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Deuterium NMR spectral patterns from cholesteric liquid crystals (twisted nematics)

for the case where the pitch axis aligns perpendicular to the direction of the magnetic

field are evaluated in terms of three quantities or effects: (i) an asymmetry parameter in

the quadrupole interaction which has been motionally induced by biaxial ordering of the

molecules, (ii) a self-diffusion constant for migration of the molecules along the pitch

axis, and (iii) distortion of the cholesteric helix in the presence of the applied magnetic

field. Calculated spectral patterns which include the above effects are fitted to experi-

mentally recorded spectral patterns from a selectively deuterated nematic that has been
twisted by the addition of a chiral compound. It is demonstrated how values of the

asymmetry parameter and the self-diffusion constant can be separately measured and

helix-distortion-effects studied.

I. INTRODUCTION

Nuclear magnetic resonance (NMR) spectral
("powder"} patterns from cholesteric liquid crystals

provide a wealth of information regarding micros-

copic and macroscopic features of this particular
phase. The shape of the patterns are sensitive to
different aspects of the molecular orientational ord-

er, ' to self-diffusion along the pitch axis, ' and

to the details of the manner in which the helix be-

comes distorted and untwisted by the applied mag-

netic field or other interactions.
The spectral patterns result in that the twisted

nematic structure consists of a distribution of
directors relative to the direction of the applied

magnetic field, H. There are three cases which

often arise in practice, depending upon the aniso-

tropy of the diamagnetic susceptibility of the sam-

ple: (i} The pitch axis is aligned by the magnetic
field in a direction parallel to H, in which case the
directors are all perpendicular to H and there is no
distribution at all to create a spectral pattern other
than that of the characteristic spectra of an aligned

sample. This case often happens when derivatives

of cholesterol are used and is not a desirable case
to have when studying or identifying some aspects
of orientational order, self-diffusion, or when exa-

mining the structure of the helical twist; (ii) The
pitch axis is aligned perpendicular to the direction
of H, imposing a cylindrical distribution of direc-
tors. This is the case to be studied here and is the
case best suited for most accurately obtaining

measurements of the molecular-order parameters

and self-diffusion constant as well as obtaining de-

tails on the helical structure; (iii) A third case has

been reported to occur' where the magnetic field

does not align the pitch axes at all and there is an

isotropic distribution of directors. In this case, the

same features of the cholesteric phase can be stu-

died as in the second case above, except with less

sensitivity, accuracy, and simplicity.
Recently, we reported on some studies of deu-

terium spectral patterns from a selectively deu-

terated nematic that was twisted about a direction

perpendicular to H by the addition of a chiral com-

pound. ' Because of the suitability of this confi-

guration for precise measurements, we were able to
report on some features of the cholesteric phase
never observed or measured before. These data in-

dicated that the molecules were biaxially ordered;

a feature predicted several years ago by theoretical

investigations "but never before confirmed ex-

perimentally. The data also indicated that the
self-diffusion constant along the pitch axis in-

creases with decreasing pitch, a feature which

might have been expected from viscosity studies'

but never reported in the literature. And finally

we found a new variant of modulated diffusion
which occurs when the helix is distorted by the

magnetic field. '

In this paper we provide details that were not
provided in previous publications on the effects of
biaxial ordering, self-diffusion, and helical struc-
ture on the overall shape of the spectral patterns.
We show how each of these effects or quantities
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can be studied or measured separately. Fits to ex-

perimental data are shown to illustrate the features
of the theory and the accuracy of the measure-

ments.

