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The probability distribution p(n) for the detection of n photons emitted by a single-mode dye laser in a short time
at various excitations is measured, togethet with the distribution of time intervals between pairs of detected photons.
The first measurement yields the probability density (/) and the moments of the light intensity /, and the second
one the two-time intensity-correlation function. Measurements are also performed at three different wavelengths.
®() is found to have a two-component structure, and the relative intensity fluctuations {(41)*>/<I»* grow,
apparently without limit, as the excitation tends to zero, so that no thermal state is reached. A possible explanation
in terms of pumping fluctuations is discussed. The correlation function has the form of a sum of three exponential
functions, and the amplitudes and decay constants of the three components are derived. The effective decay-time
constant exhibits a thirteenth-power-law dependence on frequency of the laser light.

I. INTRODUCTION

It has been known since the development of the
cw tunable dye laser in 1970,' that the emitted
light has certain peculiarities as compared with
more conventional lasers. For example, the dye
laser generally exhibits exceptionally large in-
tensity fluctuations when it is weakly excited.
These peculiarities have sometimes been attribu-
ted to inhomogeneities in the gain medium, which
is made to flow through the optical pumping reg-
ion, and also to the commonly used coherent
pumping mechanism, involving an auxiliary laser.

Alternatively, an entirely different and more
fundamental reason for the difference may be con-
nected with the rather corhplicated energy-level
structure of the dye molecule, as compared with
other laser systems. Besides the singlet levels
involved in laser action, dye molecules usually
also have excited triplet states, with an energy-
level spacing that is comparable with the singlet
spacing. When a nonradiative crossover transi-
tion occurs from the excited singlet state to the
lower triplet state, the molecule may absorb a
laser photon that raises it to the upper triplet
state and causes it to act as a loss element. An
excited molecule, besides exhibiting gain, may
therefore also exhibit an intensity-dependent loss.
The theory of such a laser has been treated by
several workers, >* and it has been pointed out
that, because of the effect of the triplet states, a
single-mode dye laser, unlike more conventional
lasers, might exhibit a first-order phase transi-
tion under certain circumstances. This would be
manifest in the statistics of the laser photons,
which can be studied by photoelectric measure-
ments. For example, the probability distribution
of the photon number might exhibit two peaks.?®

If a first-order phase transition occurs, it would
also be reflected in the fact that the relative fluc-
tuations ((AI)? /I)? of the light intensity I exceed
unity near threshold, and then approach unity
asymptotically from above, well below threshold.®
Moreover, it has been demonstrated® that the dye
laser with triplet states is mathematically equiva-
lent to the laser with a saturable absorber, which
has recently been treated in some detail.”
Unfortunately, the theory of the dye laser con-
tains a large number of molecular parameters,
whose values in some cases are unknown or very
uncertain. This makes it difficult to know whether
the predicted phenomena are actually within the
range of experiment. To date no first-order
phase transition has been observed in a single-
mode dye laser, although such a transition has re-
cently been seen in a ring dye laser,® where the
effects of triplet states are less important. A
few measurements of the photon statistics of a
single-mode dye laser have been reported,®*!
but the amount of quantitative information is lim-
ited. In the following we attempt to remedy this
situation by measuring the probability distribution
of the photon counts and the intensity-correlation
function of a single-mode dye laser over a fairly
wide range of excitations in the neighborhood of
threshold, and at several different wavelengths.
We find that the probability distribution of the
light intensity exhibits a two-component struc-
ture, and that the relative intensity fluctuations
become much larger than unity at very low exci-
tations. However, this behavior seems to be con-
nected with the on-off switching exhibited by the
laser below threshold, and it is probably induced
by pumping fluctuations rather than by triplet
states. The wavelength dependence of the corre-
lation times is found to be governed approximately
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by a 13th-power law, but this appears to be in-
fluenced at least in part by the dispersive prop-
erties of the elements of the laser.

