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One-photon free-free absorption amplitudes are derived for electrons scattering from a
spinless spherically symmetric target in the dipole approximation. The exact amplitudes
are compared to the usual on-shell approximation to the amplitudes. An effect analogous
to the Fano effect in bound-free transitions is also found in free-free transitions if off-shell
terms are retained in the amplitudes. Methods of detecting the off-shell effects experi-

mentally are discussed.

I. INTRODUCTION

It has been suggested recently by one of the au-
thors' (B.R.) that one-photon free-free absorption
(electron scattering in an external electromagnetic
field) can be used to resolve the unpolarized elec-
tron total cross section into its spin-nonflip and
spin-flip components. The validity of this claim
has been disputed by C. Jung.2 A check of the
derivation of the amplitudes in Ref. 1 by one of the
authors (P.W.C.) uncovered an error in the original
calculation. We agree with Jung that free-free
transitions cannot be used to resolve unpolarized
electron scattering cross sections into spin-nonflip
and spin-flip components.

One of the conclusions in Ref. 1 is that a spin-
polarization effect should be observed in free-free
absorption analogous to the Fano effect® in bound-
free absorption. Free-free absorption amplitudes
are usually calculated by taking the initial and final
electron energies to be equal. This on-shell ap-
proximation is made in Ref. 1 and in the final am-
plitude in Ref. 2. If the on-shell approximation is
used, there is no analog of the Fano effect in free-
free absorption.

The absence of such an effect is puzzling since it
seems to be very plausible on physical grounds.
For example, consider a circularly polarized laser
beam with its photon spin along the incident elec-
tron beam direction. In the absence of the laser
the polarization vector of the scattered electrons
would not have a component parallel to the in-
cident beam (assuming an unpolarized electron
beam and a spinless target). This is also true in
the presence of the laser if the on-shell approxima-
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tion is used to calculate the scattering amplitudes.
However, it seems likely that the scattered elec-
trons will acquire a polarization component in the
same direction as the laser polarization.

On-shell approximations have been used fre-
quently in theoretical calculations* of free-free tran-
sition amplitudes. In this paper we will include
off-shell terms in computing scattering amplitudes
for one-photon free-free absorption in the dipole ap-
proximation.” We find that an analog of the Fano
effect in free-free absorption does exist. The calcu-
lation is done in the weak-field limit where one-
photon absorption is accurately described by the
electric-dipole transition matrix elements of first-
order perturbation theory.® We assume a spinless
spherically symmetric target with no internal de-
grees of freedom. We suggest experiments which
might be done to test the relative importance of the
off-shell contributions to the one-photon absorption
cross sections.

The formalism is outlined in the next section
with the details left for an appendix. Some specific
examples are examined in Sec. III. The results are
discussed in the last section.

II. FORMALISM

In the dipole-velocity form of the radiative in-
teraction the absorption cross section is given by
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I is the radiation intensity in W/cm?, E, is the
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photon energy in atomic units (hartrees), k (k') is constant, a is the Bohr radius, and p and u' are
the initial (final) electron momentum in units of used to label spin states of the electron. The elec-
agy’!, and p is a unit vector in the direction of po- tron wave functions can be obtained from the
larization of the radiation. « is the fine-structure Lippmann-Schwinger equation:
il
(+) T e =5
V=X T4 s )3 [ d% e T U, [YENT) @

X, is a two-component spinor and it is understood that the integral is evaluated in the limit e—0 (e >0).
We will define

M (K'p'skp) = (PE D) | 5-(—iV) | $F D) 3)
and
FEKu)=— 7 (e’ T UE3) | 2 )0) @)

If U(Y, o) is invariant under time reversal and parity, then
FE =K =)= — (= )0 (YU U(E,5) | e F7Y,,) )

If we use Egs. (2), (4), and (5) to evaluate M (k'u’; k) we obtain the result’

- 2malp - . - ) R o
M(K'p'; kp)= [kK'F(k'p';kp)—k(—1)"#"F F(k—p;k'—p")]

F(kll_“ll kl Jl, )F(kl’ ", k“)
(k2 —k" 4ie)k*—k"+ie)

We have used the fact that k£k’ for single photon absorption to eliminate one term in Eq. (6). It can also
be shown that