II. CALCULATION OF THE

SPECTRAL PATTERNS

The Larmor frequency of the quadrupole in-

teraction for deuterium (spin I= 1) is obtained ex-

perimentally in terms of the splitting between a
two-line spectrum, which can be expressed as'

t0(8o) =+—
i6 v(2[(1+rt cos2$)

+ (3—r) cos2$) cos28],

where 8 and P are the polar and azimuthal angles

giving the direction of the magnetic field in the

principal axis system. The other symbols are the
time-averaged quadrupole-coupling constant,

v~ =eQV /h, and the asymmetry parameter,

rt =(V —V~ )/V~. The coordinates x,y,z are the

principal axes associated with the liquid-crystalline

phase and V;; are the components of the electric
field gradient tensor that result following the
time-averaging processes in the liquid crystal. In
the liquid-crystal phase a motionally induced

asymmetry parameter is a signature for biaxial ord-

ering. ' When the nematic is untwisted, it is

uniaxial, and z aligns parallel to H. When the
nematic becomes twisted by the chiral compound,
the pitch axis is an axis of symmetry, and defines

either the x or the y principal axis. By conven-

tion, ' x is defined such that
~

V
~

is the smallest

component of the electric field gradient. In the

compounds studied to date it is found that x is
the pitch axis under this convention.

In the cholesteric phase where the pitch axis is

perpendicular to the direction of the magnetic
field, Eq. (1) becomes further time averaged by
translational diffusion along the pitch axis.
Brownian translation of the molecules along the

pitch axis during the time scale of the measure-

ment corresponds to an effective reorientation of
the molecular long axis, i.e., a translational jump
requires a rotational jump. With this simple model

the time-averaging process can be described in a
straightforward manner. We regard a molecule to

be situated at an arbitrary position xo on the pitch

axis at a time t=O. If the diffusion process is

Markovian, then at a time t the probability that

the Brownian motion brings the molecule to a new

position x on the pitch axis can be described by the
Gaussian function'

1 (x —x, )'
P(xox, t}= exp

2m.v'2Dt 4Dt

(2)

where D is the self-diffusion constant along the
pitch axis. In the application of Eq. (2) we consid-

er two cases: case A, where the cholesteric helix is
undistorted by the magnetic field; and case B
where it is distorted.

A. Undistorted helical structure

In this case there is a linear relationship between

x and 8 which allows one to write

po
(x —xo) = (8—8o)2'

where po is the pitch length For a discrete time g

Eq. (1}becomes averaged according to the relation

oi(8o, t) = f P(8o, 8, t}to(8)d8

(1—g)+(3+g) cos280exp
—16HDt

2
po

(4)

where the constraint P =n/2 is imposed by the

choice of x as the pitch axis. It is noted that Eq.
(4) has the proper limits for D=O and 00.

The free-induction decay, G(t), or one-half of
the quadrupolar echo, can be expressed in terms of
the ensemble average'

G(t)=(exp i f to(t')dt' ) .

Maintaining only the real part we write
w/2

'
g

G(t}=Go f, cos f to(8ot')dt'

X~ (80 t +27 )U(80) d80
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where Go is a constant and 00 is distributed ac-
cording to the function U(80). In the case of the
undistorted helix U(8p) =1. R(8p, t + 2r) is a relax-
ation function which accounts for line broadening
due to magnetic dipole-dipole interactions and
magnetic field inhomogeneities. The time ~ is that
associated with the quadrupole echo. ' The damp-
ing function R (Ho, t) was taken to be

R (8p, t) =exp[ t (—r (8p)/2],

where

(I) )

-0 2P=i.0~F0 e~ ~

ll {ID:o.a ro'

o (8 )= W'+ W"[ i
P (cos8 )

i

—1],
where 8" and W" are fitting parameters. ' Per-
forming the integration on dt' in Eq. (5) we obtain
for the free-induction decay

n'/2

6 (r) =Gp I j cos[Q(8p t)t] j

(c)

2p=O.5»O ~.~

XR (8p t +2r)d8p

where

Q(8p, t) =—„v~[(1—rl)+(3+r))Kcos28p],

and where

p p —162Dt
l —exp

16HDt pp

(6a)

(6b)

(6c)

FIG. 1. Calculated spectral patterns from Eq. (6) il-

lustrating the effect of molecular self-diffusion along the
pitch axis in a sample where the helix is undistorted by
the magnetic field. The spectral patterns were calculat-
ed for the values of the diffusion constant D indicated
in the figure and for g=0.

