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The amplification of millimeter electromagnetic radiation within the cathode region of a cold-cathode glow
discharge is correlated with the variations in the current-voltage characteristic of the glow discharge. The transfer of
energy from the fast electrons to the electromagnetic wave amplifies the incident radiation and also causes a decrease
in discharge current. The latter is called the "negative response. " This negative response is superimposed on a
"positive response"; i.e., an increase in current and decrease in voltage, which follows from the reduction of
electron-ion recombination rate by the incident electromagnetic radiation. The negative response was extracted from
the measured current-voltage variations, and the measured amplification is shown to be proportional to the negative-
response voltage multiplied by the electron density. Divergence of the incident electromagnetic wave by the plasma
(whose refraction index is smaller than one) was measured and compared with the theory. The effect of this
divergence on the measurement of amplification is discussed. The theory of stimulated emission of bremsstrahlung
has been developed to explain the above experiments. Two methods of calculations are compared: one based on
differences in populations of levels, as is conventional in laser physics, and the second method which exploits the
dependence of the scattering cross section on the incident electron energy. Possible improvements of the theory are
discussed.

I. INTRODUCTION

Recently we reported' the observations of amp-
lification of millimeter-wave radiation by stimula-
ted emission of bremsstrahlung from the electrons
in the cathode region of a cold-cathode glow dis-
charge. Small changes in the discharge current,
resulting from the incident electromagnetic (em}
radiation were also reported. We claimed that
the current decrease was due to the loss of elec-
tron energy to the radiation field. Therefore,
this effect should occur in those discharge re-
gions where amplification exists. However, the
incident electromagnetic waves reduce the elec-
tron-ion recombination rate, which results in a
current increase. This effect is responsible for
the difference between the amplification curve
and the current-change curve. In this paper we
present a more detailed experimental and theo-
retical study in which amplification and current-
voltage change are shown to be correlated. The
refraction of the electromagnetic wave in the plas-
ma and its effect on the measurements of amplifi-
cation are also investigated. The experimental
system is described in Sec. II.

The study of the current-voltage variations in
the discharge caused by the incident em wave is
described in Sec. III. The experimental results
obtained by our group are presented and compared
with previous results of other investigators. A
simple model is suggested, which fits well with
the experimental data, and which extracts the ef-
fect related to amplification from the measure-
ments of the current-voltage variations.

The refraction of the incident em wave by the
glow-discharge plasma is examined in Sec. IV. It
is shown that the plasma diverges the incident
beam as expected from the known theory. The
problems in the measurements of the amplification
caused by this divergence are discussed in Sec. V.
In the same section the amplification is correla-
ted with the current-voltage changes. The approx-
imate relative electron density along the discharge
tube was derived from current-voltage measure-
ments as well as from the refraction measure-
ments, and applied for the comparison between
the amplification and the current-voltage effects.

In Sec. VI we present a detailed theoretical study
of the stimulated emission of bremsstrahlung.
Using the classical approximation we have com-
pared two methods of calculation, and show that
they lead to the same result for isotropic distri-
butions. We have also discussed how the applied
approximation affects the theory and how it com-
pares with experiments.

II. EXPERIMENTAL DETAILS

The experimental system is described in Fig. 1.
An electromagnetic wave at a frequency of VO GHz
(wavelength 4.3 mm} and power of 70 mW was
generated by an IMPATT diode. This radiation
was modulated at 833 Hz by an electronic modu-
lator, and carried in a standard E-band rectangu-
lar wave guide to a horn. The electromagnetic
wave radiated from the horn was concentrated by
a lens placed close to the horn. The discharge
tube was a glass cylinder, with an inside dia-
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FIG. 1. Schematic diagram of the experimental sys-
tem.

AV in the discharge tube were separated by the

capacitor C from the dc voltage V. We measured
the voltage variation resulting from the em wave

radiation at the modulation frequency, after fil-
tering by a lock-in amplifier. The current change
AI is calculated by AI = —AV/R. The minus sign
indicates that an increase in current means a de-
crease in voltage, and vice versa.

The electromagnetic radiation crossing the tube

was measured either by a crystal detector connec-
ted after a horn placed behind the glass tube, or
by a point detector. Since refraction effects have

influence on the measurements, the discussion of
these measurements will be postponed to Sec. IV.

meter of 20 mm. Its inlet and outlet connections
were connected to the vacuum pump and to the

gas filling system. The electrodes were made of
aluminum and were fixed at the ends of the glass
cylinder, 90-mm apart. The discharge tube was

placed with its axis perpendicular to the direction
of propagation of the electromagnetic radiation,
and in such a distance from the lens that approxi-
mately maximum concentration of the radiation
was on the tube axis. The tube was movable along

its axis with respect to the incident electromag-
netic radiation to enable measurement at different
zones of the discharge tube. The distance from
the cathode to the point on the tube axis where the

incident electromagnetic radiation is concentrated,
is defined as X. In the present experiments the
polarization of the electromagnetic wave was par-
allel to the tube axis.

The discharge tube was connected to the electric
circuit as described in Fig. 2. V, is the dc supply

voltage, V is the voltage on the discharge tube,

I is the current through the tube, V„=IR is the

voltage on the resistor R. The voltage changes

C

V

FIG. 2. Electric circuit connected to the glow-dis-
charge tube.

III. CURRENT-VOLTAGE VARIATIONS

A. Survey of previous works

The fact that the discharge current varies when

the discharge tube is irradiated with electrom'ag-

netic waves in the microwave range was first re-
ported by Burrough and Bronwell' about thirty
years ago. It was suggested that this effect could
be used for the detection of microwave radiation.
The discharge tube was expected to be superior
to the conventional crystal detector, and it stim-
ulated further work on this subject.

Detailed lists of references can be found in the
papers by Severin' and by Kopeika and Farhat. 4

Most of the works concentrated on technical as-
pects, such as the properties of the discharge
tube as a detector. In these works the whole tube
was irradiated, so that its response was some
average of the responses from the various zones
of the glow discharge. Obviously, for a good un-
derstanding of the current changes, one should

know the separate responses in every zone of the
glow discharge. Only in a few papers the current
changes were measured as a function of the ir-
radiated zone. Lampert and White' reported such
measurements in Ne and Xe which were irradiated
by a 6-cm em wave. Udelson' reported experi-
ments in H, with 10-cm electromagnetic radiation.
In these experiments the discharge tube was in-
serted into a special waveguide, which concentra-
ted the radiation to a small region of the dis-
charge. In both papers the following results were
found: a current increase when the negative glow
zone was irradiated, a current decrease when the
Faraday dark space was irradiated, and a small
current increase when the positive column was ir-
radiated. Similar results were also reported by

Bloyet and Talsky. '
Various models' ' were suggested to explain

these current variations. These models will be
examined later in the light of our experiments.
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B. The discharge tube in the electric circuit

A cold-cathode discharge tube has a voltage
versus current characteristic which depends on
the geometric structure of the tube. For a cylin-
drical tube with plane-parallel electrodes, three
main regions can be noticed": (1}the dark dis-
charge —at very low currents, (2} the glow dis-
charge —at medium currents, and (2) the arc dis-
charge —at very high currents.

