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The scattering amplitude for a projectile of nuclear charge Z, carrying N electrons colliding with an atomic target
with charge Z,, evaluated in the first Born approximation using hydrogenic wave functions, is compared with recent
experimental results. In the present approximation where the minimum momentum transfer ¢, is considered to be
approximately independent of the final state of the projectile, the differential cross sections separate into a product
of one term that depends only on the target times the square Z /(t) of an effective projectile charge. Here an analytic
expression for Z (¢) is given for 2, 1, and O electrons. Some total ionization cross-section ratios are also given.

I. INTRODUCTION

While there have been numerous theoretical
studies!"® of the projectile charge dependence of
cross sections for inner shell vacancy production
at intermediate and high velocities by a fully
stripped ion, less theoretical attention has been
given to cases where the incident ions (or atoms)
carry electrons into the collision. For vacancy
production by direct Coulomb ionization, cross
sections for projectiles of charge Z, carrying N
electrons may be evaluated in the plane-wave
Born approximation (PWBA). Cross sections for
scattering of atomic hydrogen by atomic hydrogen
were first evaluated by Bates and Griffing® in
1953 where a closure relation was used to sum
over the final states of the projectile. Subse-
quently, these results were generalized'*® to
simple systems with a few projectile electrons.
Recently, Gillespie'® published a comprehensive
study for various many-electron systems at high
velocities.

In 1978, Stolterfoht'® analyzed experimental dou-
ble differential ionization cross sections for pro-
jectiles of various charge. In taking the ratio of
these cross sections for various charge states it
was expected that the target dependence would
cancel. In this way an effective charge of the pro-
jectile was derived. This effective projectile
charge was plotted as a function of the electron
energy and related to the adiabatic radius using
the Massey criterion. In this paper it is shown
that in the PWBA approximation this effective
projectile charge is entirely independent of the
target if differences in energy of the final projec-
tile state are negligible (e.g., in comparison to
the excitation energy of the target). Thus the ear-
lier analysis is confirmed.

Expressions for projectiles carrying an arbi-
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trary number of electrons have been derived by
Briggs and Taulbjerg'’ in the PWBA approxima-
tion, by Gillespie'® using an expansion in (v,/v)?,
where v, is the Bohr velocity, and by Inokuti'® us-
ing the Bethe approximation. Extensive tables

for various systems with nonhydrogenic electrons
are given by Gillespie!® for the evaluation of many
cross sections including the relative elastic and
inelastic contributions of the projectile. However,
no simple analytic expressions for projectile
charge dependence of excitation cross sections has
been given. In this paper, a simple analytic ex-
pression is given for the effective charge of a pro-
jectile carrying 0, 1, or 2 hydrogenic electrons,
assuming that the minimum momentum transfer

in the collision is approximately independent of
the energy of the final state of the projectile,
and that the target is always ionized. Com-
parisons are made to recent experimental?°-23
determinations of the effective projectile charge
for He® on Ar and H,0, illustrating how the effec-
tive projectile charge varies. Also predictions
are made corresponding to experiments?* now in
progress using He®. Furthermore, comparisons
are made to a simple screening model recently?®
proposed.

For bare projectiles of charge Z, the PWBA
cross section is given by Z2|f(t)|?, where ¢ is the
momentum transfer. For projectiles carrying N
electrons, the PWBA cross section may be ex-
pressed'®!® as Z2(t) |At)|?, where Z%(t) repre-
sents an effective projectile charge squared which
is independent of the target and f(¢) depends on the
target independent of the projectile. Hence there
is a separation of projectile and target contribu-
tions in the PWBA cross section. Furthermore,
the projectile electron contribution Z%(¢) may in-
crease or decrease the cross sections relative to
a bare projectile. Specifically, for small ¢ (cor-
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responding to large impact parameters), ZZ(¢) goes where

to (Z, -~ N)? corresponding to screening of the pro-

jectile charge Z, by electrons. At large ¢ (cor- v=2iZ z, Z, Z,

responding to small impact parameters), Z2(¢) ~ R IR+F| IR+T%/1 |IR-T,l

goes to Z';’ + N corresponding to scattering inco- 1 1

herently by the projectile nucleus and N electrons. + — +T.. = . (2)
- + ’ n

In this paper Z,(¢) is evaluated in a simple closed IR ol | T+

form for N=0, 1, and 2, for hydrogenic systems.

