
The parameters of the Woods-Saxon potential can
be chosen in such a way that the elastic s-wave

scattering phase shift Sp(e), defined by

can be and have been chosen real.
In the space of functions IX„gr~], we write the

total s-wave scattering function 4F in the form

+E fdeuE(e)
I
X', &+&E

I 'pN & ~ (A8)

Substituting Eq. (2.8) into the Schrodinger equa-
tion H~

I

4'~x
& =E

I
%s &, we find after a straight-

forward calculation for
I
%s & the explicit form

(A6)

The last term in Eq. (A6) describes the coupling
between the bound states

I q&~ & and the scattering
states

I X,& and causes
I q&~ & to become a reso-

nance. The coupling matrix elements

(A7)

I 'pF. +'& =exp[+i5o(E)l'
I XE &+ I m~ &(E ()rjv )-'vN+ fde—(E —e) '

I X.& 6 (E —@'k) ' v~

(A9)
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Here, E-+denotes the way in which the singularity
E=a is avoided, in the usual manner. The com-
plex {energy-dependent} resonance energy g'z is de-
fined by

+=E-+b, (E)+ I —{E}=E,+ I' —(E},I'CS

where

(A10)

h„(E)+ I N—(E)=fde(E + e)-—'(V„')'.
2

(A 1 1 }

E —O'
N

So{E)=exp[2l50(E)]
E —r~+

(A12)

The construction of
~
%E ) in Eq. (A9), and of

So(E) in Eq. (2.12), is formal in the sense that we
have not calculated explicitly the quantities

(X„qrN, J~,Vtv I. Such constructions, based on a
nuclear shell model, can be given. For our pur-
pose, i.e., the calculation of the ratio R (E~ ), are,
however, not needed.

2. The resonance is a shape resonance
in the nuclear potential

By a procedure due to Wang and Shakin, ' this
can be cast into a form that is identical to that of
Appendix A 1. We briefly recapitulate their pro-
cedure here with the aim of making our presenta-
tion self-contained. Let IqP, I be a set of antisym-
metric wave functions describing the nucleus ' C
in its ground state, and a proton with angular
momentum zero in a scattering state with asymp-
totic c.m. energy e. The states

~ y, ) contain, in
full analogy to Appendix A 1, the real s-wave radi-
al wave functions F,(r~) of the proton with

asymptotic behavior (A 1) where now, however,

50(e) displays a single-particle resonance. In other
words, 6O(e) increases (nearly) by ~ over an energy
interval of length I,„centered at e=E,~. We de-
fine a normalized wave function y,&

which de-

scribes the resonance, and associated projection
operators Q =

~
q&,p) & y,p ~

and

P= f«l(p')&(}'I —Q.

The last two terms in Eq. (A9) give the resonance
contribution to the nuclear s-wave scattering.

Taking the asymptotic behavior of
~

%z~+-'), we
find the s-wave part So(E) of the nuclear scattering
matrix,

For our purposes, the detailed choice of q» is
largely arbitrary except that for r& & the radius of
the Coulomb barrier,

~ (p») should essentially coin-
cide (except for a normalization constant) with

~ y, ) taken at e=E». One possibility is to choose

~y») =fdna(e) ~(p, ) with a(e) real, sharply cen-

tered at e=E», and f ~

a(s)
~

de= 1, but other
choices are possible. The function fpp plays the
role of p~ of Appendix A 1 in the present context.
Since the set of functions [ ~ p, ),

~
qr,&) I is over-

complete we introduce modified scattering func-
tions X, which are orthogonal to p,~ and do not
contain the single-particle resonance. This can be
done' by defining

(e PH~P—) iX, ) =0 .

Here, HN fde ——
~
qr, ) @&p, ~

is the nuclear Hamil-

tonian truncated to the set of proton scattering
states. Using the requirement &I,

~ p,„)=0, the
definition of P given above, and the abbreviation

G, =(Pr/e —H~ ) where Pr stands for principal-
value integral, we find for

~
X, ) the explicit form

(A13)

IX', ) =(I—&e', I
G. I(p', ) 'G.Q} I e') .