In this work we are interested mainly in the glow
discharge, which can be divided into three opera-
ting regions: (1) the subnormal region —at low
currents: In this region dV/dI &0, therefore the
discharge current is not stable and tends to os-
cillate. (2) the normal region —at medium cur-
rents: The cathode is only partially covered by
the glow. Therefore, when the current increases
a larger area of the cathode becomes covered, but
there is almost no change in the current density,
the cathode fall voltage, or the cathode fall length.
If the positive column is short, most of the tube
voltage is the cathode fall voltage; therefore:
dV/dI = 0. The discharge current in this region is
not very stable and contains much noise, because
the glow can move randomly on the cathode face.
(2) the abnormal region —at high currents: In this
region the cathode is completely covered. There-
fore, the current density is proportional to the
current, and the voltage rises slowly with current,
so that dV/dI &0. In this region the noise in the
current is low, current densities are high, and
therefore our main interest is in this region.

The tube characteristic, together with source
voltage V, and resistor R, define the working
point (V and I) as described schematically in Fig.
3. The symbols in this figure refer to Fig. 2. The
incident electromagnetic radiation changes the
voltage-current characteristic of the tube, as des-

6V and 5I can be calculated from the measured
value of AV if one knows the characteristic V(I).
Assuming that A V/V «1, and AI/I «1, so that
the characteristic moves almost parallel to itself,
one easily gets the following result:

(5V=il+R ' —AV,dI

dV6I = 1 +R — AI .
dI

(la,)

(lb)

We have found it more convenient to apply 5V in
the present work. In the experimental conditions
of this work (1/R)dV/dl was found to be about 0.2,
so that 5V is quite close to aV, but 6I is about
five times oi. (It should be remembered that
5V & 0 corresponds to "negative response, " i.e.,
to "current decrease" in the historical terminol-

cribed by the broken line in Fig. 3. Therefore, a
new working point is defined by V+5,V and I +AI.
aV is the voltage change measured as described
in Fig. 2, and AI = -A V/R is the current change
to which the various workers referred. The sign
of 6V is the opposite of bI; although we shall re-
fer later to voltage variations, for keeping the
convention of previous works we shall use the fol-
lowing definitions for the response of the discharge
tube to the incident electromagnetic radiation.

(a) positive response: AI &0, AV&0. The cur-
rent increases, and the characteristic "moves
down" on the V-I plane.

(b) Negative response: AI &0, b, V &0. The cur-
rent decreases, and the characteristic "moves up"
on the V -I plane.

For further analysis it will be more convenient
to define the following circuit-independent quan-
tities.

(1) 5V is the voltage change on the tube elec-
trodes, due to the incident radiation, for fixed
discharge current I .

(2} 5I is the discharge current change, due to
the incident radiation, for fixed voltage V on the
electrodes.

V

V+6,v

FIG. 3. Effect of the incident em wave on the working
point of the glow-discharge tube.

C. Experimental results for voltage-current variations

The voltage variations at constant current 6V re-
sulting from the incident millimeter-wave radia-
tion were measured versus X, the distance from
the cathode to the irradiated zone. Results with
Ne, at a pressure of 1 mm Hg, for several cur-
rents are presented in Fig. 4. At high currents,
from I =4 mA [in Fig. 4(c)] to I =10 mA [in Fig.
4(f)], the results agree with the previous mea-
surements of Lampert and White' and of Udelson. '
A positive response (5V&0, 5I &0) is evident at
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FIG. 4. Voltage variations at constant current, re-
sulting from the incident em wave versus the distance X
from the cathode. Gas: Ne pressure of 1 mm Hg. (a)
I=1 mA, (b) I=2 mA, (c) I=4 mA, (d) I= 6mA, (e) I
=8 mA, (f) I=10 mA. Also contains a drawing of the
discharge regions.

the negative glow zone and the positive column,
and a negative response (6V & 0, 5I & 0) at the Fara-
day dark space. However, we have found that in
the positive column the response was large when
the glowing striations were irradiated, and very
small when the dark striations were irradiated by
the millimeter em waves. This can be seen very
cleary in Fig. 4(f). At low currents a new phen-
omena appears: the response in the negative glow
becomes negative, as can be seen in Fig. 4(b) (I
=2 mA) and Fig. 4(a) (I =1 mA). However, no

negative response was found in the positive column.
Similar results were obtained with He, and also
with discharge tubes of smaller diameter.

From the results described in Fig. 4 it is clear
that the effect leading to negative response exists
in the whole region from the cathode to the begin-
ning of the positive column, and is not restricted
to the Faraday dark space as has been thought
earlier. 4 The positive response is connected with
the glowing zones, i.e., the negative glow, and
the glowing striations of the positive column, and
it increases with current. In the negative glow
both effects are large. The measured 6V is the
sum of both effects, i.e.,

(2)

6V =B -AI, (3)

whereA. and B are independent of the current I.
Below 1 mA the curve deviates from Eq. (3) and
can be approximately described by the equation

5V =6V~+6V„~

where 5V~ & 0 comes from the negative effect, and
5V &0 comes from the positive effect. In orderA

to separate the two effects, we measured the de-
pendence of 6V on the discharge current, I, when
a fixed point in the negative glow was irradiated.
A typical result is described in Fig. 5, at X = 7 mm,
for Ne. In the current range from 1 to 12 mA the
experimental data closely fit the equation
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5Y=B, -A, /I .
Deviation from Eg. (3) was also found at currents
above about 15 mA. It should be mentioned that
at the experimental conditions described earlier
(a 20-mm diameter tube with aluminum electrodes
filled with Ne, to a, pressure of 1 mm Hg) for cur-
rents below about 1 mA the discharge was at the
normal condition. In the current range from 1 to
15 mA the discharge was at the abnormal condi-
tions. Above 15 mA, the cathode became hot, and
the discharge tends to the arc conditions.

D. Theoretical model for the current-voltage variations

Several investigators' "pointed out that the
positive response resulted from the decrease in
electron-ion recombination rate due to the increase
in the enexgy of the slow electrons caused by the
incident em wave. This explanation is supported
by the following experimental results.

(1) The response is positive in the glowing zones
as can be seen in Fig. 4. At the pressure of the
preceding experiments most of the recombinations
end with the emission of visible light. Much of the
glow of the discharge comes from this process.

(2) Quenching of spectral lines resulting from
incident microwave radiation was observed in the
afterglow of electric discharge in gases, "'"and
in the negative glow of a glow discharge. ', i, is

This phenomenon was explained by the reduction
of recombination rate when the slow electrons
absorb energy from the incident em wave, and
was used in measurements of recombination
x ates."

(3) Experiments in magnetic field"" showed a
xesonant increase in the positive response of a
glom-discharge tube at the cyclotron resonance
conditions. The results were explained success-
fully assuming that the slow electrons absorbed
energy from the em wave, and this absorption was
enhanced at the cyclotron resonance.

