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Use of a scaling relationship for synchrotron radiation
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A single table is presented which can be used with a scaling relationship to predict the intensity of synchrotron
radiation for any electron energy, wavelength, and observation angle. The accuracy of the scaling relationship and
the table has been tested to a level of 1 part in 10° using current values for the fundamental constants.

The radiation emitted in electron storage rings
and synchrotrons has become increasingly im-
portant for applications in many fields of physics,
chemistry, biology, and material sciences.'™®
The broad range of wavelengths (from the infra-
red down to the x-ray region), the high degree of
polarization, and high intensity provide a number
of favorable characteristics.

Recently, we have been concerned with using
synchrotron radiation as an intensity source for
the absolute calibration of spectrometers in the
vacuum-ultraviolet region, cf. Ref. 4. As is well
known, the absolute intensity of radiation emitted
from an electron storage ring can be expressed in
terms of the electron energy and current, the
local bending radius of the electron orbit, the
wavelength of the observed radiation, and the
observation angle. The spectral characteristics
can be conveniently parametrized in terms of a
critical wavelength near the peak of the radiation
distribution in the orbital plane.'”” In this article
we present a method for determining the intensity
using a scaling relationship which allows one to
determine the intensity of radiation for any elec-
tron energy, wavelength, and observation angle by
using just one single table which gives the wave-
length in terms of the critical wavelength and using
a universal function for the intensity.

Analytic expressions for the intensity of synchro-
tron radiation exist as functions of the electron
energy, bending radius, observation angle, and
wavelength®°; however, the equations contain
terms involving Bessel functions for which ac-
curate numerical tables or computational algor-
ithms are not widely known. Thus, it is difficult
to readily determine the intensity of synchrotron
radiation for different operating conditions.
Furthermore, we know of no reports in which
the basic equations have been tested numerically
to an accuracy of better than 1:10°, Such tests
are important for calibration purposes if there
are no experimental checks of the theory. The
theory itself contains a number of approximations
which are not necessarily accurate at the 1 part
in 102 level.

The angular distribution of the intensity of
synchrotron radiation emitted from a beam of
relativistic electrons of kinetic energy E in a
circular orbit can be obtained from Schott’s
equation®!! for discrete wavelengths based on
harmonics of the orbital frequency
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The derivative of J, is taken with respect to the
complete argument Bv cos¥. The angular distribu-
tion dN; (A, V¥)/dS is given in units of photons per
second per steradian, where ¥ is the angle be-
tween the line of observation and its projection

on the orbital plane which is tangent to the orbital
ring, A is the wavelength, AX is the bandwidth,

R is the bending radius of the electron orbit, and
i is the current. In the derivation of Eq. (2) it is
assumed that quantum effects can be neglected,
the electrons emit incoherently, the diameter of
the electron beam is infinitesimal, and the ob-
servation distance is large compared to the bend-
ing radius. In generating the table the values for
the fundamental constants e, m, k, c, and €, were
taken from Cohen and Taylor.!?

In general, if one wishes to calculate the inten-
sity dN (A, ¥)/dS for a particular set of values of
E, A, and ¥, one needs to evaluate the Bessel
function J,(vz) and its derivative J (vz) for large
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orders of v. Since these functions change rapidly
with z, our calculations were performed using
16 significant digits.

The widely known approximate formula for
synchrotron radiation derived independently by
Schwinger® and Ivanenko and Sokolov*® in which
asymptotic representations of the Bessel functions
of high order are used is given as
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X=r¥, (8)
=gy X (9)

and K, ,, and K,,, are modified Bessel functions of
the second kind. Inspection of Eq. (7) shows that
by using the dimensionless parameters X:A/)\c
and ¥ = E¥ one can write a scaling relationship

I\ W) =E?1(X, 9), (10)

where E is the energy in GeV and ¥ is in rad.
Thus, if one table of the universal intensity func-
tion f(i, \f') is available for a large range of A
and ¥ one can scale the results and produce a
table for the intensity function for any electron
energy.

