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A recent variational study of the Dirac Coulomb problem using a discrete basis set leads to a
conjecture of a type of Hylleraas-Undheim theorem for “‘positive energy”’ solutions. Analysis of
the matrices involved suggests convergence criteria for the method which may be of use in

self-consistent-field calculations.

Of the many recent attempts to perform relativistic
molecular structure calculations using variational
methods with discrete basis sets, three recent pa-
pers' ™ on the hydrogenlike atom are particularly in-
structive. We describe here a matrix analysis of the
calculation of Drake and Goldman® which may also
have relevance to relativistic molecular (self-
consistent-field) SCF calculations.

Drake and Goldman?® separated angular and radial
parts of the Dirac operator in the usual way and
solved the radial equations
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Here cis the velocity of light (a™' a.u.), and the zero
of energy is shifted by subtracting the electron rest
energy (c?) so that, in their notation,

Hc=cH,—c e=E—¢? .

We need some mathematical properties* of the opera-
tor H,. This is defined on a domain which it is na-
tural® to take as a dense subset of the Hilbert space
3¢=[L?(®)]? of two-component functions ®(r), of
which each component is a distribution in L2(®).
The free-particle operator
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is self-adjoint on the domain, D(H?)

={®ex :H” ®e3c). Moreover, H,=H® —Z/r
(Ref. 6) is self-adjoint on D(H ) provided
(Z/o)? < % (Z < 118). This condition appears be-

cause f(r) and g(r), the components of ®, both
behave like r” or like r~ near the origin, y = [«2
—2Z%/c*"2, || is an integer. When y > %, only the
r” solution is in 3¢ (the limit-point case). When 0 <
v < % both r” and r~” solutions are in 3¢ (the limit
circle case), and a further condition, which is au-
tomatically satisfied for y > %,

L”¢*(r)¢(r)%<m, ® €3 3)

(finite expectation of the potential) is needed to en-
sure uniqueness, eliminating the r~” solution.

In these conditions H, has a discrete spectrum (the
Sommerfeld eigenvalues) in —2¢2 < € < 0; the corre-
sponding eigensolutions lie in 3C,* having real ex-
ponential behavior like e* or e™, A =+[—2e(1
+¢€/2c2)1'2, as r—o0.” On the rest of the real line
excluding (—2c¢2, 0), \ is pure imaginary and all
eigensolutions lie in the continuum. Further details
can be found in Richtmyer’s book.*

Drake and Goldman® expanded ®(r) in a set
{x;:j=1,...,N} of Slater type orbitals (STO) on
[0, ), X;=e#" x rY¥71 5y = (k?— Z%/c})/?; for
N—*c0 and any real u >0, the set (AX;: 4
=(}), (9 }is dense in 3¢. They determined estimates
of eigenfunctions ®{™ and eigenvalues € varia-
tionally for k=—1,1,-2,2 (s152, p1y2, d3p2, dsj» sym-
metries) and N=1,2, ...,14 in the usual way. The
pertinent results are (a) the eigenvalues €™ of the
discrete problem divide into two classes ‘‘positive
energy’’ and ‘‘negative energy’’ each having N
members.® (b) There appears to be a sort of
Hylleraas-Undheim theorem for the ‘‘positive”’
eigenvalues €™, which appear to converge from
above to the corresponding Sommerfeld eigenvalues.
The lowest positive root for « > 0 is degenerate with
the lowest root for the case — k and is clearly spuri-
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ous. (c) The N negative energy eigenvalues all lie
below —2c? in the continuous spectrum of H,, and
do not converge as N—*co. These correspond to
square integrable pseudostates which may be impor-
tant in some applications, where a complete (finite)
basis set is needed.’ An analysis of the process®
allows us to interpret these observations. It is
convenient to replace the STO set {X;} by an
equivalent orthonormal set’ {¢;}, ¢;(r)
=[(n=1)2u/T(2y +n)1"exp(—pur).

Qur)’LA 2ur),0<r <oco, j=1,2, ...,

where L®(p) is a generalized Laguerre polynomial.
The variational procedure® requires us to solve a ma-
trix eigenvalue problem

-ZW cIl, a a
eIl —2c21—-zwl|b| ™ €|b

where a, bare N vectors of expansion coefficients for
f(r) and g(r), respectively, and I, W, II,, and its ad-
joint II! are N x N matrices. By virtue of (5), Wis
bounded, and it is also symmetric and positive defin-
ite, with elements

, 4

VVU=J;N¢1(I')¢/(I‘)% ’ Q)

ij=12,...,N .
If D is the antisymmetric matrix with matrix ele-
ments

DU=—D,,=J:°¢,(r)%¢J(r)dr , (6)
ij,=1,2,...,N ,
then
O=kW-D, Mi=—I_,=«xW+D . @)