(4) The dependence of the response on the dis-
charge current fits well with the model based on
recombination, which is presented later in this
section .

In an ionization process an ion and an electron
are created. The new electron is accelerated by
the electric fields towards the anode. The new ion
is accelerated towards the cathode, hits it, and
liberates few electrons. Therefore, an increase
in ionization rate increases the current and de-
creases the voltage, i.e., a positive response.
On the other hand, in a recombination process, an
ion and an electron recombine to form a neutral
atom. Therefore, a decrease in recombination
rate causes a current increase and voltage de-
crease, i.e., a positive response. The incident

electromagnetic radiation may produce changes in
both ionization and recombination rates, but in
different ways. The ionization processes are due
to fast electrons of energies above the ionization
energy eV, which is about 20 ev. As will be shown
later, these fast electrons tend to lose enex'gy to
the electromagnetic wave, therefore the number of
ionizations decrease and the current decreases,
i.e., a negative response. The recombination pro-
cess is between ions and slow electrons, whose
energy is of the order of few meV —ie., thexmal
electrons. These slow electrons absorb energy
fx'om the electromagnetic wave, therefore, the
recombination rate decreases and the current in-
creases, i.e., a positive response.

The number of recombinations per second is
given by"

R =- ' = =&Rn n

where n,. is the ion density, n,' is the slow-elec-
tron (thermal electron) density, and n~ is the re-
combination coefficient. We shall not discuss the
exact mechanism, but following Chen et al. ,

ie the
recombination coefficient reduces, due to the in-
cident electx'omagnetic radiation, from n„ to n~
—adam (Ao„&0). Therefore, the change in the num-
ber of recombinations per second is

AB = —6&~n;n~ ~

The electron energy before the recombination is
negligible relative to the ionization energy (few
meV compared to about 20 eV), therefore the en-
ergy loss from the discharge by one recombination
is eV, . The change in power loss, resulting from
the incident em wave, is eV,~. If the current
through the tube is constant, this change in power
loss should be compensated by an equal change in
the power delivered to the tube by the external
source. This power is IIV„, where 6V„ is the
change in tube voltage. So we obtain

I 5V~ =eV)~ = -eV]h&~n]n, ',
e V, and he~ are independent of the discharge cur-
rent I. In the abnormal range, the current den-
sity is proportional to the current, therefore both
n', and n, are proportional to the current I. There-
fore,

n]n', =yI,
where y is some proportionality constant, which
depends on the discharge structure. With Eqs. (V)

and (8) we obtain

5V~ = —(eV(6&sy)I .
This last equation explains the positive response~ appearing tn EQ (3), which was derived
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from our experimental data. We identify

A =eV,.he~y. (10)

eV,.a~en, n (12)

At high currents, the discharge tends to the arc
conditions, therefore a deviation from Eq. (3) was
found.

The negative response, i.e., decrease in cur-
rent and increase in voltage, was defined as 6V~
in Eq. (2), and equals the term B in Eq. (3}, which
was derived from the experimental data. We have
already suggested' that the negative response fol-
lows from the stimulated emission of bremsstrah-
lung by the fast electrons, and therefore relates
to the amplification. In the collision process be-
tween a free electron and an atom (or molecule)
in the presence of an electromagnetic wave, en-
ergy is exchanged between the em wave and the
electron. ""As we shall show in Sec. VI, for a
distribution of fast electrons, energy is trans-
ferred from the electrons to the electromagnetic
wave. One result is the amplification of the em
wave described in Sec. V; another result is the
decrease in discharge current and increase in dis-
charge voltage, which we called negative re-
sponse.

The analysis presented in this section can be
applied to extract the negative-response voltage
6V~, from the current-voltage measurements. The
voltage change b, V is measured as a function of the
discharge current I, 5V is calculated with Eq. (la}
from, hV, and plotted as a function of I as was
done in Fig. 5; the coefficients A and B in Eq. (3)
are chosen to give the best fit of that equation with

the linear portion of the graph. B is the negative-
response voltage 5V~ which we shall correlate
with the amplification. In the Faraday zone,
where the recombination effect is low, the positive
response is negligible and the measured 6V is
exactly the negative-response voltage 5V~.

IV. REFRACTION OF THE ELECTROMAGNETIC
WAVE IN THE PLASMA

The refraction of the electromagnetic wave in
the plasma has the important implications on the

Deviations from Eq. (9) appear whenever Eq.
(8) fails. At the normal operating range (below
about 1 mA at our experimental conditions) the
current density near the cathode is almost constant
(independent of the current), therefore n', and n,
are independent of the current I. From Eq. (7)
we get

5V~ = eV(n. -aRn(n,'/I,
which explains the positive response term in Eq.
(4), with the identification

2 =+2+c2k2P (13)

where &o and % are the incident wave frequency and

wave vector, respectively, &p is the plasma fre-
quency defined by

4me n,
Mp=

m

The refraction index N is given by

N
ck

1 ~z

(14)

(15)

For +p & N is imaginary, and the electromag-
netic wave cannot propagate through the plasma.
For &p &, N is real and smaller than one. In

our experiments is constant and n, varies.
Therefore we define

&' = 6x10»m
4me'

(16)

where n' is in cm '.
Then the dependence of N on n, becomes

N= 1-~0 = 1- (17}

and for small n, (compared to no),

eN —=1-2n'
' (18)

For n, = 10", N = 0.91. In order to get N sig-
nificantly different from one, n, must be very
close to n' = 6&10" cm ' (for a frequency of 70
GHz}.

measurements and applications of the amplifica-
tion effect. Electrons and ions in conditions of
quasineutrality create the plasma state. Many

phenomena in plasma are explained by the Coulomb

forces alone, neglecting the collisions between
electrons and ions. In the glow discharge the gas
is only partially ionized: about one electron-ion
pair per 104 neutral atoms. The neutral atoms do

not disturb the Coulomb forces. Therefore, if the
electron-neutral-atom collision frequency is not

too high, some plasma properties of the glow dis-
charge can be described neglecting the neutral
atoms. One of these properties is the propagation
and refraction of the electromagnetic wave in the
discharge. On the other hand, the presence of
neutral atoms is responsible for the stimulated
emission of bremsstrahlung radiation, which amp-
lifies the incident electromagnetic wave. In the

glow discharge, at our experimental conditions,
both refraction and amplification of the incident
wave take place simultaneously.

The propagation of electromagnetic waves in

plasma is discussed by Chen. " The dispersion
relation is given by
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The significance of a refraction index smaller
than one was pointed out by Chen. " A plasma in
the shape of a convex lens diverges the incident
electromagnetic wave. In our system the incident
em wave is expected to be diverged in the following
way.

(1) Since the tube is cylindrical, the plasma has
this shape, so the wave diverges as described
schematically in Fig. 6. In the left-hand side of
the figure the expected variations in radiation in-
tensity behind the tube were drawn. Y and W are
defined in Fig. 8.

(2) The electron density changes along the tube
axis. According to known literature, "the electron
density is maximal in the middle of the negative
glow, and decreases towards the positive column.
Therefore, we expect the incident wave to be af-
fected by the plasma as described in Fig. 7.