F(kp;k'p')=(—1)'""F=FF(K' —p";K —p)
k' "k 2(-1)‘—" W [ dk”

if U(T,0") is invariant under time reversal and parity. Equation (6) can be rewritten as
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Only the first term in Eq. (8) is retained in making the on-shell approximation.
We will use Eq. (8) to investigate the exact form of the scattering amplitudes for one-photon free-free ab-
sorption in the dipole approximation. We will assume that the electron-atom interaction can be written as

U(?,&):u(r>+"7"wm, )

where 1 is the orbital angular momentum operator for the electron

We w111 n]ow write the expressions we obtain for the various M (k k,u). We will use +(—) to represent
pu=+ —( —5). It is convenient to write the polarization vector in its spherical representation

Pi=_-pr_iPy ’ (10)

Po=pPz -
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We will choose the z axis in the direction of kK and use (6,¢) for the spherical angles representing the direc-
tion of k’. The coordinate system is shown in Fig. 1. Then

2
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Explicit expressions for 4;, By, etc., will be given in Z

the Appendix. ‘

We will use these equations for the amplitudes to
discuss some particular examples in the next sec-
tion. The polarization of the final electrons can be
obtained from

Re(M, M* , +M, _M*_)

P = )
* Z IMMM' |2
pp'
2Im(MJrJ,M"_+ +M, _M*_)
=— ’ (15)
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We have used M, , to represent M(K'+;k+),

P,=

FIG. 1. Coordinate system orientation. The incident

etc. We note that there is no polarization com-
ponent along the incident beam if
IM,,|=|M__ and [M,_|=|M_,|.

electron beam has momentum k. along the z axis. The
scattered electron has momentum k’ with direction
specified by the spherical angles (6,¢).
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These conditions are satisfied if the on-shell ap-
proximation is made.

III. APPLICATIONS

The on-shell amplitudes are given by

2

— — a — —
My_(K'+;k+)=—p"(K'—K)F(6), (16)
2E,
(2) — —
Moy (K'T;k+)= “—“_E_ﬁ( k'—k)G()e**,

(17)

where we set k =k’. We will now compare the
predictions of the on-shell amplitudes with the pre-
dictions of the exact amplitudes for some specific
cases.

2
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A. Linear polarization parallel
to the incident beam

In this case we choose p, =p, =0, p,=1. The
on-shell amplitudes are
a2

Mo_ (K +: Ei)—EE—k(coso—l)F(e) , (18)
— — 2

My_(K+;K+)=F ——k(cos6—1)G (9)et* . (19)
2E,

Thus the on-shell absorption cross section has no
azimuthal angle dependence, there is no final polar-
ization along the z axis, and the magnitude of the
final polarization has no azimuthal dependence.
There is no reason to expect any azimuthal depen-
dence here because there is nothing in the scatter-
ing process to define any direction other than the
incident beam direction. The final polarization is
perpendicular to the scattering plane.

For the exact amp]itud&s,8

—2(k'cosO—k)F(6)+ 2 (C1+kD;)Y0(6,9) , ‘ (20)

ME;K £)= 72 (k'cosf— k)G (B)e 1% + S (—y1+k8;)Y;4,(6,8) . 1)
4

The exact amplitudes also predict no polarization
parallel to the incident beam and no ¢ dependence
of the absorption cross section or the magnitude of
the polarization. The final polarization is again
perpendicular to the scattering plane.

B. Circular polarization

We will now consider the case where p, =p_ =0
and p, = —V2. This corresponds to having the
photon spin along the negative z axis
(px=1/V"2, p,=—i/V2). If the laser beam is
propagating in the positive z direction, it is left-
circularly polarized. The on-shell amplitudes are

My_(K'+;k+)
2
a0 k .
= —— ——gi —i¢
2E, ‘/EsmOF(O)e ,  (22)

Mo_(K'+;K+)

2

%0 k tig,—ib (23
_+2Ep ‘/ism0G(0)e e~ . (23)

There is no final polarization along the beam direc-

I
tion. The absorption cross section and the magni-
tude of the final polarization have no ¢ dependence
and the polarization is perpendicular to the scatter-
ing plane.
The exact amplitudes are
2
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where
A(f)e = ;A,Y,_l(e,qs) , (28)
B(8)e = EI,B,Y,_1(9,¢) , (29)
a()= ga, Y10(6,8) , (30)
B(B)e ~ ¢ = EB,Y,_2(6,¢) . 31)