(A14)

3. Inclusion of higher partial waves.
The total proton scattering wave function

Using the results of Appendixes A 1 and A2,
and the assumption that in the energy interval of
interest, resonances in partial waves with angular
momentum & 0 do not play any role, we can easily
write down the total proton scattering wave func-
tions. Let tX', I denote a set of antisymmetric
wave functions describing the nucleus ' C in its
ground state, and a proton with angular momen-
tum fil, z component firn, and asymptotic c.m. en-

ergy e in a scattering state. The states
~

X', ) con-
tain the spherical harmonic YI (rz) and real l-wave
radial wave functions F,(rz) of the proton which

These functions obey Eq. (A13) and are normalized
to a delta function. In the space of states

I ~
X,),

~
q&,~) I the nuclear Hamiltonian takes the

form (A6), with the index N replaced everywhere

by sp, and with Eo = &(p» ~
H~

~ y,„) and

V,'~ = &I,
~

H~
~ g,~). The further treatment out-

lined in Appendix A1 now applies. We shall
therefore not deal separately with the case of a
single-particle resonance in the sequel, but use the
formulas of Appendix A 1 throughout as constitut-
ing the most general case.
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are regular at the origin and behave asymptotically
like

F', (r~) ~ sin[kr —, l—ir+5i(e)] .

The states
I
X, ) are normalized to a delta func-

tion in energy. We define

(A15)

4t ' +'=-exp[+i5i(e)] IX,
' }, i &0

(A16)

and write the total scattering wave function in the
form

+'+-'(k;ri, . . ., r )=pi'&P (k) I'P —)
l, m

(A17)

The proton scattering amplitude is given by

f, (ep)=k ' (2i) '(So —1)

+ g (21 + 1)P~(cos8& }
1)0

x exp[i5t (e)]sin5, (e)

(A20)

where Op is the scattering angle, and S0 was de-
fined in Eq. (A12).

They consist asymptotically (rz~ ao ) of an an-

tisymmetric product of ' C in its ground state and
a plane proton wave with momentum A'k plus
outoing (+ ) or incoming ( —) spherical waves. We
emphasize again that we use a screened Coulomb
potential the effect of which is included in the 5I.
The state

I

4'z+—') was defined in Appendix A 1.
Since by definition

'('pE
I

'PF. ' }=5u 5 5(E E'), (A 1 —8)

we also have

(O~+'(k)
I
0 i~+'(k ') }=5(E —E'}5(Q-„—0-„,) .

(A19)

~p N+f(&p ) &I (~p ) (A23)

where the normalization factor N must be chosen
such as to satisfy Eq. (2.2) and has the value

7 2 6 2

g yc g (12C g 12C)
j=i I re rj I j=& I r, —rz'

I

(A21)

where
I

' C) is the wave function of ' C in its
ground state.

Let k(k ') be the momentum vector of the in-

cident (outgoing) proton, k, that of the ejected
electron. In Born approximation, the transition
amplitude is proportional to

T,(k, k ';k, )

=(%", '(k'):-s '(k, )
I
hV'I 4',+'(k):-0} .

(A22)
In comparing our form for T with the semiclas-

sical result given for instance in Ref. 6, we note
that the semiclassical treatment also contains a
recoil term proportional to r, .R, where R, is the
position coordinate of the ' C nucleus. The quan-
tum analog of this recoil term is given by (Ref. 6)
(6e /R )(m, /m, ) (r, R), where R is the distance
between the proton and the c.m. of the electron-' C
system, m, the mass of the electron, m, the mass
of the ' C nucleus. We add this term to hV' and
call the resulting operator hV. It is AV which
must appear in the matrix element (A22). The
recoil term is known to give sizable contributions
to electron ejection by dipole emission. In our
further derivation, we often simplify the writing by
taking into account only the Coulomb terms. The
recoil term should always be added, but this will be
seen not to affect our general line of reasoning.