When measuring amplification, the refraction of
the incident wave by the plasma should be con-
sidered, since both effects change the intensity at
every point behind the tube. This problem can be
overcome by placing a collecting horn with a large
aperature close to the tube (Fig. l), so that most of
the radiation crossing the tube will reach the de-
tector. However, when the electron density is
very close to n = 6&&10" cm ', the incident wave
is refracted strongly by the plasma, and the power
reaching the detector decreases.

Measurements of the refraction were proceeded
with the system described in Fig. 1, with the ar-
rangement described in Fig. 8 replacing the col-
lecting horn. The intensity variations were mea-
sured in the W- Y plane defined in Fig. 8. The
millimeter-wave detector was a miniature glow-
discharge tube, of type PFE 455, whose detection
properties had been studied. "'""'"This tube
responds to the radiation falling on its negative
glow, whose diameter is about 2 mm. The detector

UJ

z Plasma on Plasma off

(a)

X
I—

Cathode

(b)

X

z'
UJ

Z
Plasma off Plasma on

(c)

-8 0 8
Cathode side W (mm) Anode side

FIG. 7. Schematic description of the expected diver-
gence of the em wave by the plasma, in the W direction:
(a) for em wave incident close to the cathode, (b) for
em wave incident into the region of maximum electron
density, and (c) for em wave incident close to the Fara-
day region.

was moved in the W- Y plane, in a square of 24X24
mm2 centered at 9'=0, Y=0, and changes in de-
tected signal caused by the discharge were mea-
sured in spacing of 4 mm. The measurements
were repeated for various values of cathode dis-
tance X, fromX=2 to X=20 mm.

Plasma on
8

Y DETECTOR
ANODE

0 IDENT

WAVE

-Plasma off

INTENSITY OF em WAVE AT
THE W-Y PLANE

FIG. 6. Schematic description of the expected diver-
gence of the em wave by the plasma, in the Y direction.

CATHODE

FgG. 8. Schematic diagram of the experimental ar-
rangement for measuring the divergence of the em wave

by the plasma.
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The measurements were made with Ne, at a
pressure of 1 mm Hg, and discharge current of
10 mA. The results were in agreement with the
qualitative predictions described in Figs. 6 and 7.
To demonstrate this, we summed in the W direc-
tion for X constant, and got the intensity variations
as functions of Y. These intensity variations were
plotted in Fig. 9 for several values of X. These
curves are in good agreement with the prediction
in Fig. 6. The curve in Fig. 9 does not go below
zero for Y= 0 because the amplification effect is
superimposed on the refraction effect, and shifts
the curves "upwards. "

Summation in the Y direction for X constant
yielded the intensity variations as functions of W.
These intensity variations were plotted in Fig. 10
for several values of X. X =2 and X =4 mm cor-
respond to the prediction in Fig. 7(a), X = 8 mm
corresponds to Fig. 7(b), and X=8 and X=10 mm
to Fig. 7(c).

V. AMPLIFICATION

A. Amplification and current-voltage variations

The current-voltage-variation effect, which was
described in Sec. GI, is composed to two opposite
effects. The positive one, caused by the decrease
in recombination is not related to the amplification
because the energy absorption by the slow (ther-
mal) electrons is very small. The negative effect
caused by the transfer of energy from the fast
electrons to the electromagnetic wave is related

to the amplification phenomena. The analysis pre-
sented in Sec. III enabled us to derive the negative
response voltage 5V~ from the experimental data.
OVAL is proportional to the energy loss of the fast
electrons but independent of the current I, i.e.,
independent of the electron density n, . The amp-
lification h is proportional to the energy loss of
the fast electrons and to the fast-electron density
n~. Therefore, we expect

(19)

The quantities h, n, , and 6VB vary as functions of
the cathode distance X. The amplification h(X}
was measured directly with a horn and a crystal
detector as described in Fig. 1.

Evaluation of n~(X) is somewhat more compli-
cated. We assume that the fast-electron density
n~(X) is proportional to the slow-electron density
n~(X), and to the total electron density n, (X). The
dependence of n~ on X can be derived from the X
dependence of the coefficient A in Eq. (8), so it
can be evaluated from the current-voltage mea-
surements reported in Sec. III. The X depend-
ence of the total electron density can be evaluated
from the refraction measurements of Sec. IV.
According to Eq. (18}the deviation of the refrac-
tion index N from one is proportional to n, in the
first approximation. Since the divergence of the
em wave is proportional to the deviation of N from
one, it is also proportional to n, .

Results with Ne at a pressure of 1.0 mm Hg and
current of 10 mA are presented in Fig. 11. In
part (a) the normalized electron densities are
described as functions of X. The full line is the

12—

Qmm

I I I

-2 0 2 4 6
INTENSITY VARIATIONS (%)

FIG. 9. Measured intensity variations of the em wave,
caused by the plasma, in the Y direction. Gas: Ne,
1-mm Hg pressure, I=10 mA.

t ~ I

-12 -8 -4 0 4 8 12

CATHODE SIDE W(IT101) ANODE SIDE

FIG. 10. Measured intensity variations of the em
wave caused by the plasma in the W direction. Gas: Ne,
1-mm Hg pressure, I=10 mA.
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to account when measuring amplification. To
evaluate this effect in the present measurements,
we calculated the amplification from the intensity
variations measured as described in Fig. 8 of
Sec. IV. The intensity variations were summed
in the W- Y plane, and we obtained the amplifica-
tion as function of X. This result was compared
with a measurement done with a horn close to the
discharge tube. In the region of high electron den-

sity, where the divergence of the incident em was

large, the amplification measured with the horn
was greater than that measured in the W-Y plane.
That difference follows from the greater collect-
ing area of the horn. In the regions of lower elec-
tron density the two measurements yielded the
same result.

A MP L I F1C ATION

ne
r) e~max

UJ)
I—

UJ
IX

10
I

20 30
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40

total density n, (X)/n, evaluated from refraction
measurements. The dashed line is the slow-elec-
tron density n~(X)/n~ „derived from the coeffici-
ent A. In part (b) the negative response 5V~(X)
was drawn. In part (c) the amplification h(X) was
drawn in full line and compared with [n, (X)/n, ]
&& 5V~ calculated from parts (a) and (b), and drawn
in dashed lines. The scales are relative since we
wish to demonstrate that the two quantities are
proportional. The results presented in Fig. 11(c)
agree with the expectation of Eq. (19), and confirm
the statement that the amplification and the nega-
tive response are correlated.

B. Amplification and refraction

FIG. 11. {a) Normalized electron densities versus
cathode distance X. Full line: derived from the refrac-
tion measurements. Dashed line: derived from the
voltage variations measurements. {b) Negative-response
voltage versus cathode distance X. {c)Comparison
between the amplification {full line) and the negative-
response voltage multiplied by the normalized electron
density {dashed line). Gas: Ne, 1-mm Hg pressure,
I=10 mA.