We see that IM(k +,k+)|#]M(k —k—)|
and |M(K'—;K+) |5 | M(k'+;K—)|, which
means that we do expect some polarization along
the incident beam direction. The absorption cross
section and the magnitude of the final polarization
are independent of ¢. This is to be expected since
there is nothing to define a preferred direction per-
pendicular to the incident beam direction. The ex-
istence of the final-state polarization along the
beam direction is the free-free absorption analog of
the Fano effect that we expected. The final polari-

zation is not perpendicular to the scattering plane. |

2

C. Linear polarization perpendicular
to the incident beam

Finally, consider the case p, =p, =0, p,=1.
Thus the x axis is defined by the direction of polar-
ization. The on-shell amplitudes are

2

ki)zﬁk sin@F (0) cos¢ , (32)

My_(K'+;
— — 2 ’
My_(kK'5;k+)=7% 2E, —2 k sinBG (8) cospe ¢ . (33)

The absorption cross section is proportional to
cos’$ and should be zero for scattering in the y-z
plane. There is no final polarization along the in-
cident beam direction and the magnitude of the po-
larization has no ¢ dependence. The final polariza-
tion is again predicted to be perpendicular to the
scattering plane.

The exact amplitudes in this case are

I L TR b —ig_ 1 id
M(k'+;k+)= 2E, k'sin@ F(0) cos¢ ‘/EA(G)e ‘/iB(G)e , (34)
2
MK =K =)=~ k'sing F(6) cosp— —= B (e —#— —_ 4 (g)e'# (35)
2E, V2 V2 ’
al
= i¢ 1 _ 1 2i¢
Mk k+) 2E, k31nBG(0)cos¢e +\/§a(9) \/53(9)8 R (36)
N al
Yok ___ —i¢_, _1 ——21¢___
MK +:k—) 2E, k'sinf G (0) cosge %+ B(O)e ‘/_a(O) (37

We can rewrite these equations in a more useful form by defining

2

4o _4(6) B(9)
a(f)= 2Epk51 n6 F(6) V2 V5

b(e)=L[A(9)—B<9)] ,

c(0)=— 2E,, ® sind G (6) + "i(/%) —%‘;’,
d(6)=—%[a(0)+ﬁ(9)] .

Then
M(K'+;K+)=a(6)cosp+b(0)sing ,
M(K’'—;K—)=a(6)cosp—b(0)sing ,
M(K'—;K+)=[c(60) cosp+d (0)sind]e’® ,
M(K'+;K—)=—[c(6) cosp—d (0) sinpJe ¢ .

(38)

(39)

(40)

(41)

(42)
(43)
(44)
(45)
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The absorption cross section depends on

373 [ MK';kp) | 2=(]a(8) |2+ |c(8) | D cos’+( | b(0) | 2+ |d(8) | sin’s . (46)
e

The cross section is not zero in the y-z plane, but it will be small there if the off-shell effects are small as
they are assumed to be if the photon energy is much less than the electron energy.* However, cases have
been studied® in which off-shell effects have been expected to be quite significant.

The polarization of the final electrons is given by

P, =2{Im[a (8)c*(0)cos’p+b(0)d*(8)sin’p]+ Re[a (6)d*(8)+b (8)c* (0)] cos’d}sing

-1
X |73 IME&w;kp 2| 47
e
Py=—2[Im[a(0)c*(0)cos2¢+b(9)d"(0)sin2¢]—Re[a(6)d‘(6)+b(6)c‘(0)]sin2¢}cos¢
-1
X |33 IM&pskw 2| 48)
e
-1
P,=Re[a(6)b*(0)—c(8)d*(0)]sin2¢ —;—2 | M(k'u';ku) | ? . (49)

B

The final polarization is not perpendicular to the scattering plane and its magnitude depends on ¢.

IV. DISCUSSION

We have derived general expressions for one-
photon free-free absorption scattering amplitudes
for nonrelativistic electrons scattering from a spin-
less target with no internal degrees of freedom in
the dipole approximation. We have compared the
predictions of these scattering amplitudes to those
of the on-shell amplitudes and found some notable
differences. The importance of these differences
depend on the relative sizes of the on-shell and
off-shell contributions to the scattering amplitudes.
We are currently doing calculations to determine
the importance of the off-shell contributions. We
will now discuss some ways to determine the size
of the off-shell contributions experimentally.

In the case of linear polarization parallel to the
incident beam, there is not much difference be-
tween the on-shell and exact amplitudes. The only
significant difference is that the on-shell amplitudes
are all zero in the forward direction while the exact
spin-nonflip amplitudes are nonzero in the forward
direction. A measurement of the forward scatter-
ing cross reaction could serve to determine the
validity of the on-shell approximation in this case.