The expression (A22) still contains an integration
over the 12 nucleons which constitute the target
' C. To reduce T to an expression involving only
the coordinates of the electron and the scattered
proton, we observe that the scattering wave func-
tions IX,) introduced in Appendixes A 1 —A3 are
antisymmetrized products of the wave function of
' C in its ground state, and the proton scattering
wave function

4. Evaluation of the DWBA matrix element
N = [(2m~)/(Mk)]'~ (A24)

To take account of the indistinguishability of the
scattered proton and the protons in the target nu-
cleus, we write the additional Coulomb interaction
between electron and scattered proton in the form

Using standard techniques, it is easy to show that
in all cases where the expression (A22) involves the
states

I
X', ) both in the bra and in the ket, the in-

tegration over the target nucleons can be carried
out with the result that

I

X', ) is replaced by the ex-



25 ANALYSIS OF K-SHELL IONIZATION ACCOMPANYING. . . 1473

pression (A23), and 6 V is replaced by
e /l rz —r, l. The only term in 4,'-+' which re-
quires special attention is the term containing the
resonance wave function tp~, see Eq. (A9). Using
a fractional parentage expansion, we write y~ in
the form

(A25)

where 1/r&FO(rz ) is a bound-state wave function
for a proton with angular momentum zero, nor-
malized to unity, a a fractional parentage coeffi-
cient with

l
a

l
(1, and where the dots indicate

terms involving excited states of ' C. In cases
where the expression (A22) involves the state

l y~ ) in the bra and the
l X,) in the ket or vice

versa, we use the expansion (A25) to reduce the
matrix element to a form involving only the func-
tion (1/rz )Fo(rz), the expression (A23} with 6 V re-
placed by e /

l rz —r, l, and with a multiplicative
factor given by a+7 '. (The factor v 7 arises
from the antisymmetrization. ) Finally, in the case
where the expression (A23) involves the state

l tp~ ) on both sides of 6V, we use the assumption
that the Coulomb field generated by all but the last
of the protons is the same as the Coulomb field of
' C. This leaves us with a matrix element involv-
ing the interaction e /

l r&
—r, l, and the proton

density matrix p(r~) defined by

where

(B1)

a', (e',c') =5„5(e e')exp—(i 5, )

+(e e'} 'V'—(e')(e S'~)—
X V'(e)exp(i5, ), (B2)

We consider the case of 5 open channels and a
bound state embedded in the continuum which,
upon coupling to the channels, turns into a nuclear
resonance. We use the formalism of Ref. 9. Our
derivation can be extended to include both a num-
ber & 1 of nuclear resonances, and direct transi-
tions between the channels (which here we omit).
We have decided not to include these cases only
because this would have made the presentation
unwieldy.

We consider a nuclear system (proton plus target
nucleus) of fixed spin. Let 7'„c=1,. . .,5, denote
antisymmetric products of the proton scattering
wave function in channel c and the wave function
of the residual nucleus, and 4 the bound state em-
bedded in the continuum. According to Ref. 9, the
total scattering wave function 4,"+', consisting of
an incoming wave in channel c and outgoing waves
in all other channels, is given by

(A26)
8',=exp(i5, }(e S'~) —'V'(e), (B3)

where the parentheses denote an integration over
all coordinates but that of the last proton.

We shall be led to the conclusion that the contri-
butions to T coming from Fo(rz) and from p(rz)
are negligible. We shall derive this result under
the simplifying assumptions that a+7 '=1, and
that rzp(r~)=[F0(rz)]. The reader is invited to
check that our conclusion does not depend on this
simplification. Using it, we can, however, write
the T-matrix element in the simple form given in
Sec. II.

APPENDIX B: GENERALIZATION
TO PROTON INELASTIC
NUCLEAR SCATTERING

Having presented a very explicit and detailed
discussion of the case of elastic nuclear scattering
in Appendix A, we feel justified in only sketching
the derivation that generalizes Eq. (1.1) to inelastic
nuclear scattering, and in giving the final formula
that replaces Eq. (1.1).

where 5, (e) is the nonresonant nuclear phase shift
in channel c, e the total energy, e, the threshold
energy in channel c, V'(e) = (X',

l
H

l
4&) the cou-

pling between channels, and the quasibound state,
and 8'z the energy of the nuclear resonance, with
ImS'~ ———,I'~ ——ng, (V'). The reader will ob-
serve that Eqs. (Bl)—(B3) are the straighforward
generalizations of formulas given in Appendix A
to the inelastic case. The final state in the DWBA
formula (A22) is described by a wave function