C. Amplification versus the incident power

The amplification was measured as a function of
the incident power, in the conditions described
earlier, at the region of maximum amplification,
i.e., X = 6 mm. The millimeter-wave-radiation
power reaching the discharge tube was approxi-
mately 10 mW. When it was attenuated by 40 dB,
i.e., the power reduced by a factor of 10', no sig-
nificant change was found in the amplification.
This independence of the incident power is char-
acteristic in stimulated emission processes, and

is derived theoretically for the bremsstrahlung
process in Sec. VI.

VI. THEORY OF AMPLIFICATION BY STIMULATED
EMISSION OF BREMSSTRAHLUNG

A. Introduction

The possibility of amplification of electromag-
netic wave by stimulated emission of bremsstrah-
lung was suggested in 1962 by Marcuse. '4 He cal-
culated the emission cross section for electrons
scattered by the Coulomb potential. According to
his calculations, ion density of a solid was re-
quired for a reasonable amplification, therefore
he suggested using an electron beam scattered on
a solid. Other authors used the principle of "in-
tegral detailed balancing" to calculate the emission
cross section. Reviews of these subjects can be
found in a paper by Bunkin et al. ' and by Feder-
ov".

The development of high-power lasers raised in-
terest in the subject of charged particle scattering
in the presence of a laser field, sometimes called
"free-free radiative transitions of electrons. "
Kroll and Watson" derived theoretically the fol-
lowing basic equation

As we noted in Sec. IV the refraction of the in-
cident em wave by the plasma should be taken in-

do„(q(v), q, ) q(v}, a Q dv„(e, Q)
dQ q, " mcus dQ

(20)
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where do'„(q(v), q,)/dO is the differential cross
section for scattering from (time-averaged) initial
momentum q, to final momentum q(v) with the em-
ission (v & 0) or absorption (v &0) of v photons of
angular frequency ~, so that

q(v
2m 2m (21)

do„/dO is the differential elastic scattering cross
section for scattering in the absence of the elec-
tromagnetic field, evaluated at energy e and mo-
mentum transfer

Q-=q(v) -q, . (22)

The electric field direction is denoted by a, a is
the vector potential of the plane wave. J, is the
Bessel function of order v.

Equation (20} had been suggested for low fre
quencies, but was derived later in many different
ways, under various assumptions. Its experimen-
tal verification was reported by Weingartshofer
et al. ,

"' and by others. A review of Gavrila and
Van der Wiel ' was published in 1978, but many
more experimental and theoretical works on these
subject have been published recently. " Most of
the investigators were interested in scattered-
electron spectroscopy and its applications for
studying atomic and molecular structures.

The great importance of laser fusion initiated
research on absorption of energy by the plasma
from the laser field through the mechanism of
inverse bremsstrahlung absorption. The calcu-
lations were done' for Maxwellian and other elec-
tron distributions, which were expected to exist
in high-temperature plasmas. For such distribu-
tions it was found that energy is transferred from
the electromagnetic wave to the plasma.

In this section a theory of stimulated emission
of bremsstrahlung will be presented in a form
suitable for explaining the amplification. Two
methods of calculations will be used. Qne method
is based on the conventional physical approach to
laser physics, i.e., the differences in population of
levels are calculated. This method is also used
for calculating laser energy absorption in plasma. "
In the second method, the dependence of the scat-
tering cross section on the incident electron en-
ergy is considered. Our result derived classically
becomes equal to the one derived quantum mech-
anically by Mittleman. " Expressions for isotropic
electron distribution are derived in both methods,
and are shown to be the same. Other distributions
are also considered. Orders of magnitude of the
amplification are calculated, and we discuss the
limitations of the model and possible ways of im-
proving the model.

B. Basic assumptions

(1) Classical calculations: The motion of the
electron in the electromagnetic field is treated
classically. This is allowed since according to
Eq. (20) an order of one hundred photons may be
emitted or absorbed in a single electron-atom
collision, at our experimental conditions.

(2) Low-frequency approximation: The time of
a collision is much smaller than the period of the
electromagnetic wave, so that the electric field
of the wave can be considered constant during the
collision.

(3) Plane-wave approximation: The incident
electromagnetic wave is considered as an infinite
plane wave.

(4} The electric field is taken independent of
position. Assumptions 3 and 4 are not too good for
our experimental conditions.

(5} The collision cross section is assumed to be
unaffected by the incident electromagnetic wave.

(6) The mass of the atoms is assumed to be in-
finite.

(7) Only elastic collisions are considered, but
the model can be extended to inelastic collisions.

C. Basic equations (cgs units)

The motion of a particle with a charge e in an
electromagnetic field is described by

p=q- —A,c
(23)

where p =mv is the kinetic momentum, q is the
canonical conjugate of r: quantum mechanically

q = —i58/sr, classically q is the time average of

p, A is the vector potential, and for an electron
e = —~e ~. According to the assumptions, the elec-
tromagnetic field is described by

A = acos&t =-acoso. . (24)

An electron of initial momentum q, and energy
E, =q', /2m, enters the region of the incident em

wave, and is scattered elastically at time t by an
atom. The initial kinetic momentum at time t is
given by

p, (t) =q, --acosa&t. (25)

p, (t}=q, acos~t . --
c (26)

If the collision is elastic the kinetic momentum

The electron leaves the collision at the kinetic mo-
mentum p, . Since the collision time is much
smaller than the period of the electromagnetic
wave, A is assumed to be constant during the col-
lision, so that
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is not changed in magnitude:

(27)
q d'q=1, (35)

The electron leaves the em field region with en-
ergy E, =q', /2m.

The energy exchange bE between the electron
and the field can be derived from Eqs. (25}-(27),

bE=—E, -E, = — ' =—a icost,8
2' 2' pter c (28}

where Q is the momentum transfer, given by

Q=q. -q, =p.(t) -p, (t} (29}

If ~&0 the electron absorbed energy from the em
wave, and if bE &0 the energy was transferred to
the em wave.

The probability of an electron making a collision
is related to the collision cross section. In the
low-frequency approximation, and neglecting the
effect of the em wave on the collision process it-
self, the cross section can be taken as the cross
section without the em wave, and it is a function
of the initial and final kinetic momenta p, (t) and

p, (t), i.e. , do(p„p, )/dQ.
The flux of a single incident electron is taken as

p,/m. If there are n, atoms per one cubic cm,
then the transition rate of an electron scattered
at time t into a solid angle dQ~ is given by'2

qfR
-s ~P (P1q P2 ) (30)'m dg

then the number of electrons with momentum q in
the range d'q is given by n, f(q)d'ql where n, is
the electron density (cm '). The energy absorbed
per unit time per unit volume (erg cm ' sec '} in
the transitions from q, to q, at time t is

dW, , =n,f (q, )d'q, n.E dR

2
,s, d'qd'q, f—(q, ) —a qqcoso)

x '"''
C q, —q', —2-a qqcosc),

(36)

where AE and dR where substituted from Eqs. (28)
and (34), respectively.