II. EXPERIMENTAL

The dye laser is illustrated in Fig. 1. It is simi-
lar to one used in previously reported experi-
ments, °!! except that the active medium is a 2
x 10°* molar solution of rhodamine 6G dye in a
50% alcohol-water mixture. This is forced to
flow continuously through a cell with quartz win-
dows, through which the dye is optically pumped
by the 5145-A line from an argon-ion laser, as
shown. This laser is stabilized in intensity at any
desired power level with the help of a monitor
photodiode arranged in a feedback loop. The ex-
citation of the dye laser can be readily control-
led by adjustment of the optical pumping power.
The three etalons ensure single-mode operation
when they are at the proper angle, and this is
monitored continuously by a scanning Fabry-Perot
interferometer. The three prisms shown provide
the coarse dispersion. Coarse tuning of the dye
laser is achieved by tilting the output mirror, and
fine tuning by applying a variable voltage to the
piezoelectric crystal on which it is mounted. The
wavelength was varied from about 5600 to 6000 A
in these experiments. A low-gain photodetector
is used to monitor the emerging light intensity,
and at the higher intensities this also provides a
signal for an additional control loop to keep the
dye laser working-point constant. The feedback
signal causes a thin glass plate mounted on the
axis of a galvanometer coil, inclined a little above
the Brewster angle, to rotate and this acts as a
variable attenuator for fine adjustment of the
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FIG. 1. Outline of the apparatus. In the correlation
measurements, the output beam was divided into two
by a partly silvered mirror and the two beams were
allowed to fall on two photodetectors.

pumping power to the dye laser. This feedback
loop is independent of the argon laser. However,
no feedback was used at the lowest laser inten-
sities. The frequency drifted no more than about
20 or 30 MHz in the course of any one measure-
ment.

The principal measuring device for the emerg-
ing dye laser beam is an RCA 8575 photomulti-
plier in the photon counting measurements, as
shown, and a pair of counting photomultipliers in
the correlation measurements. The photoelectric
pulses are passed through amplifying and pulse-
shaping circuits where they are standardized, and
ultimately registered by a counter. In the photon-
counting measurements, the number of counts »
arriving in one interval T (~1 psec) is briefly
stored in a scaler, and is then transferred to a
computer memory where the information is used
to increment the number stored at address n by
unity. The scaler is then cleared and reset, and
the system is ready for another counting cycle.
After many thousands of such cycles, the number
stored at address n provides a measure of the
probability p(z) that n photoelectric pulses are
registered in a time interval T.

For values of T short compared with the inten-
sity-correlation time of the light, p(z) is simply
related to the probability distribution ®(I) of the
laser light intensity I by !2

P(n)=nl—! [aem@rye=r, 1)

where @ is a constant characteristic of the detec-
tor. If I is expressed in units of photons per sec-
ond, then @ is a dimensionless number that re-
lates photoelectric counts per second to photons
per second. Indeed, one can easily show from
Eq. (1) that the averages are related by

(m=a)T, @)

and more generally the 7th factorial moment (‘")
of n is given by

(n'”)y= (aT)y (I . ®3)
In particular
(nln—1))/m)? - 1= (AN /D), @

so that the relative intensity fluctuations of the
light can be determined from the moments of the
photoelectric counts.

In practice, corrections have to be made for
background light and dark counting of the photo-
multiplier, by making measurements with the argon
laser on, but with the dye laser extinguished. A
deconvolution procedure then makes it possible to
determine the probability distribution p, (#) for the
laser alone from the measured distributions
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Dp(n) of the background alone and of p(z). Alter-
natively, when we are focusing attention on the

first two moments, we can correct the moments
by writing

)=y + np) (5)
and
((An)?) = {(Any)D + ((Ang)?, (6)

where the subscripts L and B refer to the laser
light alone, and the background alone. The counts
also have to be corrected for the deadtime T (~25
nsec) of the (non-updating) counting electronics,
which cause some photoelectric pulses that follow
each other in rapid succession to bé missed. Ex-
pressions for the first four moments of » correct-
ed for deadtime effects have been given,'® and a
procedure for deriving the corrected probability
p () from the measured probability has been de-
scribed.! In this work we shall mainly use the
first method to correct the moments.

