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Interpretation of the near-threshold behavior of cross sections for e-CO& scattering
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Converged coupled-channel calculations of e-CO2 scattering have been carried out at
very lour scattering energies. The results are used to sho~ that a virtual state is present
in the model static-exchange-polarization e-CO2 interaction potential used in these calcu-
lations. This result provides a possible interpretation for experimental data on total,
momentum-transfer, and vibrational-excitation cross sections. A scattering length of
—6. 17ao is predicted.

I. INTRODUCTION

The unusual behavior of cross sections for low-
energy e-CO2 collisions has been the subject of at-
tention for several years. ' Experiments indicate
that, in spite of the fact that in the X 'X+ electron-
ic state CO& has zero permanent dipole moment,
total and momentum-transfer cross sections for
electron scattering from ground-state CO~
molecules increase sharply as the scattering energy
decreases to zero. ' Such behavior is typical of
cross sections for electron collisions with polar—
rather than nonpolar —targets. This behavior was
observed theoretically by Morrison et a/. ' in a
close-coupling calculation using a model e-CO2 in-
teraction potential. The formulation of the scatter-
ing theory used in this study was predicated on the
fixed-nuclei approximation, so the vibrational
motion of the target was neglected.

In a recent extension of this work based on the
adiabatic-nuclear-vibration theory *' Morrison and
Lane predicted a sharp threshold structure in the
cross section for vibrational excitation of the 100
level of CO2 —the symmetric stretch mode —from
the ground vibrational state. Simultaneous experi-
ments by %'ong (private communication) also exhi-
bited this structure. Such peaks have previously
been observed"' in vibrational excitation of polar
targets, including H20, H2S, HF, HC1, HBr, and
CC13F. Their presence in these systems has led to
a burst of theoretical activity that has continued
unabated to the present. ' However, with the
exception of CH4, and perhaps, SF6, threshold
structures are not normally associated with elec-
tron scattering from nonpolar targets. Hence their
appearance in the excitation of the nonpolar sym-

metric stretch vibrational mode of CO& was some-
what surprising. It is at least clear that a mechan-
ism based on a long-range dipole interaction poten-
tial, such as has been proposed to explain the ob-
served threshold peaks in electron-polar col-
lisions, ' ' cannot play a role in the present e-

CO2 scattering process.
Both the anomalously large low-energy cross sec-

tions and the threshold peaks in vibrational-
excitation cross sections were produced in theoreti-
cal calculations' that use a model static-exchange-
polarization (SEP) potential. The quality of agree-
ment with experiment indicates that this potential
is a rather good approximation to the true e-CO2
interaction, at least for colhsion energies below
-1.0 eV. In the present work, we further exp1ore
the properties of this model potential and use it to
propose an explanation for the anomalous near-
threshold cross sections for the aforementioned e-

CO2 collision processes.
In point of fact, we here present evidence for the

existence of a virtual state in the e-CO2 interaction
potential. In Sec. II we briefly review the defini-
tion of a virtual state and describe how we isolate
the corresponding zero of the s-wave Jost function
for this system. Our results are given in Sec. III,
which also describes a determination of the scatter-
ing length for this system. Comments on the influ-
ence of this virtual state on inelastic cross sections
are contained in Sec. IV along with a few conclud-
ing remarks. Unless otherwise stated, atomic units
are used throughout.

II. THEORY: VIRTUAL STATES

Most of the recent flurry of theoretical research
on threshold excitation of polar moleucles has

19S2 The American Physical Society



MICHAEL A. MORRISON

focused on vibrational excitation of HC1. In a

model calculation Dube and Herzenberg'

developed a parametrized fit to observed cross sec-

tions for this system. Their model attributed the

threshold peaks to a virtual-state enhancement of

the wave function of the departing electron. Nes-

bet' also discussed the possibility of a virtual state

in the e-HC1 potential, showing that this mechan-

ism provides a consistent interpretation of existing

experimental and theoretical findings for this sys-

tem. He further showed' ' that a virtual state in

fixed-nuclei results "implies a separate virtual state

associated with each vibrational-excitation thres-

hold, " thereby relating the results of fixed-nuclei

theory to near-threshold inelastic scattering

phenomena.
The conventional picture of a virtual state

is a nearly-bound state in an attractive potential

(with no external barrier). A virtual state is not a

"physical state" in the sense of a bound or continu-

um state with a real energy. Rather, it is a feature

of the system, which occurs at a nonphysical ener-

gy, that can profoundly influence the scattering

cross sections. In potential scattering theory, a vir-

tual state appears as a zero of the s-wave Jost func-

tion /~(k) on the negatiave-imaginary momentum

(k) axis or, equivalently, as a pole of the S matrix

so ——/q( —k)//~(k} on this axis. A virtual-state

zero near k =0 produces very distinctive behavior

in low-energy s-wave cross sections and phase

shifts; perhaps the most familiar example is that of

scattering from a square-well potential.