In Eq. (36), do/dQ depends on p, and p„which
are functions of time, and therefore, of e—= +t.
Since bE «E„'we may not neglect the small de-
pendence of dc/dQ on n and integrate over it. Also
we may not neglect the small differences between
the p's and the q's, since these small differences
are the cause of the amplification effect. To over-
come this problem the conventional method of
laser physics may be used. The inverse transi-
tion from q, to q, is considered. The power ab-
sorbed:

dW, ,=—n, n, d'qf, d'q, f(q ) —a Q'coen

D. Difference in population method

The solid angle dQ ~ can be expressed as follows. '
2

xQ q, -q2-2-a Q'cos&

where Q'=q, q = Q, and combining the two
transitions we get

(37)

2d ' 5(p'-p')
p

2 1 (3I)

where & —= t. Therefore,

where a known property of the 5 function was used.
From Eqs. (25) and (26) we get

p, -p', =q,'—q', —2-a Qcosn, (32)

d'q, d q, -- a Q cosae a~ 1 2

exg q' q' 2-a Qcos~2 1 c

do p„p, - da p„p,
dQ dQ (38)

For elastic collisions the process is symmetric,
so that

dQ =- 6 q -q -2-a Qcose
p

2 ~ C

Substituting (33) into (30) we get

(33)
qfg (p„p,) do(P„P, ) (39)

(34)

Assuming an electron distribution f(q) normal-
ized by

Therefore, da/dQ can be taken out of the large
parentheses in Eq. (38). dW, , of Eq. (38) should
be integrated over d'q, and d'q„and divided by
two since we count each transition twice. Also,
we should average over the period of the em wave,
i.cad integrate with J, dn/m Then the pow. er ab-
sorbed in a unit volume is
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do(P„p,), , e
W= —,n, n, d'q, d q, —

I

—a tq)cosa " ' [f(q,)-f(q, )]0 q', -q', —2-a @cosa I.
0

(40)

In Eq. (40) the term containing small differences is now [f(q, ) —f (q,)]. Therefore the equation is not sen-
sitive to small changes in the cross section dv/dA, and d(t/dQ may be taken as a function of q, and q„or
of E, and Q.

For Maxwellian distribution of electrons, it was shown" that energy is absorbed by the electrons from
the em wave, i.e., W&0. But for other types of distributions W may be negative and the electromagnetic
wave is amplified. As an example, we examined a distribution created by a beam of electrons directed
initially in the X direction, and diverged by collisions. Such a distribution can be approximated by

f (q) =—f (q, )e "t"x& 2 (41}

where ft is a parameter describing the width of the distribution in the perpendicular direction. f (q, ) van-
ishes below a certain value q, and is supposed to be "inverted" for the lower range of q, , i.e., df/dq„
&0 in this range. The distribution of (4f) was substituted into Eq. (40). Then q, and q were replaced by
the variable Q defined in Eq. (29) and the variable q defined by

q =l(q, +q.}, (42)

so we obtained

1 'd~ do e eiq= —,,s. d'q d'Q ——if Qcos 4 qq Q —2—2 icos )m''' mdQc c

x-„(f(q.—rQ.)exp{-b[(q„- rQ„}'+(q,—zQ, }']&

-f(q„+ -'. Q, )exp[-&[(qx+ '2 Q,}'+(q, +~QQ.)'])). (43)

For electrons of a beamlike distribution, which
are scattered in the forward direction mainly,
f(q, ) can be approximated by

1

f(q ~ 2
Q ) f( )+ 4 (2Qx)

x
(44)

After substituting Eq. (44) into Eq. (43) the inte-
gration over Q, was performed, using the 5 func-
tion; then the integral over n was evaluated. Only
terms containing cos a did not vanish in this inte-
gration. The integration over q and q, was per-
formed, assuming that do/dA depends on the mo-
mentum transfer Q only. Finally, we define the
transverse momentum transfer Q by

E. Energy-dependent scattering cross-section method

We consider electrons of initial momentum q„
entering the irradiated region, containing n, atoms
per cm'. From Eq. (30), the power absorbed by
the electron can be calculated by integrating over
all possible directions of the final momentum p,

d=(q, f( t qqd, s, —filffs ox ' " *' (42)

The total power absorption is derived by integra-
ting over the initial momenta q„and taking the
time average. &E is taken from Eq. (28}:

Qp a cos&
Q'=Q', +Q',

and obtain the following results.
For em wave polarization in the X direction

(45)

We define

„«(p., p.}
dQ

(49)

1 d e 'd(T

t

(46)

and for polarization in the F direction
q(O OO

df e 'daS'= —n n —,— dq dQ Q —
2

—a
ax, min 0 x

W =n,n~. (51)

For convenience, we write Eq. (50) in spherical
coordinates

K = —— dQt a ~ Q cosa'de(L22 e - d(t( )
em ~2 mc dQ

(50)

For a beam of electrons with momentum q,
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2'
W=n, n, dq)o d80 sin8, dq, q,'f(q, , 8„q),)&,

0 0 0

(s2)

where (8O, q)o) are polar and aximuthal angles of q,
relative to the direction of a, i.e. , relative to the
direction of polarization of the em wave, and
COSH0=a q, . For the calculation of K we also de-
fine (8„q),) as the angles of p, relative to a, and

cos8, =a ~ P, . (8, q)) are the angles of p, relative
to p„and cos H =p, p, . The integral over dQ+
can be evaluated with J dQ~, =f,"dq)f; d8sin8.
The cross section can be expressed for elastic

da, , do( p', /2m, 8)
d~ (Pg~P2I = (s3}

a Q can be expressed as follows:

a Q= a (p, —p, ) =a ~ p, —ap, cos 8,

= ap~[(cos 8 —1)cos 8, + sin8cosq) sin8, ] .

Substituting in Eq. (50}

(s4)

collisions as a function of p', /2m =p~~/2m and the
angle 8 between p, and p,

ea g(y p 2F t
do p', 2m, 8)K = ——'

dq) d8sin8 cosa[(cos 8 —1)cos 8, + sin8cosrp sin8, ]mC 0 7T m 0 0 dQ

—cos~ p'
COSH, v„p' (ss)

where a„(E) is the momentum-transfer cross sec-
tion defined by

K cosA cos )H0 cosQ p,o„

do(E, 8)a„(E)=-2v d8 sin8(1 —cos 8)
0

(se)
From Eq. (57) we can express p, as

(eo)

In Eq. (55) p, and 8, depend on time, i.e. , de-
pend on n -=~t, and should be expressed by q„H„
and q)o. From Eq. (25) we obtain

q 1 e 2

p, = (2m)'~' ' + —a cosa
2m 2m c

2

)c, =q,'+(— cos —S—s C, cos (s7)
ea

COS H0 COSA
mc '

Z/2

(61)

2

py + a cosa + 2—a, ~ pj cosQ

Therefore,
e

p~ cos H~ q~ cos H0 a cos&
c

Substituting Eq. (59) into (55):

(se)

(59)

For convenience we define E = E, = q', /2m, and A
—= 2ea/cq, . Using these definitions Eq. (61) can be
written as

p, =(2mE)'~'(I + —,
'A' cos'e —A cos8, cosa)' '.