. THEORY The cross section for ionizing electron two is
As a brief illustration of the theory, consider a given' 4

projectile with two electrons and a target with one

electron corresponding to our calculations in the ’r. i\ _ 2

next section. Generalization to systems with dkdt (s-€;1s-n'1';1s-n"1") = 2tlﬂt)l ’

more electrons has been given by Gillespie,® 3)

Inokuti,'® and Briggs and Taulbjerg.!”

The Hamiltonian for a system with two projec-
tile electrons with coordinates T;,T} and one tar-
get electron with coordinate T, is

where f is the momentum transfer energy for the
system and n’l’ (n”1”) denotes the final state of
projectile electron 1’ (1”). The speed of the pro-

He o Vi Vi z, vz, jectile relative to the target is v.
oM~ 2 v, 2 7 The PWBA expression®%?” for the scattering am-
2 plitude f(¢) is, ignoring antisymmetry of target and
1 vz Z A .
e - 2-=24V, 1) projectile electron wave functions,
1T -1 2 7

0= [ dR R T dF,0 B e (1, 505 5

VAVA VA Z. VA 1 1
X\ e e et ot
( IR+7 IR+ T IR-T,| |R-T,+7]l lﬁ-r2+rf|)
X ¢1515(Fl,’ ’ F!’.I)(pls(fz) . . (4)

Since the atomic wave functions are orthogonal, the first three terms in Eq. (4) do not contribute and the
fourth term contributes only when neither projectile electron is excited. Separating out the Coulomb
scattering amplitude in the usual fashion®® using

PR :
[ e R e [ G < et -6
f(t)=;}—2"&>1(1s-n’l’;ls-n"l”;t)éz(ls—nl;t) . (6)

Here is evident the basic separation of f(¢) into a product of one term depending only on the target, &,,
multiplied by another term depending only on the projectile, &,, where

®,(1s-nl;t) == f T, 0% (7,) 6,4 (F,)e 2 {(nl # 15) (7
and
3, (As-n'1" , 1s-n"1"3f) = - f ALY S porng (L, T by 1 (1, TN (2, = 1T = HFEE) (8)

Note that the PWBA amplitude is a product of a target amplitude, &,, times a projectile amplitude, &,,
where &, is a sum of contributions from the nucleus and each electron.

Cross sections for target ionization may be evaluated from Eqs. (6)-(8) for any final state of the pro-
jectile. Note that a given value of # corresponds to different scattering angles of the projectile for differ-
ent projectile states since # depends on AE, v, and the scattering angle. In this paper we consider cross
sections for the ionization of the target summed over all final states of the projectile, namely,
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do 87
= (1s-e;1s - 515 —2") =5 1. B
dkdt( S —€51s s-Z ) ,UZ "'Zl,;l" t_z'q)l(ls-n’l’;IS'n"l",t)éz(].s-k;t)lz, (9)

where k is the momentum of the ejected electron. At fixed ¢, closure may be expressed®® by

2 le(s-NL;)|2= Y (1s| NLXNL| 1s) =1
NL NL
or (10)

> Je(s-NL:t)|2=1-|a(s-1s;]2.
NL#1s

For t=tm, closure does not apply unless a common value of {mp is chosen for all final states NL. In
general {,, =AE/v will vary depending on how the projectile electrons are excited. However, when the
projectile is neutral, tIf(t)l2 goes to zero'®?® for small ¢, so that at large v it is possible to set ¢{min to
zero. In other cases the variation in AE is small, e.g., if Z? < ZZ then for K shell excitation AE is dom-
inated by the target ionization energy. In some cases the variation in ¢, is not negligible.!®* We choose
tmin as the smallest value of ¢, namely, the ionization energy for the target electron in our calculations.

Then, using orthonormality in Eq. (8), and closure,

Z 2 |3, (As-n'1";1s-n"1"1)|2 =[| Z, - &,(1s-1s;15-15, 1) —«bl(ls—ls;ls—ls,t)lz]'

e n”

+[1-]a,(1s-1s;15-15;8)| 2] +[1 - | @, (1s-1s;515-1550) | ?]

=|z,0*,
with

(11)

q>1(1s-1s;1s-1s;t)=fdf;dfmls,s(ﬁ,?;')e‘?i'%lsls(ﬂ,xf;')

so that

do
dkdt

The expression, lZl(t)l 2, behaves as the square
of an effective projectile charge. This quantity is
independent of the target, and the target amplitude
is independent of the projectile contribution. The
first, second, and third terms in square brackets
in Eq. (11) represent elastic scattering for the
projectile, a sum over excited states of electron
1’ and a sum over excited states of 1”, respec-
tively. Atlarget, ®(1s-1s;1s-1s;¢) goes to zero,
and | Z,(£)|? goes to Z2+2 corresponding to inde-
pendent scattering by the nucleus and each of the
two projectile electrons. The last two terms in
square brackets of Eq. (11), giving rise to | Z,(¢)|?
>Z% at small ¢, are referred to in the litera-
ture'® ! as the projectile (or sometimes x-ray)
incoherent scattering function or as the Compton
scattering factor.