For the photoelectric correlation measurements,
the light beam emerging from the laser is split
into two beams of approximately equal intensity
by a 45° beam splitter. The two beams then fall
on two photomultiplier tubes whose output pulses,
after amplification and pulse shaping, are fed to
the start and stop inputs of a digital correlator.
This device digitizes the time interval 7 between
start and stop pulses in steps of AT(~1 psec), so
that 7= vAr, with =1 to 100, and passes the in-
formation to a computer memory.'®* After a large
number N, of counting cycles initiated by a start
pulse, the number n(7) of events with time inter-
val 7 registered becomes a measure of the two-
time intensity-correlation function of the laser
field. More explicitly, it can be shown that when
the average counting rate in the start channel is
sufficiently low,®

(1)) = N,R,At[1+ A(7)], 7

where R, is the average counting rate in the stop
channel. A\(7) is the normalized intensity cross-
correlation function of the light intensities I, ()
and I,(¢) at the start and the stop detectors, res-
pectively, and for a stationary field it is given by

Mr)= (AL AL+ 7)) /{T) (T . ()

The numbers n(7) registered by the correlator for
various delays 7 therefore provide a convenient
measure of the intensity-correlation function A(7).

III. RESULTS OF PHOTON COUNTING
EXPERIMENTS

First several photon counting measurements
were carried out with the dye laser operating at a

wavelength of 5784 A near or below threshold,
where the intensity fluctuations are substantial.
An oscilloscope display of the output registered
by the monitor photodetector shows that the dye
laser turns on and off at random times, and that
the off times become progressively longer as the
pumping power is reduced. A typical form of the
observed probability distribution p(n) is illustra-
ted in Fig. 2. It has a high peak at =0 and a
tail that extends beyond n = 20, but no secondary
peak. From the first two moments of » we find
with the help of Eq. (4) that ((AI)?/{I)?>=4.00
+0.05.

Unfortunately Eq. (1) is not easy to invert di-
rectly. In order to derive the probability density
@(I) of the light intensity I from p(z), we attempted
to fit a function of the general form

(1/aT)e(I)= (A/K) exp(- W /K)
+ (B/V2mo) exp[- (W -w,)?/2¢7]

9)
W=alT.

The five parameters A, B, K, W,, 0 were chosen by
a least-squares procedure so that p(z) derived
from Eqgs. (1) and (9) agreed as closely as pos-
sible with the measured values of p(n). The re-
sulting form of ®(I) is shown in Fig. 3. It exhib-

p(n)

Ti_l'——'_-‘—rwllJ

| 1]
| 2 3 4 5 6 7 8 9 101 1213
n

FIG. 2. Experimentally determined photon counting
distribution ¢z ), for ((AD?)/(I)2=4+0.05, at 5784 &
wavelength.
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FIG. 3. Probability distribution ®(I) of the light in-
tensity I derived from the data in Fig. 2 with the help
of Eq. (1).

its a large peak at I= 0, an almost flat region,

and a long tail. Moreover, the values of p(n) de-
rived from this ® (7) are indistinguishable from
those shown in Fig. 2, so that Fig. 3 must rep-
resent a possible correct inversion of Fig. 2. The
two-component form of ®(I) bears a qualitative
resemblance to some of the statistical distribu-
tions predicted for a dye laser exhibiting a first-
order phase transition.*® Nevertheless, the trip-
let states of the dye molecules are not necessarily
responsible for the observed form of ® (I), which
appears to reflect the successive on-off switching
of the laser; it is quite possible that the switching
is caused by small-pumping fluctuations. More-
over, if a first-order phase transition did occur,
this would be expected to be accompanied by hys-
teresis effects, which have not been observed.

As a test of the pumping fluctuation hypothesis,
we have studied the intensity fluctuations over a
wide range of working conditions of the dye laser,
for which the average light intensity varied by
more than a factor of 200. In Fig. 4 the relative
variance of the light intensity derived with the
help of Eq. (4) is plotted against the mean light
intensity, as represented by the mean number of
photoelectric counts (z) registered by the detector
in 1 usec. A few experimental points show scat-
ter significantly greater than the standard devia-
tion associated with the counting fluctuations, pos-
sibly because of uncompensated drift of the laser
operating point. Apart from these data points the

FIG. 4. Measured relative-mean-squared intensity
fluctuation {(ADN?)/ (I)? as a function of the mean light
intensity represented by the average number of counts
{(n). The broken curve outlines the trend. The dotted
curve is derived from Eq. (17).

values of ((AI)? /{I)? are found to increase
steadily from one to several hundred as the light
intensity decreases. There is no maximum of
((AD? /{I)?, as would be expected for a dye laser
undergoing a first-order phase transition,® in
which case ((AI)% /(I)? should tend to unity asymp-
totically from above as (I) - 0. Instead, the ex-
perimental results suggest that the laser is
switched on and off at random times by optical-
pumping fluctuations, and the dwell times, or on
times, become progressively shorter as (I) de-
creases.