XR (Ho, t +27 )dHp . (7)

This approximation allows us to obtain a useful ex-
pression for the position of the characteristic
singularities which arise in the spectral pattern.
Ignoring the line-broadening function and chang-
ing the variable of integration in Eq. (7) from Ho to

The spectral pattern can be obtained by the
Fourier transformation of Eq. (6). Figure 1 shows
spectral patterns calculated in this manner for dif-
ferent values of the diffusion constant. The spec-
tral pattern reduces to a spectrum of two lines for
rapid diffusion as expected and in agreement with
Luz et al. , who used another numerical technique
to calculate the spectral patterns but did not in-

clude the possibility of a finite g.
While Eq. (6) can be readily evaluated numeri-

cally, there are some useful features and simplifica-
tions that are worth noting. If we regard t as the
length of the free-induction decay, then Q(8p, t~) of
Eqs. (6b) can be considered to be the average fre-
quency over the time interval from t=O to t=t
We shall subsequently show that it is a good ap-
proximation to express Eq. (6) as

n/2
6 (t) =Gp I I cos[Q(8p, t )t] ]

0, the Fourier transform of Eq. (7) is trivially cal-
culated yielding the cylindrically distributed spec-
tral pattern which consists of two sets of edge
singularities of the type which appeared in other
liquid-crystal investigations. ' ' The splittings 5v~

between the outer-edge singularities and 5v2

between the inner set can be obtained experimental-

ly with high precision. From the Fourier
transform of Eq. (7) with R = 1 they are calculated

to be

5v, = —,vg[(1 rl)+(3+rl)K—],
5vq ——+ —,vg [(1—rl )—(3+rl)K],

an expression made use of in our previous studies
of the cholesteric phase. ' In the expression for
5v2 the plus sign is to be considered whenever the
self-diffusion is sufficiently large to force the
singularities that define 5v2 to cross over zero, i.e.,
(1—g) & (3 + g)K. Otherwise, 5v2 is negative. In-
cluding the line-broadening term has only the ef-
fect of broadening the singularities and Eq. (8)
remains valid.

We also find that the values of g measured by
using either Eq. (8) or the more exact curve-fitting
procedure described by Eqs. (6), are always identi-
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cal. This is illustrated in Fig. 2 where we compare
experimental spectral patterns with calculated pat-
terns using Eqs. (6) as well as Eq. (7). The experi-
mental patterns were obtained from a nematic ma-
terial consisting of a binary mixture of 75 wt. %
4-methoxybenzylidene-4'-n-butylaniline (MBBA)
and 25 wt. % 4-n-butyloxybenzylidene-4'-n-heptyl-
d4-aniline (40,7-d4) selectively deuterated in the
aromatic ring. To this was added S wt. % of
chiral 4-cyano-4'-(2-methyl}butylbiphenyl (CB-15)
to yield the twisted structure. Figures 2(a) and 2(d}
show experimental spectra obtained, respectively, at
291.16 K and 313.96 K. Figures 2(b) and 2(e)
show the best fit using Eqs. (6) and Figs. 2(c} and
2(f) show the best fit using Eq. (7). Values of i}
can be calculated using Eq. (8} and the positions of
the singularities from the quantity 6=5v~ —5v2 as
discussed in Ref. 4. As seen from Eq. (8} the
quantity b is independent of diffusion effects.
This can also be seen to be true for the patterns
shown in Fig. 1 and also those of Luz et al.
Equation (8) gives values of rl, =0.06+0.01 and

r1~=0.12+0.01. The best fit from Eqs. (6} gives

identical values of g with D,=0.35)(10 cm /sec
and D~-0.7 X 10 cm /sec. The best fit from

Eq. (7) gives D, r =1.0&(10 ' cm2 and

Dd~ -2.1)(10 ' cm, which gives a value of
-3 msec for both cases and is in agreement

with the observed length of the free-induction de-

cay (where it decays into the noise). The approxi-
mation used in the simplification of Eqs. (6} to ob-
tain Eq. (7) appears justified in these examples and
all others we have tested.