(62)

Then the following expansion around F is made:

i 2
p,c„' = (2m)' ' E' ' „c(+-,' 'Aeons—A cos8, cosa)E (E' 'a„)—

2 2 ~ i Z/2s-', (-,'c' s' —ccoss, cos )'o', lz'" „)+ ). (63)

For «&1 we can neglect powers of A higher than
one [provided c„(E) is far from a resonance].
This gives linear dependence of W on the intensity
of the incident em wave. However, if A is close
to one, and/or o„(E) is near a resonance, higher
orders of A should be kept, thus giving nonlinear
dependence of W on the incident intensity.

At our experimental conditions the incident em

wave intensity is about 10 mW cm ', which means
field intensity of 2 V cm ', and A = 5 X 10 '. There-
fore, we keep only the first power of A in the ex-
pansion. But for the incident intensity close to
10' W cm ' (at 70 GHz), A is close to one, and the
expansion (63) fails.

Keeping only the first power of A, Eq. (63) is
inserted into Eq. (60), and integration over n



25 AMPLIFICATION, CURRENT-VOLTAGE VARIATIONS, AND. . . 1173

gives the following result:

c m'" '

(64)
and can be written also

K=
~

—a»»(1+ cos'8, )o„+cos'8,E(c m 0 M 0

(65)

For a single electron, colliding with a single
atom, we can compute the average number of pho-
tons v transferred during a scattering event. We
divide K of Eq. (65) by the incident electron flux
m ~ (2E)'~2, divide by the energy of a photon 8&@,

and replace ea/c by ee/&o where e is the magnitude
of the electric field of the incident em wave. The
result is

( 2

vcr = (, —,
' (1 + cos'8,}cr„+cos'8,E

(66)

o is the total cross section (for all v and direc-
tions of final momenta p2). This result was de-
rived quantum mechanically by Mittleman ' [his
Eq. (2.10)], using the equation derived by Kroll
and Watson" [Eq. (20) in the present paper]. (In
Mittleman's work, no=—e/m~', p,. ~ n, =- cos8„and
5= 1.)

In order to get an estimate of v at our experi-
mental conditions we take, as an example, inci-
dent intensity of 10 mW cm ', &

= 2 V cm '. We
consider an electron of energy E =25 eV, incident

F. Isotropic distribution

Both methods can be used to calculate a simple
expression for isotropic distributions. For such
distributions f(q}=f(q) =f(E) and the normaliza-
tion is

4m dqq q =1.
0

We define F(E) so that

f(E) = (2w) '(2m) "'E '"F(E)
and F(E) normalized by

dEF E =1.
0

(67)

(66)

(69)

We define (8„$,) as the angles of q, relative to q, .
Using the method of subsection D, and substitu-

ting these definitions in Eq. (40) we obtain

parallel to the electric field (cos'8, =1). The cal-
culations of Eq. (66} yield v = -0.4x10 '. For
comparison, calculations were made with Eq. (20).
At the above conditions, the argument of the Bes-
sel function is about ten and therefore the probab-
ility for absorbing or emitting v photons during one
collision is high for -10~ v~ 10. This result
means that although an order of ten photons are
exchanged in a single collision, the average photon
exchange is about 5 orders of magnitude smaller.
However, as shown in subsection H, this extreme-
ly small asymmetry between emission and absorp-
tion of photons leads to amplification of significant
magnitude.

+e+a tQ~ 2v 2%' f
ee=, ),,„', , f f ds, f d—e, s' e,f ds,f de, s e'

00 OO

dE, dE EE ' 'E' 'QE, —E' 'QE " ' a.Qcos& 5 E, —E, — a Qcoso. ~

0 0

(70)

The integral over y0 is immediate. For the integration over E, and E, the following variables are defined:

E -=(E, + E~}/2, 8 =E, —E, ,

so that dE, dE, =dEdg, and f,dE,f,"dE, transform to f '"
deaf OdE. „Since ~E, —E, ~ &E„E„also ~g~ &E,

the following approximations can be made:

(1) (E E )»2 —= E
(2) The square brackets in (70) can be expanded around E

[E-&I2F(E ) E-&I2F(E )] — g [E ~ I2F(E)]-a

(3) do/dA will be evaluated at E —=p', /2m and at scattering angle 82, although it is the angle between q
and q, and not between p2 and p, .

With these approximations Eq. (70) becomes



ROSENBERG, BEN-ARYEH, POLITCH, AND FELSTEINER 25

n,n, 'da 2T + OO

W= 1/2 3 /2
— d60 sine0 de d~2 sine, dE dg

00

xE -$—E '/ F E a Qcoso
mc

x ' '~58- i Qcos ).dQ mc (71)

The integral over 8 is immediate by the 5 function; then the integral over a can be evaluated and the a ~ Q
term can be expressed as

a Q=a (q, —q, ) =aq, (cos&, cos8, +sin8, cosy, sin8, ) —aq, cos8,
=—a(2mE)'"[(cos8, —1)cos8, +sin8, cosy, sin8, ], (72)

where inthe last stepwe assumed q, =—q, —= (2mE)' '.
Substituting (72) into (71) and integrating over the
angles we arrive at the expression

21/2 e 2 BW= —n,n, »2 —a -', dE o„(E)E tE '~ F—(E)],
0

(73)

where c„(E)was defined in Eq. (56).
An expression for the isotropic distribution can

be derived also in the energy-dependent-cross-
section method. We combine Eq. (52) with Eq.
(73) and substitute definition (68), so that

21/2 e 2 2r
W=n, n, »2 —a dyo d8O sin8O dE m(2mE)'~2

m C 0
'

0

(
F(E) 1 $/2 + 2 1/2

(2 )(2~pr ~ r z v„+cos e,@—(E v„)) (74)

The integrations in Eq. (74) are immediate, and

the result is
21/2 2

W=nn», -a
c

X dEF E 1E1/2V +1E—E1/'OM . 75
0

This result can be written also in the form

I

The last step follows since at E =~ both F(E) and
a„(E) vanish, and they are finite for E=0. Na-
turally the methods of subsections D and E lead to
the same results for the case of isotropic distri-
butions, as the two methods are essentially equi-
valent.

G. Amplification

When the power absorbed in a unit volume W is
negative, energy is transferred from the plasma
to the electromagnetic wave which is amplified.
Assuming an electromagnetic wave of initial power
P0 incident on a plasma cross section S and travel-
ing a distance L in the plasma, it goes out of the
plasma with power P0 W&I. .

The amplification factor is defined by

21/2
W=nn, », -a

3C

OO B 32dEF E E o + E 6
0

(76)

and for comparison we write Eq. (73) in the form

—WSL
h=—

0
(78)

Simple calculations show that

(79)2 -1h= -87te2c 'w 2 —a LW.
C

Combining Eq. (79) with any equation for W in this
section gives the amplification h, independent of
the incident power, as was found experimentally.