Let us assume for the moment that small pump-
ing fluctuations are responsible for the observed
results. If A and C are the gain and the loss rates
of the dye laser,'® then the output light intensity I
above threshold (A >C) may be expressed approx-
imately in the form

I=GA-C),

where G is a constant. The higher the excitation,
the better does this equation represent the average
light intensity emitted. Of course, it does not
hold at all below threshold when A< C, and when
the light intensity becomes very small. We there-
fore approximate the relationship between I and A
by writing

I=6lA-CP@A-0), (10)

where ©(x) is the unit step function that vanishes
for x<0. Now let the gain rate A be a randomly
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fluctuating variable, with Gaussian probability
distribution :

pA)= (1 Vo) expl— (A - Agf/207] . (1)

Then if A;<C, the dye laser will be operating be-
low threshold and effectively off most of the time,
because the average gain A, does not exceed the
loss. However, the laser will turn on from time
to time, whenever a fluctuation causes A to ex-
ceed C. We can therefore calculate the average
light intensity (I) and the variance ((AI)®» from
Eq. (10) by averaging over the pumping fluctua-
tions.

Thus we find by straightforward integration

(D=6 [ U-0)p@a

(o]
= - -(C-A dA
c[[(A Ay - (C-Ap]pA)
= G{(o/V27) exp[-(C - A,)?/207]

_L(C-A1-erf((C-A)NTN}  (12)

and
(1% = c2f° (C - A)p(A)dA
(o4
= [a-4, C-A,)?
G fc [A-A)+ C-4)
-2A-A)C-A)]pA)A
= G{3[a®+ (C - Ap)?[1 - erf((C - A,) /V20)]

-=[o(C - A,)/V2n] exp| - (C - A,)?/207]}.
(13)

If the laser is operating sufficiently below thresh-
old that C - A,>>0, we can simplify these expres-
sions by making use of the asymptotic form of the
error function!” for large argument,

1-erfz=(1-1/22%+--")[exp(- 2?)] V7z. (14)
Equations (12) and (13) then reduce to '

(Iy=[Ga*/V2m(C - Ay)*] exp[- (C-A,)?/20%] , (15)
(1% = [G%*/V21(C - A,)] exp[ - (C —A,)?2/20%]. (16)

The ineqﬁa.lity C - A,> o then makes (I%) >(I)?,
so that ((AI)® =(I?, and to a good approximation

((AD? /{1)*=V2rY /X, (1m
where
Y=(C-A,) /o,

X=V27{I)/Go. (18)

X is a scaled measure of the average light inten-
sity (I). According to Eq. (15), for any given X,
Y is given by the solution of the transcendental
equation

X=(1/Y%) exp(-3Y?). (19)

The average number (n) of photoelectric counts
measured in the experiment, is of course propor-
tional to X. If we put (n) = 2.36X, we obtain the
dotted curve shown in Fig. 4 from Egs. (17)-(19).
This agrees quite well with the measurements at
very low intensities, and therefore lends credence
to the original assumption. The same equation
should not be expected to hold when (z) =1, be-
cause the asymptotic expansion (14) is then no
longer applicable, nor is the laser then operating
well below threshold.

Our argument has of course been oversimpli-
fied, because we have neglected any intrinsic in-
tensity fluctuations of the dye laser. However, as
the intrinsic relative intensity fluctuations are ex-
pected to be near unity well below threshold, this
neglect may not be too serious. The random mod-
ulation of the dye laser by pumping fluctuations is
at least a plausible interpretation of the observed
results.

IV. RESULTS OF PHOTON CORRELATION
MEASUREMENTS

Two-time photoelectric correlation measure-
ments were carried out as described in Sec. II,
over a range of working points of the dye laser
not too far from threshold, and at three different
wavelengths. In each case the normalized inten-
sity-correlation function A(7) was determined from
the data with the help of Eq. (7). Figure 5 shows
a typical set of experimental values of A(7), to-
gether with their standard deviations, obtained at
a wavelength of 5627A.