It is seen from Fig. 2 that, except for the posi-
tion of the singular peaks, we are not able to ob-
tain a completely perfect fit using Eqs. (6} to the
patterns, which is noticeable from the relative in-
tensity of the central part of the spectrum, which
is too high or too low. We are not sure of the rea-
son for this. On the other hand, there is some fine
structure which sometimes appears in the center of
the experimental patterns which Eqs. (6) predicts.
This is illustrated in Fig. 3, which shows both an
experimental curve and that calculated from Eqs.
(6). We have not been able to fit well the positions
of the fine structure but only predict its presence.
The fine structure depends on all the fitting-
parameter values but it is particularly sensitive to
the values of the line-broadening parameters W'

and W". Keeping constant the other variables, the
fine structure becomes more evident when the
singularities are more sharp. This behavior could
be due to the fact that for longer free-induction de-
cays the diffusion brings about larger molecular
displacement during the time of measurement.
This effect might become more pronounced for
more sharp spectral lines. The spectral lines in the
untwisted sample used here are broadened because

T=29usK I

so hHr

(&) ( )

T=aa3.9e K

FIG. 2. Spectral patterns: experimental patterns (a) and (d); calculated patterns using Eqs. (6): (b) and (e); calculat
ed patterns using Eqs. (7): (c) and (I), respectively. The best-fit parameters used in the calculated patterns are indicated
in the text. Line-broadening parameters are W'=1.3 kHz and W"=0.1 kHz for both (b) and (c); W'=1.2 kHz and
W"=0.4 kHz for both (e) and (f).
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IX~IMIHTAL III. DISTORTED HEI ICAL STRUCTURE

%Ha

CALCULITRO

FIG. 3. Spectral patterns illustrating the fine struc-
ture which sometimes appears in the center of the pat-
tern. The experimental pattern was obtained from a
nematic mixture consisting of 58.6%, 40,7-d4 and
41.4% MBBA to which was added 16.2% chiral
MBMBA (Ref. 21) at the temperature 29.56'C. The
calculated pattern using Eqs. (6) represents the best fit
with the parameters g=0.06, D=0.35)& 10 cm /sec,
W'=1.35 kHz, and W'=0.75 kHz.

of slightly inequivalent deuterium in the aromatic
ring.

Another observation is that it is seen that Fig.
2(a) is better fit than Fig. 2(d). This observation
could be due to fluctuations in the direction of the
pitch axis that become more important as the tem-
perature increases. Recently, Luz et al. took into
consideration these kinds of fluctuations.

1

(1—k cos 8}'

(the angle 8 is equal to n/2 P, where P—is the an-

gle used in the de Gennes' paper) in Eq. (9) E(k)
is the complete elliptic integral of second kind and
k is a factor defined from the relation
k=E(k)H /H„where H, is the critical field for
which the cholesteric is totally untwisted forming a
nematic. Using Eq. (9) a new density probability
function P(80,8,t} and a new distribution function
U(80} can be obtained and used in Eq. (4) to ob-
tain the averaged frequency of a distorted
cholesteric:

a)(8„t)=+—„vg j [1—ri]

+ [3+rj]F(80,k,D, t) ], (10a)

with

As is well known, a cholesteric structure which

aligns with the pitch perpendicular to H can be
distorted by the magnetic field. The resulting
powder pattern differs from that of the undistorted
sample because of two effects: (i) The fraction of
the molecules which align parallel to H increases
with respect to those aligned perpendicular to H.
As a consequence, the relative intensities of the
singularities are dramatically affected. (ii} It must
be expected that for self-diffusion along the pitch
axis, the averaging effect on the quadrupolar in-

teraction should be different for each value of Op.

The splitting corresponding to the zero-degree
singularities should be less affected than the one
corresponding to the inner singularities, since the
interaction with the magnetic field reduces the
twist angle in the region around Op=0. The intro-
duction of these effects in our diffusion model can
be easily made by the equations of de Gennes,
which described the distorted structure. The varia-
tion of the angle 8, with respect to the change in
coordinate x along the pitch axis, can be expressed as

d~ PpE(k)

d8cos28
F( 8, OkD, t =}

R(k) +"
2~& -"

1 k2cos28
&/& exp

R(k) s da
' 1/2V 2tT 0 2 2

1 —k cosa

'2

(lob)

ppE(k)R(k)=, cr=~2Dt . (10c)