The cases of circular polarization and linear po-
larization perpendicular to the beam direction pro-
vide more direct means of measuring the off-shell
contributions. The off-shell terms for these cases
are defined by Egs. (28)—(31). We note that

[ )
A(8), B(0), and B(0) are all zero for forward
scattering whereas a(0) is nonzero for forward
scattering. In the case of circular polarization (B)
the photon spin is in the negative z direction. All
of the forward scattering amplitudes are zero with
the exception of M (k’'—;k +). This amplitude is
nonzero (see Fig. 2) since the electron can absorb
one photon and continue on in the forward direc-

Py k'
A A

| |

(a) (b)

FIG. 2. Forward scattering in one-photon absorption.
(a) represents the initial state consisting of the incident
electron with spin oriented in the beam direction and a
photon (wary line) with spin oriented in the opposite
direction. (b) represents the final state where the elec-
tron is still traveling along the incident beam direction
with its spin oriented in the opposite direction. The
photon has been absorbed so that the angular momen-
tum is the same in (a) and (b).



24 OFF-SHELL EFFECTS IN ONE-PHOTON FREE-FREE. ..

tion if its spin flips to conserve the z component of
angular momentum. This nonzero forward scatter-
ing amplitude is not predicted by the on-shell am-
plitudes. An experimental measurement of the for-
ward scattering one-photon absorption cross sec-
tion should give an indication of the size of the
off-shell terms in the scattering amplitudes. The
experiment would be a direct determination of an
isolated off-shell term and should provide a
stringent test of the validity of making the usual
on-shell approximations.

The forward scattering cross section is also
nonzero in the case of linear polarization perpen-
dicular to the incident beam direction. In this case
the final polarization also exhibits a dependence on
azimuthal angle which depends on the off-shell
contributions to the scattering amplitudes. The
off-shell contributions can be determined by de-
tailed measurements of the polarization of the scat-
tered electrons.’

To estimate the polarization effects that might
be observed, we will use Eq. (49) to calculate the
component of the polarization along the incident
beam direction. The spin-nonflip amplitude a (6)
is generally larger in magnitude than the spin-flip
amplitude c(6), although they have comparable
‘magnitudes for some values of 6.'° In Fig. 3 we
plot the z component of the polarization for fixed 0
assuming that the off-shell contributions to the am-
plitude is a 10% effect. We assume that
|c|=0.25|a | and |b|=0.1|a |,

3057
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FIG. 3. Polarization component along incident beam
direction as a function of azimuthal angle. The laser
polarization is perpendicular to the incident beam. It
has been assumed that |¢ | =0.25|a |, |b|=0.1]|a |,
|d | =0.1|c |, and Re(ab —cd)—0.05|a |2

|d | =0.1|c|. We also assume that

Re(ab —cd)=0.05|a | % The polarization along
the béam direction becomes fairly large in the re-
gion ¢ =280°, but the one-photon absorption cross
section is relatively small in this region.

Off-shell effects should be large if the incident
electron energy is near a resonance (shape reso-
nance here since the internal degrees of freedom of
the target are neglected). This can be seen from
the expansion of the wave function in the Appen-
dix in terms of radial and angular functions. In
particular, we note that F( k',u‘;ﬁ,u) can differ sig-
nificantly from F(K —u;k’—pu’) if the radial wave
functions vary rapidly with energy [see Egs.
(A3)—(A5) in the Appendix]. Thus in Eq. (8) we
expect the term

F(E”—}L";E'—}L’)F(i(‘”[l.”;l_(:u)

2 o~ l—'— g 3
_— k(—1 B —p d’k
ﬂ_%p (—1) [

to make a nonnegligible contribution to the total
amplitude near a resonance. It seems reasonable to
expect the remaining off-shell term to be equally
important.

Although one-photon free-free absorption cannot
be used to determine the separate spin-nonflip and
spin-flip components of the electron-atom scatter-

(k2—k"+ieXk?—k'"+i€)

I
ing amplitudes, we see that some of the effects
predicted in Ref. 1 do occur because of the pres-
ence of off-shell terms. In particular we have
shown that an analog of the Fano effect in free-free
absorption does exist. We expect off-shell effects to
be especially important near a resonance.