For an electromagnetic field whose time evolu-
tion is governed by a Fokker-Planck equation,
the correlation function A(7) is expected to have a
structure of the form?®

A7) = 2 c.e™, (20)

in which A, are the eigenvalues of an associated
Sturm-Liouville differential equation. The coef-
ficients ¢, are positive constants expressible in
terms of the eigenfunctions of the same Sturm-
Liouville equation. We therefore tried to fit the
experimental data by a least-squares method to an
expression of this type, with three terms. The
result of such a fit is shown by the full curve in
Fig. 5, and it yields three coefficients c,, c,, and
¢; and three inverse time constants 1,, A,, and
A;. The same curve-fitting procedure was applied
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FIG. 5. Experimental values of the measured norma-
lized intensity-correlation function A(7) as a function of

T, for ((AI)?)/{I)*=2.05+0.13, and wavelength 5627 A.

The full curve is obtained by fitting the function given
by Eq. (20) by a least-squares procedure.

to all the measured correlation functions A(7),

and the corresponding six parameters were ex-
tracted in each case. Figures 6, 7, and 8 show
the observed variation of the parameters c,, c,,
and c, with the average laser-light intensity (),
at the three different wavelengths. The statistical
uncertainties of the ¢’s are rather large, so that
precise functional forms of ¢,({I)) cannot be de-
rived. Nevertheless, certain trends are clearly
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FIG. 6. Variation of the parameters ¢y, c¢;, and c3

derived from the correlation measurements with average

light intensity at wavelength 5627 A.
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FIG. 7. Variation of the parameters ¢y, ¢, and ¢
derived from the correlation measurements with average
light intensity at wavelength 5784 A.

evident. All three coefficients ¢,,c,, and c; rise
with falling (I), and this presumably reflects the
increasing magnitude of the relative intensity
fluctuations as (I) decreases, that was already
observed in Fig. 4. However, the relative size
of the ¢’s appears to be strongly wavelength de-
pendent. At 5627 A, ¢, < ¢,, which in turn is less
than c,. At 5784 A the values of the three coeffici-
ents are much closer, whereas at 5999 A c, €x-
ceeds c;, and it appears that ¢, may exceed both
¢, and c, at sufficiently low intensities. This im-
plies that at low excitations the intensity varia-
tions are dominated by fast fluctuations at 5627 f&,
and by slower fluctuations at 5999 A.

From Eq. (20), the sum of the coefficients c,
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FIG. 8. Variation of the parameters c;, c¢,, and c3
derived from the correlation measurements with average
light intensity at wavelength 5999 A.
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yields A(0), which is also the relative intensity
fluctuation ((AI)?» /{I)2. This is plotted in Fig. 9

as a function of (I) for three different wavelengths.

The range of {(AI)%/(I)? is not as large as that
covered in Fig. 4, but the same trend towards in-
creasing relative fluctuations at lower intensities
is apparent. However, the scaling of the light in-
tensity is different at different wavelengths, so
that the three curves are not directly comparable.

The eigenvalues A,, A,, and A, derived from the
curve-fitting procedure show considerable scatter
when plotted against the mean light intensity (I),
and no clear trend is discernible. We have there-
fore averaged A, A,, and A, over the different
intensities (I). However, the resulting average
values are quite distinct, and, in the case of x,,
they even exhibit a certain wavelength dependence,
as illustrated in Fig. 10. However, to a first ap-
proximation, the three eigenvalues do not vary
significantly with wavelength.

Nevertheless, we come to an entirely different
conclusion if we construct a weighted, or effect-
ive, decay rate . from Eq. (20) by taking

Xetr= 3 ¢, A,/ Zc,l 1)

Xers is also the reciprocal time constant associated
with the initial slope of the correlation function.
Figure 11 shows a logarithmic plot of A.¢r against
wavelength, from which it is quite clear that

there is a substantial variation with wavelength.

A straight line drawn through the points has a
slope of 13, so that approximately

Aeff o« wm ’ (22)

where w is the laser frequency.
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FIG. 9. Values of A (0) derived from the correlation
measurements as a function of average light intensity
(I), at three different wavelengths. The intensity cali-
brations are not directly comparable at the three wave-
lengths.
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FIG. 10. Eigenvalues Ay, Ay, and A3 derived from the
correlation measurements at different wavelengths.