I

The distribution function now becomes

ppE(k)
U(Op) = ' 1/2

1 —k cos 80
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Equations (10) and (11) can be inserted in Eq. (5)
in order to calculate the free-induction decay. A
numerical calculation of Eq. (5) is very time con-
suming, since for each point of the free-induction

decay it is necessary to calculate an integral over
dt, dOO, d8, and da, and use at least 1000 points in
the time domain in order to obtain a spectrum in
which the frequency domain is represented by a
sufficient number of points. Therefore, we found
it convenient to use Eq. (7) in which, as previously
discussed, it is necessary to use the time of the
measurement t . As in the case of the undistorted
helix, the approximation used to obtain Eq. (7)
should not significantly influence the shape of the
spectrum. In Fig. 4 we show theoretical spectra
obtained for different degrees of distortion as well
as values of the diffusion constant. The spectra
were obtained for g =0 and for a constant value of
v~ and po ——3pm. It is seen from Fig. 4 that, for a
given distortion, the position of the inner singulari-

ty is most strongly affected by the larger the diffu-
sion rate. On the other hand, for constant diffu-
sion, our model predicts that when increasing the
degree of distortion, both the intensity and the
splitting of the inner singularities are strongly af-
fected. Such spectra have not been observed exper-

kea. a
4

k=o.ss u,
D=iO em eee

I
D=&o em w

FIG. 4. Calculated spectral patterns for different de-
grees of distortion indicated by k=0.9 (weakly distorted)
and k=0.99 (strongly distorted) and for different self-
diffusion constants D. These spectral patterns were cal-
culated assuming uniform diffusion rates along the pitch
axis.

imentally, the reason being attributed to a possible
new effect that has not been taken into account
here. This effect is space modulation of the diffu-
sion constant by the distorted helix. In the distort-
ed structure there are periodic regions where there
is no twist separated by regions of tight twist. Be-
cause of the apparent dependence of the diffusion
constant on the value of the pitch, the twisted re-
gions act somewhat as barriers to diffusion, and
the rate of diffusion is reduced in those regions to
influence motional averaging and, consequently,
the spectral shape. This effect is to be discussed
elsewhere. '

IV. CONCLUSION

In the case where the cholesteric helix is not dis-
torted by the magnetic field we are able to obtain

good fits to the experimental deuterium spectral
patterns with two fitting parameters, the quadru-
pole asymmetry parameter g and the self-diffusion
constant D. Because of the presence of edge singu-
larities in the spectral patterns, we are able to
measure small values of g with high precision, as
well as obtain direct measurements of D from nu-

merical fits to the patterns.
We find that the numerical fits can be greatly

simplified with no apparent loss in the accuracy of
the measurements of g if, instead of considering
the quadrupole frequency to progressively change
during the time of the measurement (free-induction

decay), we consider an average quadrupole frequen-

cy which remains constant during the measure-
ment. In this case, the fitting parameters become

g and the product D~, where ~ is the length of
the free-induction decay. The latter fitting param-
eter is similar to that of Luz et al. who fit the pro-
duct Dvg

' but who used different calculational
methods and did not include the parameter g.
This could be why the values of the diffusion con-
stant reported by Luz et al. are larger (D & 10
cm /sec) than those we report here D & 10
cm /sec in that ~~ & v~ '. We have an additional
check on our determined values of D, in that in
our exact calculation we can fit D directly instead
of the product of D and a characteristic time.
Furthermore, our smaller values of D appear to be
in better agreement with values measured by other
techniques.

In this paper we also show a simple expression
whereby the values of g and D~ can be deter-
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mined simply by the splittings between the edge

singularities instead of the more complicated nu-

merical fits.
In the case where the helix is distorted by the

magnetic field, we find that the experimental spec-

tral patterns cannot be fit if we consider the diffu-

sion constant to be uniform along the pitch axis.

We attribute this to a space modulation of the dif-

fusion constant where periodic regions of tight

twist modulate the diffusion constant. This feature

is discussed in a subsequent paper.
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