APPENDIX

The solutions of Eq. (2) with a potential defined by Eq. (9) can be written generally as
11»‘;*,"(?):)(,,4#zi’n,,,,,,(k,r)yz,,(ﬁ )Y,,,,(?)+x_,,4qrlzi'a,m#(k,r)Y;n_Z“(f )Y ) (P) (A1)
Im ,m

where k(7) is a unit vector in the direction of k(T). We use Y,,,,(l? ) to stand for Y},,,(6x,¢x). The n’s and

a’s satisfy the symmetry relations
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nl—m —ﬂ(k9r)=nlm“(k’r) ’

A —plksr) =, (k,r) .

The F(K'p'; l_fp) can be written as

F(K'WKp) = — 8,47 3, Ui (KK Y () Yy () — 8 _ AT S, Wiy (k'K) Y 4 2, (K Y (B
Lm im

where

Uimu(k'k) = frzdrjl(k’r){[v(r)+2myw(r)]m,,,,,(k,r)+\/I(l+1)—m(m +2u)w (r)ay m 42u(kr)}

and

(A2)

(A3)

(A4)

Wimu(k'k)= f rdr ji(k'n){[v(r)—2u(m +2p)w (P)]aym 4 205(kr) +VIT +1) —m (m +2u)w (P pmu(kr)}

where j;(kr) is a spherical Bessel ﬁmction of the first kind. Using Eq. (A2) we note that

Ul (K" K) =g (KK

W) _ K"K =Wy (KK .

(AS)

(A6)

We can now give explicit expressions for the 4;, B, etc., in Egs. (11)—(14) in terms of the v}, and wipy.

We will define
D(k,k'k")=(k —k"*+ie)k*—k"*+i€) .
Then
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” k 2 ”n ”n ’ " ” ’
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1
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1
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k'3 11
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Dk > 000

1
vpo_(k"k)wpo_(k"K") ‘_1
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1170
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1170
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We have also defined

F(0)=(4m)"2 S V2l 1 Dogo (kK'K) Yio(k")
]

G (8)ei=(4m1¥2 3, V2T + Dwpo 4 (K'K) Y (k") .
1

In the Born approximation,

Dimk'K) =0y (k' )+ 2umuy (K'K)

wlm“(k'k)=1/1(l +1)—m(m +2u)w(k’k) ,
where
ok, k)= [ r2dr ji(k'ro (rjy(kr) ,

wi(k’, k)= [ ridr jitk'rw (r)jy(kr) .

—-10

3059

(A10)

ll

0 _1] ., (AlD

I'
J ] . (A12)

(A13)

(A14)

(A15)

(A16)

(A17)

(A18)

(A19)



3060 PHILIP W. COULTER AND BURKE RITCHIE 24

ACKNOWLEDGMENTS

One of us (P.W.C.) was supported in part by the
Chemical Physics Section of the Health and Safety
Research Division of Oak Ridge National Labora-
tory and by a Research Stimulation Grant from
The University of Alabama. The other author

(B.R.) was supported in part by The Chemistry
Division of Oak Ridge National Laboratory and by
a grant from The University of Alabama Research
Grants Committee. Research at Oak Ridge is
funded by the Department of Energy under Con-
tract No. W-7405-Eng-26 with Union Carbide Cor-
poration.

IB. Ritchie, Phys. Rev. Lett. 46, 18 (1981).

2C. Jung, Phys. Rev. Lett. 47, 282 (1981).

3U. Fano, Phys. Rev. 178, 131 (1969); 184, 250 (1969).

4N. M. Kroll and K. M. Watson, Phys. Rev. A 8, 804
(1973); F. E. Low, Phys. Rev. 110, 974 (1958).

5The relation between on-shell and off-shell contribu-
tions for one-photon spin-dependent free-free transi-
tions has been investigated by L. Heller, Phys. Rev.
174, 1580 (1968).

6M. S. Pindzola and H. P. Kelly, Phys. Rev. A 14, 204
(1976).

TThis result has been stated in the case of no spin by H.

Kriger and M. Schultz, J. Phys. B 9, 1899 (1976).
See also B. Ritchie, Phys. Rev. A 23, 2276 (1981).

8Although we use F(8) in both the on-shell and exact
amplitudes, it should be remembered that in one case
k =k’ in evaluating F(6) whereas k~k’ in the exact
amplitude.

9For an example of polarization measurements of final
electrons in the Fano effect, see U. Heinzmann, H.
Heuer, and J. Kessler, Phys. Rev. Lett. 34, 441 (1975).

10See, for example, D. W. Walker, J. Phys. B. 3, 788
(1970).