' with an outgoing wave in the inelastic chan-
nel c' and incoming waves in all other channels.
The explicit construction of +', ' ' leads to formu-
las very similar to Eqs. (Bl}—(B3). The spin of

' may differ from the spin of 4", +' because
angular momentum is transferred by the DWBA
matrix element (A22). Eventually, one has to per-
form a sum over initial (and final) spins to build
up the plane-wave solution; this step is omitted
here.

Inserting 4", +' and +', ' ' into the DWBA ma-
trix element (A22), and using the many-body
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operator (A21} in the matrix element, we find vari-
ous types of contributions. Some of these involve
the state 4 and lead to internal-conversion type of
matrix elements; these can again be shown to be
negligible. The remaining matrix elements contain
the functions 1', and X', in both ket and bra. Since
the operator (A21) is a sum of one-body operators
for the nucleons, it follows by straightforward ar-
guments that the indices c and c' on the states 7',
in bra and ket must coincide to yield a nonvanish-

ing contribution. Intuitively this means that the
proton cannot suffer inelastic nuclear scattering
through its interaction with the electron.

Omitting 4, inserting the forms (B1) and (B2)
and the corresponding forms for 4', ' ' into the
DWBA matrix element, choosing a case with

chic', and observing that the indices on g', in bra
and ket must coincide, we can reduce the DWBA
expression to a one-body matrix element in the nu-

clear degrees of freedom which is the sum of three
terms. Writing Eq. (B2) symbolically in the form
a', =a', (background)+a', (resonance), we find that
these three terms contain, respectively, a',
(background) a', (resonance), a', (resonance} a',
(background), and a', (resonance) a', (resonance).
The last of these three contributions is again negli-
gible. This is because it contains for most of the
integration range in the DWBA matrix element a
product of two outgoing spherical waves e" +" 'r .
The remaining two terms are similar in form to
the ones kept in Appendix A. In these terms, we
can again replace the one-body Green's function
for the proton appearing in a', (resonance) by its
asymptotic form, if the condition (1.3) is met.
Subsequently, we use the asymptotic form of the
proton radial wave function in a', (background}. In
this manner, we find finally

I

TF'm. F m .~(k, k', k, )

=fF"~ ;F ~. ~(k, k')T', (k', k, )

+fF"~ F~ .., (k, k')T', (k, k, ) .

(B4)

For simplicity, we have used a channel-spin repre-
sentation where F;,Ff and m;, mf denote the ini-
tial and final channel spins and their zgrojections,
respectively. The symbol fF" F., .(k, k '}

denotes the inelastic nuclear scattering amplitude
for scattering c~c' with k vectors and m values as
indicated. The quantities T and T are defined in

Eqs. (4.14). On the right-hand side of the first
(second) of Eqs. (4.14), the symbol k(k') must be
replaced by the magnitude of the proton momen-
turn after (before) nuclear scattering and before
(after) electron scattering, respectively.

APPENDIX C: THE ASYMPTOTIC
FORMULA (4.12)

We consider integrals of the form

J d rFe' "~f(rF),

where f (r) 'is some function which is orthogonal
to all spherical harmonics Y1 (r) with

ikr
I &l0 ——1,„+L,„. We consider e ~ as an in-

tegral operator, acting upon the space of such
functions. Expanding the plane wave in spherical
harmonics, we are clearly allowed to restrict the
summation to l (l0. Using for the spherical
Bessel functions the asymptotic expansion, we
find

I0
e ~ ~ [(2n)/(ikrF )] e.xp(ikrF ) g Yi (k) Yi (rF )

P +coy 1(l0 l, m =0

10

—exp( ikrF) g ( —) YP—(k)YP(rF)
l, m =0

(C1)

As an integral operator in the space of functions defined above, the first double sum equals 5(Q-„—0- ).k r

Using a parity argument, we find similarly that the second double sum equals 5(Q k +0 ). This yields ther

formula (4.12).
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