If there is a zero of the Jost function at an ima-

ginary momentum near the origin, say at k =ia,
for either a &0 (virtual state) or a&0 (s-wave

bound state), then the l =0 phase shift 5o(k) near

k =0 behaves as

tan5p(k) = —k /a,
and the corresponding integrated cross section,

4m
op(k) =

k +a

Thus, we can use 5p(k) or, more conveniently, the

scattering length A to distinguish a virtual state (A

large and negative) from a weakly-bound s-wave

state (A large and positive) B. oth situations are dis-

tinct from an s-wave resonance in which the zero

occurs in the lower-half of the k plane near but off
the imaginary axis.

The e-CO2 system is certainly a multichannel

problem, being characterized by strong coupling of
partial waves. ' However, at very low scattering

energies, the cross sections are entirely deter-

mined asymptotically by contributions from the

Xg electron-molecule symmetry and, in particular,

from the s-wave component of this symmetry. For
example, in the fixed-nuclei theory the total cross

section is given at low k in terms of the body-

frame T-matrix elements TII by '

(even)

i
Too(R) [

k

to an excellent approximation. Therefore, we can

analyze very-low-energy e-CO2 collisions by apply-

ing the conventional theory of Eqs. (l) —(4) to the

l =0 eigenphase 5p(X&).
In general, one can locate a virtual-state pole as

k =ia by analytically continuing the S matrix into

the upper-half k plane ' and thereby determining

a. In the present case, a more convenient pro-

cedure is to expand the quantity k cot50(X~} in a

power series ' in k about the location k =ia of
the zero in /p(k). To order a2, this expansion

leads to the simple relation

k cot5p(X& )= —a+ —,pk

where a and p are parameters. The values of these

parameters can be calculated from (6) if accurate

values of 5p(Xg) are known at two energies.

III. CALCULATIONS AND RESULTS

approaches a large finite value at k =0. The

resulting scattering length, which is defined as

A = —lim —tan5p(k),
1

k~k
is large. This quantity can be related to the loca-

tion of the zero by expanding /0(k) about k and

retaining only first-order terms, viz. ,

A =1/a . (4)

Since our analysis is based on the equations of
Sec. II, we require values of 5p(Xg ) at several ener-

gies near k =0. To determine these eigenphases we

extended our previous coupled-channel calculations

of e-CO2 scattering' to considerably lower energies.

The details of our formulation of the problem have

been given previously. ' Briefly, we use the fixed-

nuclei approximation in a body-fixed reference

frame with the oxygen-carbon internuclear separa-
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tion fixed at the equilibrium value of 2.19440 a0.
Scattering channels in each electron-molecule sym-

metry are therefore simply defined by the (asymp-
totic) partial-wave order I of the scattering elec-
tron. The interaction potential consists of an ac-
curate static potential, a free-electron-gas model-

exchange potential, and a semiempirical polariza-
tion potential.

To achieve the level of accuracy required for the

present study, more stringent convergence criteria
were imposed than in our earlier calculations. The

Xg eigenphases reported here are converged to
better than 1.0% in channels. (The number of
channels X used at each energy is shown in Table
I.) The coupled-channel equations were integrated
to a maximum radius of r =130.0a0 for scattering
energies from 0.002 to 0.025 Ry. The resulting

eigenphases are given in Table I and shown (as

dots) in Fig. 1.
It is interesting to note that these results are not

consistent with the alternative hypothesis of a low-

energy resonance in the X& symmetry. Although

highly unusual "s-wave" resonances do exist formal-

ly, the phase shifts in such cases display behavior

that is quite different from that of Fig. 1. Thus,
our Xg eigenphases rise from zero but do not

display the rapid increase by (approximately) m

that would characterize a resonance; indeed, the
largest value of 50(Xg) in Table I is only 0.3777.