Note that the overshoot, i.e., |Z,(t)]?> 22,
appears only after the sum over final states of the
projectile has been performed. If the projectile is
elastically scattered, then (Z, - NP< |Z,(t)|%< 22,

——(1s-€;1s-€";15-€") =%12£t'3] z,0|% ®,(s-k)|2.

(12)

i.e., the effective nuclear charge never exceeds
the bare nuclear charge. This is evident from
Eq. (4), keeping in mind that the first three poten-
tials therein do not contribute. Excitation of the
projectile is caused only by the electron-electron
interactions in first order perturbation theory.
Consequently, for any individual excited state of
the projectile, |Z,(t)|2<N. For two projectile
electrons considered here N=2.

For hydrogenic wave functions | Z,(¢)|2 may be
evaluated in closed form, namely,

|Z,(t)|2=22 +2 - 42,|1 + (t/22,)?| 2
+2|1+ (/22,2 . (13)

For a projectile with one electron, there are sim-
ilar expressions, namely,

|z,0)|2=12, - ¢,(1s-15;0)|2
+1-|¢,(1s-15;1)|2 (14)

and for hydrogenic wave functions,
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|z,®)|2=22+1-22,|1+(t/22,)?|" (15) 5 T T T T
Here, as ¢ goes to zero |Z,(t)|? goes to (Z, —1)? a‘ Z2eNf-——- T
and as ¢ goes to infinity |Z,(t)|2 goes to Z2 +1. NUCLEUS AND N
w INCOHERENT ELECTRONS
For a bare nucleus . Q
<
|z,0)|2=22, (16) S g
which is independent of /. For a projectile with ‘_:,_"\L: BARE NlIJCLEUS
more than two electrons, &,(1s-1s 1s-1s;t) is re- Q
placed®® by the corresponding elastic scattering g
amplitude ®,(1s-1s;1s5-15;25-2s;. .. ;nl-nl;t). w
Thus, for a projectile with N electrons | Z,(#)|? LE, NUCLEUS 3CREENE|D BY N ELECTRONS
will behave qualitatively as illustrated in Fig. 1. £ EN—
w
1 L L | . i 1 n
III. EXPERIMENTAL COMPARISON AND Z

DISCUSSION

MOMENTUM TRANSFER, 1
In Figs. 2 and 3, Eq. (14) is compared with ob-

served determinations®*"* of Z 1 (#) for He" on Ar FIG. 1. Sketch of effective projectile charge squared,
and H,0. In these figures Z,(¢) is plotted as a | 2,¢)|%, as a function of the momentum transfer ¢ for a
function of ! which may be regarded as an effec- projectile with nuclear charge Z; carrying N electrons.
tive collision distance, bess.

The peak evident in the data at 1.2 MeV in Fig.

3 is thought to be due to electrons coming from the Ep equal to the energy of the ejected electron.
projectile. For comparison to the present theory, Furthermore, it is assumed that bey=¢". Con-
which differentiates between projectile and target sequently, there are contributions in the data
electrons, this peak should be ignored. It should from {> tmw corresponding to smaller bes. Cor-
also be stressed that the data shown here do not recting for this effect would shift the data to the
‘correspond to a particular momentum transfer, left, toward a higher mean value of ¢, and into
but rather is averaged over all momentum trans- better agreement with theory.
fers greater than the minimum momentum trans- A point to be stressed here is the fact that theory
fer of the collision, #_,. That is, the data come predicts that Z, (#) is independent of the target.
from differential observations corresponding to Indeed is it clear that for two rather different
. targets, Ar and H,O, there is evidence that Z,(¢)
dﬁ: m'xﬁldt , does not depend very much, if at all, on the tar-
&), dkat oy
with £, &, Also shown in Figs. 2 and 3 are results of cal-
Now, from Eq. (12) this corresponds to culations®® using an effective screening for the

dg 8”["‘"dtt-3|z 0)]2]8,(1s-0)|2 . : : :

In the analysis of the data it is argued that 3|,
(1s-Kk)|? is peaked about {=t,. AS a consequence,
the ratio of double differential cross sections is

| S, . .