We observe that

LI, =W —x[D,W]-D? ,
®

LI, =k*W?+«[D, W] - D* .
The formal commutation relation [d/dr,r~'] =—r?
corresponds to a matrix equivalence of [D, W] and
— W2, This cannot be exact for any finite value of N,
and the rate of convergence of [D, W] to — W2, if
any, as N—oo will depend crucially on the choice of
basis set. Nevertheless, we can identify the matrices
(8) as (possibly poor) matrix representations of the
radial Schrédinger kinetic energy operators
- %dz/dr2 +1(1+1)/2r% and we write

T,=3ILI, Ty=+ILI, , ©)
where [, 7are the usual orbital angular quantum

numbers corresponding to g(r) and f(r), defined as
non-negative solutions of /(I +1) =«(x +1), and

1(14+1)=(—x)(—k +1), respectively. The matrix
equivalent of the textbook ‘‘elimination of small
components’’ gives

[HD—el—K{?(e)]la=0 , (10)

where H? = T,— ZW is a matrix representation of
the radial Schrédinger Coulomb Hamiltonian and

ZW +el
2¢?

K (&) =11 + m .
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It is clear from this that the operator K2 (e€), and
hence a, € (and, by implication, cb), Eq. (4), can be
expanded in a regular perturbation series in 1/ c2; this
is a matrix analog of a theorem of Hunziker.!® Simi-
larly, shifting the zero of energy by writing
e=—2c?+¢€’, “elimination of large components,”
gives, using the notation of (10),

(Hf2 + - [KS2(—)1T )b =0 . (12)

Next, we examine the formal nonrelativistic limit
¢—oo. Whether we allow the parameter vy to vary or
not, K{? (&) —0 and a, e become an eigenvector and
eigenvalue of H,?. Thus, the quality of the solution
depends, to start with, on the quality of this matrix
representation of the Schrédinger operator, which
may underestimate energies. Similarly — €’ and b are
an eigenvalue and eigenvector of HT('Z), having a
repulsive Coulomb potential in line with the identifica-
tion of negative-energy states with those of positrons.
The N eigenvalues €/ are therefore negative, ¢ —co,
with the true zero of energy €e=—2c2——c. The N
eigenvalues of (10), /™ *, approximate the Rydberg
eigenvalues and should converge as predicted by the
Hylleraas-Undheim theorem.!!

To analyze the case of c finite, rewrite (10) as a
Rayleigh quotient

e=a'lH@P-KD(e)lala'a . (13)

Whenever € is such that (ZW +¢€l) is positive definite,
a'K (2 (€)ais positive, so that relativistic corrections
decrease €. Suppose also that W has a finite spectral
radius p§"; this is required by (3). Then, for all a
such that x = H,ta is non-null

R(ea)=a'K{? (e)a/a'a

-
=Ll I+L_:€I (ZW +€el)/2c%x /aTa
2 2¢
t N) -1
= ‘HT'“ 1+Z”§"2+€ (Zp +€)/2c2 .
aa 2c

Provided supy pSVM is finite (a requirement which
may restrict the basis set), R (€,a) <afTa/afa,
on 0 > € > —2¢? and the right-hand side of (13) is



1232 RAPID COMMUNICATIONS 25

uniformly bounded below. This, in conjunction with
the separation property e{**D < (P < €&,
i=1,2,...,k k=1,2, ... of leading diagonal sub-
matrices of any real symmetric matrix!! like that of
(10), suffices to explain observation B of Drake and
Goldman’s calculation.’ A similar analysis shows
that the remaining N eigenvalues all lie in the lower
continuum.

This discussion reveals several points at which the
numerical results may be sensitive to the choice of
basis set. The numerical difficulties observed in
many recent calculations on atoms and molecules!™
which are usually just attributed to the presence of
negative-energy states are obviously closely connect-
ed. Here we suggest sufficient conditions for conver-
gence which may be useful to test particular choices
of basis set. Necessary conditions are at present out
of reach. We expect the analysis given here to gen-
eralize in several directions. There should be no dif-
ficulty in extending it to include more general effec-

3

tive atomic central potentials of the Hartree-Fock
type with Coulomb singularities at the origin. Like-
wise, it should not be difficult to replace the
Coulomb singularity with the potential appropriate to
a distributed nuclear charge. It should also be possi-
ble to generalize the argument to cope with the self-
consistent-field problem for atoms and molecules, ex-
ploiting the similarities in matrix structure? to (7).
Any progress in these directions will be reported else-
where.
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