V. DISCUSSION

Unlike the light produced by a conventional la-
ser, such as He:Ne, the light emitted by the dye
laser does not seem to reach a thermal state in
which {((AI)®»/(I)2= 1 when the excitation is re-
duced sufficiently. On the contrary, so far from
approaching the thermal state, the dye laser de-
parts increasingly from it, and {(AI)®/(I)? ap-
pears to increase without limit as (/)= 0. As we
have seen, this behavior below threshold is prob-
ably connected with the random on-off switching
induced by pumping fluctuations, as was suspected
previously.'® We have not succeeded in identifying
the source of the fluctuations, but inhomogeneities
and turbulence of the dye solution are possible
sources.
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FIG. 11. Double logarithmic plot of the variation of
A ¢¢ derived from the correlation measurements with
wavelength.
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It would of course be very desirable to be able
to compare the observed correlation functions
(1) with theoretical predictions, even though
there is some doubt whether all components of
A(T) are associated with intrinsic—rather than
possible pumping—fluctuations. Although general
expressions for A(7) have been given for a laser
with a saturable absorber,*” which are also ap-
plicable, in principle, to the dye laser,® they
always depend on solutions of a certain eigen-
value problem that so far have been obtained only
numerically and not analytically. Some graphical
solutions have been published,*” but these neces-
sarily reflect a particular choice of laser par-
ameters, and may not apply in other cases. Un-
fortunately, so many of the key parameters of the
dye laser are sufficiently uncertain that it does
not seem practicable to make meaningful compari-
sons of the experimental results with the theory.

On the other hand, in principle, the frequency
or wavelength dependence of the correlation times
should be derivable from the conventional laser
theory. It has become customary to write the
equations of motion of the laser field in dimen-
sionless scaled variables, in which time is ex-
pressed in multiples of a natural time scale for
each laser. The lifetimes of the atomic states
and of the field in the cavity provide such a scale.
For example, from the single-mode laser theory
of Scully and Lamb,'® the natural time scale of a
laser based on two-level atoms is givenby (AB)'/2,
which is also approximately equal to (CB)™'” near
threshold. A, C, and B are the gain, the loss,
and the saturation rates of the laser, respectively.
If we substitute for A, B in terms of the basic
parameters of the theory, we find from the former
expression that the correlation times should vary
so that

Aeff OCRzgS/Yl/Z 3/27 129 (23)

where R, is the optical pumping rate, g is the
coupling constant between atom and field, v,, 7,
are atomic decay rates of the lower and the upper
laser levels, and v,, is their mean. g is generally
taken to be proportional to the square root of the

laser frequency w, and if the decay rate of the
upper level is governed by spontaneous emission,
we would expect that y,« w3, Alternatively, if we
start from the expression (CB)'/2, we are led to
the conclusion that

Nerr <VCR/2g*/vi/ 2y, v1f* . (24)

Of course a dye molecule is very different from
a two-level atom, even when the triplet states
are ignored. Still, if we assume that v, >v,, as
usual,?® that the decay from the lower level is
nonradiative, and that ¥, does not depend greatly
on w, then Eq. (23) leads to the conclusion that

Aeff o« w-a ’ (25)

whereas from Eq. (24)
NegrcVCw ™2, (26)

Both Eqs. (25) and (26) imply a frequency depen-
dence of Aees that is rather different from, and
much weaker than, the observed dependence given
by Eq. (22). Even if the various optical elements
of the cavity were highly dispersive, as reflected
in a strong frequency dependence of the loss rate
C, Eq. (26) does not adequately account for the ob-
served results, because it would require that

C o w®. The loss rate would then be expected to
increase almost sevenfold between wavelengths

of 6000 A and 5627 f&, whereas the pumping power
increased only by about 209 over this range. Of
course, it is conceivable that for some reason
the pumping becomes much more efficient at the
shorter wavelengths.

The experimental findings are therefore pre-
sented here as characteristic of one kind of dye
laser, but they are probably typical of others.
The results may serve as a challenge to a more
detailed and more definitive theoretical treatment.
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