Equation (10) is similar in form to parametric
equations derived by Green,” some of which were
reprinted in Ref. 1; however, our equation is
more compact and incorporates the angular de-
pendence of the intensity directly. The results of
Green presented in Ref. 1 for ¥ =0 only are in
graphical form and are accurate to only 10—20%.
Reference 7, containing more extensive graphs,
is unpublished and not widely available. Our re-
sults are accurate to better than 1 part in 10,

For practical calculations the critical wavelength
A, can be expressed as

x,(R) =5.5893 g—T, (11)

where R is in meters.
The polarization fraction of the intensity is
given by

I, =1
—}T‘Tlt_ ’ (12)
where I, and I, are the parallel and perpendicular
components, respectively, with respect to the
orbital plane containing the electron acceleration
vector.
Table I lists the universal intensity function

I(X, %) and the polarization fraction. Figure 1
shows I(}, ¥) vs X for several observation angles
v,

Precise numerical analysis shows that the scal-
ing relationship, Eq. (10), and I, ¥) found from
Eq. (7) agree with the more accurate formula Eq.
(2) to within less than (a) 1:10° for E> 0.5 and
X <10* E%, and (b) 1:10% for £ > 0.05 and A < 10° £°.
Uncertainties in the fundamental constants ¢ and
m limit the accuracy of the calculations to five
significant figures in general and to three signifi-
cant figures for values of A which are less than
0.1, see Table I.

A complete table for a particular storage ring
can be obtained from the universal Table I by
replacing the X and ¥ scales by actual X and ¥
scales. The wavelengths A are found by multiply-
ing the X values in Table I by the X, for the storage
ring considered. The angles ¥ are found by divid-
ing the ¥ values in Table I by E.

As an example of the use of Table I we consider
calculating the intensity dNE/dQ for the Stanford
Synchrotron Radiation Laboratory! (SSRL) operat-
ing at 2.5 GeV. To determine the intensity of
9 A radiation emitted at ¥=0.2 mrad, we let

E=2.5GeV (E=2.5),

R=12.7T m (radius of curvature),

i=10 mA (current of electrons),

AX/Xx=0.01 (1% bandwidth averaging linearly) .
The intensity from Egs. (1) and (10) is

dN AX
g ;20
29 i X IE()\,\IJ),

where
I W) =EF (X, ¥).

We note that A=1/A,~ 2.0 since A,=4.54 A from
Eq. (11), and

$=E¥=5x10"* rad.

From Table I I(x,¥)=1.2082x10? photons/sec A sr
from which dN,/d§2 = 7.55x 108 photons/sec sr.

Practical calculations are concerned with the
flux of radiation passing through an aperture. An
expression for the flux through a rectangular
aperture centered in the orbital plane and sub-
tending an acceptance angle A¢ in the orbital plane
and an opening angle 2¥, perpendicular to the
orbital plane is given by

Ne O\, W0)=4 “;\—7‘ APF (N, T,), (13)

where
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FIG. 1. Spectral distribution for several angles. ¥ of
the universal intensity function I(}, ¥) as a function of
A=A/A,, where A, is the critical wavelength. For an

electron energy E, the intensity dNg(\, ¥)/dS in photons/

sec sr per bandwidth (AA/M) is found by multiplying
I(A, ¥) by i(A MNE 2, where E is the electron energy in
GeV. The angle ¥ is found by multiplying ¥ by E.

]

¥,
FyA\,¥,) = J. ° I\, ¥) cos¥ d¥ . (14)
o 2
A scaling relationship also holds to a good ap-

proximation for the flux function Fy(A, ¥,) for
those cases where the radiation pattern is con-
fined within a small angle to the orbital plane.
This scaling law is linear in E, that is

F(\, %) =EF(X,¥,), (15)

and agrees with Eq. (14) to a few parts in 10° for
A<5x10° E°.

A table for the universal flux function F(},¥,)
and a more extensive one for I(X, ¥) accurate to
five significant figures will be published else-
where.!3

It should be mentioned that in practice a main
source of error will be due to the limited ac-
curacy to which the electron motion in a storage
ring can be parametrized. The high accuracy of
our tables, however, will assist in checking
computational algorithms in addition to providing
an overview of the spectral characteristics.
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