W=n n, 3/2
—a

0

Equation (77) is identical to Eq. (76) since inte-
gration by parts yields

dEE~&2o —=E ~ o F dEF—(E'~'g )
BF B

BE M BE

dEF (E3~2(r)—a
M
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The amplification (or absorption) can be calcu-
lated in both methods, either from Eq. (40) based
on difference of population method, or from Eqs.
(52) and (64) based on the energy dependence of
the scattering cross section. The difference of
population method is more convenient when the
electron distribution is smooth and sufficiently
known, but the scattering cross section varies
"wildly" or is not known with enough accuracy.
The second method is more convenient for sharp
electron distributions, such as beams, and when
the energy dependence of the scattering cross sec-
tion is known.

The conditions for amplification can be demon-
strated for the case of isotropic distributions as
described in Fig. 12. The full line describes a
distribution function E '~2F(E), with a maximum
at E . The dashed line is a momentum-transfer
cross section which decreases with energy. Ac-
cording to Eq. (73}, negative contribution to W

arises for E & E,„where B/BE[E '~'F(E)] )0,
and positive contribution for E & E,„where
S/BE[E '~'&(E)]&0. If c„(E)decreases fast
enough with energy, the negative contribution out-
weighs the positive one and the em wave is ampli-
fied. As an intuitive criterion for amplification,
one may say that the maximum of the distribution
function should be in the region where o„(E)de-
creases strongly with energy. Since for low en-
ergies most scattering cross sections are nearly
independent of energy, or even increasing with
energy, no amplification can be achieved with
Maxwellian distributions. Alternatively, from
Eq. (75) the condition for amplification for an

UJ

I—

LIJ

FIG. 12. Schematic diagram for demonstrating the
conditions for amplification. Full line: electron dis-
tribution E F(E) versus the energy E. Dashed line:
momentum-transfer cross section 0& versus the elec-
tron energy E.

isotropic distribution is given by

(80)

Again, the criterion for amplification is that most
of the electrons are with energy in the range where
c„(E)decreases fast enough so that EBo-„/BE

For anisotropic distributions, the amplification
depends on the direction of the polarization rela-
tive to the preferred direction of the distribution.
This can be seen in Eq. (40), and Eqs. (46) and
(47}. But it is more instructive to examine Eq.
(64). For a beam of electrons of energy E, in-
cident with an angle ~0 relative to the polarization
direction, the amplification is proportional to

—,
' E ' 'o„+cos'HP —(E' 'c„}

Since (EB/SE)(E'~'a„) is the term contributing to
amplification (when it is negative), the greater
cos'e„ the greater the amplification. Therefore,
maximum amplification is achieved for a beam
parallel to the polarization (cos'8, = I), and ab-
sorption follows from a beam perpendicular to the
polarization direction (cos'8, = 0).

The amplification can be explained in a simple
way: An electron of initial energy E is periodic-
ally (in time) accelerated and decelerated by the
incident em wave, so that energy is transferred
periodically from the em wave to the electron and
back from the electron to the em wave. A collis-
ion process of an electron which loses energy to
the field contributes to amplification, and vice
versa. The periods of acceleration and decelera-
tion are equal, but if the collision cross section
decreases with energy, the electron which loses
energy to the field has a greater probability of
making a collision than the one which gains energy
from the field, so that amplification outweighs
absorption. However, the flux of the electrons
which lose energy is lower than of those which
gain energy, and this reduces the amplification.
The real situation is more complicated due to the
geometry of the collision process.

H. Evaluation of the amplification

It is more convenient to evaluate the amplifica-
tion with the expressions derived in the method
based on the energy dependence of the collision
cross section. We calculated the amplification for
two extreme cases: (I) A beam of electrons with
energy E directed in the direction of polarization
of the electromagnetic wave. (II) Isotropic dis-
tribution of electrons with energy E. In case (I)
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the amplification is derived from Eqs. (51), (65),
and (79):

8 e2

TABLE I. Calculated values of amplification h (in
percent) of Eqs. (81) and (83) for several electron en-
ergies E, and electron density 10 cm . Negative val-
ues indicate absorption. Scattering gas: He, at 1-mm
Hg pressure.

x —,
' 1+cos'8, o„+cos'8 E

(eV)
Amplification h Pp)

Beam Isotropic

where cos'8, =1, so the expression in parentheses
becomes (&x„+EBo„/BE). In case (II}, the ampli-
fication is derived from Eqs. (75) and (79},

8ne' 2 )i/2
, „, Ln.n. —

I

25
50

100
200

1.4
1.3
0.9
0.6

-0.8
-0.2

0.01
0.07

I%I ao„
x I

dEE(z}E' ' 2tr„+E "),
0

(92)

where we assume F(E') = 5(E E'), so—that we get
an expression

8me'

Values of o„(E) for energies above 20 eV with
sufficient accuracy to calculate Bo„/BE are need-
ed. We found such values for He." The pressure
was taken as 1.0 mm Hg so that n, =—3 x 10" cm ',
co=2gx 70x10' Hz, and L=2 cm. We made the
calculations for n, =10" cm '. The results for
8=25, 50, 100, and 200 eV, are given in Table I.
h was expressed as percents. Negative values in-
dicate absorption.

As can be seen from Table I, small amp. lifica-
tion can be achieved even for isotropic distribu-
tions, if most electrons have energy above 100 eV.
In the case of an optimally directed beam the amp-
lification is stronger at energies close to 25 eV.

The cathode region of a cold-cathode glow dis-
charge is characterized by high electron density
with special distributions. The density of elec-
trons can be estimated from the refraction mea-
surements of Sec. IV. As was shown there, for
the refraction to be significant n, must be close to
n = 6 x 10" cm . Since we found significant di-
vergence of the em wave n, must be of the order
of 10" cm ', which was used in our calculations.
The distribution of the electrons is not well known.
Measurements were made by Volkova et al."in a
hot-cathode discharge. They found that the dis-

tribution in the negative glow was "inverted, "
with a maximum at an energy of 30 eV, which is
about half of the cathode fall voltage, which was
60 V. The condition of their experiments are
quite similar to ours, but since the cathode was
hot the cathode fall voltage was much lower. At
our conditions the cathode fall voltage was about
400 V, therefore, we expect the maximum of elec-
tron distribution to be at about 200 eV. The dis-
tribution is assumed to be slightly anisotropic.

The calculations, based on the assumed prop-
erties of the negative glow at our experimental
conditions, yield amplification of about 1%, which

is of the right order of magnitude, but somewhat
lower than the measured values. It should be
noted that the derivation of the theoretical expres-
sions relies on some assumptions which are not
accurate. We shall indicate some of the possible
improvements of the theory.

(1) Inelastic collisions should be included in the
calculations, and other possible collisions, for
example, collisions with ions.

(2) The effect of finite atom mass should be con-
sidered.

(3) The em wave was assumed to be a plane
wave, but the real wave in our experiments was
concentrated by a lens to a region comparable to
the wavelength. The effect of this concentration
should be investigated.

(4) The incident em wave might change the elec-
tron distribution and create some "bunching"
which should intensify the amplification.

(5) The incident em wave affects the scattering
atom so that do/a is changed. This effect may be
small, but important for amplification processes.
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