One could merely force the data of Table I to fit

Eq. (6) (e. g., by a least-squares procedure) and

thereby determine values for the parameters a and

p. However, doing so would not demonstrate that
a virtual state is actually present in our e-CO2 po-
tential. Therefore, we adopt a different procedure.

First, we determine a and p by inserting into Eq.
(6) s-wave eigenphases at the two lowest values of k

0.3—

pP 0.2
O

40
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FIG. 1. S-wave eigenphases (modulo m. ) in the Xg

symmetry for e-CO2 scattering as a function of wave
number. The dots are the converged coupled-channel
results of Table I. The solid curve is calculated by hy-

pothesizing that a virtual-state zero exists at
a= —0.1620ao '.

in Table I—k = 0.045 and 0.055 a0 '. %e obtain
a = —0.1620a0 and p =20.4380a0. Notice that a
is negative.

Second, we use these values of a and p in Eq. (6)
to calculate eigenphases for a range of wave
numbers from 0.01 to 0.16a0 ', producing the solid
curve in Fig. 1. This step amounts to hypothesiz-
ing that a virtual-state zero exists at
k =i ( —0.1620)a 0

'. To check this hypothesis, we
compare the predicted eigenphase sums with the
accurate coupled-channel results of Table I, which
are shown as dots on Fig. 1.

TABLE I. Converged close-coupling eigenphases (modulo m. ) for e-CO2 scattering.

k2 (Ry) k(ap ') 5o(Xg )

0.002
0.003
0.004
0.0045
0.0052
0.007
0.01
0.015
0.02
0.025

0.045
0.055
0.063
0.067
0.072
0.084
0.100
0.123
0.141
0.158

0.2404
0.2770
0.3000
0.3120
0.3227
0.3426
0.3615
0.3745
0.3777
0.3761

34
35
35
36
36
36
36
36
36
36

'Number of channels in close-coupling (SEP) calculations.
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The excellent agreement up to k -0.lao con-—1

firms our hypothesis, demonstrating that the

coupled-channel results are consistent with Eq. (1)
assuming a virtual-state zero of /0(k) at k =ia with

a= —0.1620ao '. The gradual departure of the
coupled-channel results from the predictions of Eq.
(6) for k &0.11ao ' is probably due in part to the
fact' that non-s partial waves [l,l' & 0 in Eq. (5)]
become important for wave numbers above about

0.lap
The corresponding scattering length, from Eq.

(4), is A = —6.17ao, and the zero-energy total in-

tegrated cross section, from Eq. (2), is

o„,(k2=0) =478.83a0. [An earlier MERT
(modified-effective-range-theory) fit to observed

momentum-transfer data gave A = —7.2ao.]

IV. CONCLUDING REMARKS

The principal result of the present study is the
demonstration that our model e-CO2 interaction

potential supports a virtual state. The agreement

between the theoretical cross sections of Morrison

et al. ' for scattering energies below a few tenths of
an eV and experimental data3' supports the con-

tention that this result offers a likely explanation

for the anomalous behavior of the observed low-

energy e-CO2 cross sections. Indeed, the highly

suggestive parallel between virtual-state phenomena

and the large low-energy cross sections for this sys-

tem led to the present special effort to isolate the
virtual-state zero.

In addition to being consistent with the observed

total and momentum-transfer cross sections, the
virtual-state mechanism can explain the threshold

structure in the 000~100 vibrational excitation
cross section. The latter point has been discussed

in the context of e-HC1 collisions by Nesbet, ' who

showed that a virtual state in a fixed-nuclei cal-

culation will give rise to structures at the thresh-

olds for low-lying vibrational excitations.
In the present case an electron incident on a CO2

molecule with an energy just above 0.29 eV (the
threshold for the 000~100 excitation), leaves with

very little kinetic energy after having excited the

target. The outgoing electron, which moves in the

field of the final state of the target, "feels" the ef-

fect of the virtual-state zero, and a sharp peak ap-

pears in the corresponding inelastic cross section.
Thus the virtual state exerts its influence after the
excitation has occurred; this process may be viewed

as a final-state interaction. ' '

Of course, the quantitative results presented here

are only as good as our theoretical model, and refine-

ments of that model are certainly possible, especial-

ly in our treatments of exchange and polarization.
Nevertheless, we think it unlikely that such refine-

ments would alter the qualitative conclusions of
this paper.
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