independent of the target. Hence, for He*and He?** =
do /do _ 12, () 1? NGl He"'-H0
z+ Z2
or
do do 1/2
2, (tma) =2 (dk O/Ek‘ 2+) L L
He He "™ 0.01 0.1 1.0 10
corresponding to reported'®-?° results, where t'=bess(a.u.)
; _kP+1_Ep+l . FIG. 2. Plot of 2;(t) vs t 1=b,y, for He'+H,0. Data
min =, v ’ analysis of Toburen et al. (Ref. 23) assumes that ¢ =¢;,.
. L The solid curve represents the present Born calculation,
with I equal to the ionization energy of the target, and the dashed curve corresponds to calculations (Ref.

i.e., the target excitation energy is ignored and 25) with variable screened projectile charges.
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FIG. 3. Plot of Z;(t) vs t '=bg, for He'+Ar. Data
analysis of Toburen et al. (Ref. 22) assumes that ¢ =4¢p;, .
The solid curve represents the present Born calculation,
and the dashed curve corresponds to calculations based
on variable screened projectile charges.

nucleus. Note that the screening calculations do
not predict Z.s> Z, at large momentum transfer.
However, as discussed below, use of the Born ap-
proximation is questionable in the large ¢ limit,
corresponding to close collisions where the field
strengths may be large.

Results for relative total cross sections for ion-
ization of single electron targets by He?* and He®
are given in Fig. 4, where we plot Z}oy 0/0y 2+
versus velocity for a number of one electron tar-
gets. This figure corresponds to an averaging
Z2(t) over t. Namely,

Ot = fdﬁdt%

=fmk2dk fdﬂkf- ar|z,()|?
() (R2+0) /29
x|®,(1s-k)|?.

The integral over d?, was done analytically, and
integrals over f and » have been evaluated numeri-
cally. At low velocities the average charge
squared tends towards the ZZ +N limit while at
high velocities it tends toward the (Z, -N)? limit.
Roughly speaking at the lower velocities the inter-
action tends to be a close encounter and the pro-
jectile target and nucleus scatter incoherently.

At high velocities the interaction region tends to
move to larger distances and screening of the pro-
jectile nucleus by the projectile electrons be-
comes important. We also note that the screening,
i.e., Z%y0/04.2+,does not scale to v/Z,. Hence
PWBA cross sections do not follow a universal
curve':* when the projectile carries electrons into
the collision.

Now consider briefly the validity of these PWBA
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FIG. 4. PWBA calculations of Z} og/o 2+ versus
collision velocity in keV/amu for ionization of various
one electron targets from H to F® by He? and He®". All
final states of He’ have been summed. The arrows in-
dicate the velocity matching of the He projectile with
target electrons, v =Z,. The ratio shown represents an
average of | Z;(t)|? over momentum transfers.

results. The general criterion®:% usually re-
quired at high energies is that v,a <1, where V,
and g are the strength and range of the interaction
potential. More specific criteria required by Ma-
dison and Merzbacher! for direct Coulomb ioniza-
tion by bare projectiles are Z,/Z,<1 and Z,/Z,
< yp. These criteria correspond to a weak distur-
bance of the target by the interaction. However,
since here the Born approximation has been ap-
plied to both target and projectile electron states,
it is necessary that both the target and projectile
electrons be weakly disturbed. Now if Z,<Z,
then at sufficiently high velocities one may expect
the usual criteria to apply where the projectile
nucleus is effectively screened by the projectile
electrons. ‘However, if Z,>Z,, whenever Z, is
close enough to ionize the electron on Z, then Z,
may strongly influence the relatively weakly bound
electrons on Z,. This may occur even at high vel-
ocities for neutral projectiles since the screening
damps out the cross sections at small ¢, i.e.,
Z3t)~(z,-Z,)=0 as ¢ goes to zero. This screen-
ing forces the cross section to larger momentum
transfers where the interaction is not so gentle,
and the projectile electrons are strongly per-
turbed.

There are, in addition, restrictions on PWBA
calculations for projectiles carrying electrons
imposed by ignoring variation of fmn=AE/v with
final projectile states.!® These effects may be
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large when v is small or when Z, = Z, where AE
changes appreciably. Also antisymmetrization®
of projectile and target electrons, which we have
ignored, may be important at the lower velocities.
In conclusion, simple analytic expressions for
the effective projectile charge, Z,(t) based on the
first Born approximation are given, and compared
to recently observed results. There is evidence
that the effective projectile charge is independent
of the target in the cases considered here.
Note added in proof. Our theory is equivalent
to that in the very recent paper by Manson and

Toburen,*® except that they also include cross sec-
tions for elastic and inelastic scattering of the
target.
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