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The orthogonally spin- and orbital-symmetry-adapted (LS-coupled) coupled-pair many-electron theory and its
extended version involving monoexcited and biexcited cluster coefficients is derived in a form suitable for
application to closed-shell atomic systems. A diagrammatic approach, based on second quantization, the time-
independent Wick theorem, and the graphical methods of spin algebras, is employed.

I. INTRODUCTION

Recently there has been a renewed interest in
coupled-cluster approaches'? and a number of
actual applications have been carried out.*® This
approach exploits the logarithm of the wave opera-
tor and formulates equations which determine its
components. Basically these equations represent
recursion formulas for the generation of the rele-
vant diagrams of MBPT, which are then automatic-
ally summed to infinite order by solving the equa-
tions. The idea of using the cluster expansion was
first suggested in nuclear correlation problems by
Coster and Kummel® and the general equations for
the calculations of cluster components were given
by CiZek.? A number of alternative derivations
have since been given®” and a number of extensive
expositions are now available.®' A brief over-
view of the various motivations, origins and devel-
opments of this approach has also been given, re-
cently.!?

We have previously derived the orthogonally
spin-adapted version of the coupled-pair many-
electron theory'® (CPMET) and its extended ver-
sion'* (ECPMET) including triexcited clusters by
combining the time-independent diagrammatic
techniques?'® with the graphical methods of spin
algebras.'»12° We have also discussed the ad-
vantages of this orthogonally spin-adapted ver-
sion,!* which is based essentially on the hole-par-
ticle Gelfand states?' over the standard CPMET?
and ECPMET?? versions which are based on non-
orthogonal spin-bonded functions.

In applications to actual systems we can often
exploit in addition to the spin symmetry (implied
by the spin independence of the Hamiltonian), vari-
ous other symmetries, which leave the Hamilton-
ian invariant, particularly the point group spatial
symmetries. The latter are especially important

]

in applications to atomic systems whose Hamilton-
ian is invariant under the operations of the three-
dimensional rotation group. In fact, in this case
the angular dependence can be completely elimi-
nated from the coupled-pair (or, generally, cou-
pled-cluster) equations to obtain radial coupled-
pair equations,> which can be solved numerically
using an iterative self-consistent scheme.* 2325

In this paper we present the orthogonally spin-
and angular momentum adapted CPMET equations
for the case of closed-shell atomic systems using
an analytical form for the intervening wave func-
tions. It is well known, at least currently, that the
analytic approach is the only feasible one in the
case of molecular systems. In this approach the
one-electron (molecular) orbital states are ex-
panded in terms of a finite one-electron basis,
usually consisting of Gaussian- or Slater-type
atomic orbitals, localized on various nuclei of the
molecular system. Moreover, this approach has
proven to be useful even for central atomic sys-
tems in both Hartree-Fock®® ? (HF) and correla-
tion energy?® studies. Such systems can also serve
as an excellent testing ground for various approxi-
mate approaches to the correlation problem which
are primarily intended for applications to molecu-
lar systems.

The results and analysis of the application of the
spin- and angular momentum adapted CPMET
equations given in this paper to the Be atom and
several CEPA-type approximations to CPMET will
be presented in subsequent papers.?®

II. REVIEW OF COUPLED-CLUSTER FORMALISM

We briefly review our notation and formalism
for the coupled-cluster theory.>'%* Let |¥) and
|<I>) be the exact- and independent-particle-model
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nonrelativistic ground-staté wave functions, re-
spectively, of an N(=2n) electron closed-shell
system described by a spin-independent Hamilton-
ian H whose normal product form Hy is defined in
terms of an orthonormal set {I A)} of spin orbitals,
and the corresponding sets of annihilation {X,} and
creation {X1} operators, by*1®

HN=H—<(I>IH|¢>=FN+VN, (2.1)
where
Fy= 3 (A|f|B)N[x'X,], (2.2)
AB

Vy=4 2 (AB|v|CD)N[X'X\x,X:], (2.3)
ABCD

and N[+ ] indicates the normal product ordering*®
with respect to f<I>). The one-electron matrix ele-
ments in (2.2) are given by

(A|f|BY=(A]z|B)+ ; (AC,|v|BC,),, (2.4)
1

where
(AB|v|CD), ={AB|v|CD) - (AB|v|DC). (2.5)

K [dr) is the HF ground state then f is just the one-
electron Fock operator and (A |f 'B)= €40,5, Where
each €, is an HF orbital energy. For atomic sys-
tems, using Hartree atomic units, the operators
z and v are defined as
2(F)=-3a,-Z, (2.6)
7y

v(t,T,)=1/|t,-1,], (2.7

in terms of the Laplacian 4,, position vector T,
of length »,= |T,| for electroni, and the nuclear
charge Z.

In the above equations we are using the following
notation®'4; capital (lower) case latin letters
label spin orbitals (orbitals), lower case Greek
letters label spin functions, numerical super-
scripts (subscripts) refer to particles (holes), and
labels without indices or with nonnumerical indices
[e.g., in (3.8) below] refer to arbitrary one-elec-
tron functions. Thus, for example, the sum in
(2.4) extends over all hole states (i.e., those occu-
pied in |®)).

The normal product form of the Schrodinger
equation is

Hy| )= ae|¥), (2.8)

where A€ is the correlation energy, relative to
|<I>), given in terms of the exact ground-state en-
ergy eigenvalue E of H by

Ae=E (3| H|®)= (2| Hy|¥), (2.9)

where the latter expression, which is used in the
coupled-cluster theory, is obtained by imposing
the intermediate normalization condition

(3| ¥)=1(= (2| ®)). (2.10)

In the closed-shell coupled-cluster approach the
exact wave function |¥) is expressed in terms of
|<I>), and the monoexcited, biexcited, etc., excited
configurations obtained from |®), via the cluster
expansion

| ¥)=e”|®), (2.11a)
where
N
T=) T, (2.11b)

is a sum of ¢-fold excitation operators which can
be expressed as

T‘=(il)'zz (Bt+++B!'|¢t,|B,**+ B, I‘IX{,4XB!,
{B} j=l
(2.12)

in terms of fully antisymmetrized ¢, cluster coeffi-
cients (matrix elements).>*1* Using (2.11) in
(2.8) and diagrammatic methods based on second
quantization and the time-independent generalized
Wick theorem!® we easily obtain the linked-cluster
form

(Hye")e | @)= 0e|®) (2.13)

of the Schrédinger Eq. (2.8), where the subscript
e refers to connected diagrams only. The various
approximations such as CPMET (T ~T,)? are then
obtained by projecting (2.13) onto the appropriate
set of configurations (the biexcited ones for
CPMET).’** For the spin-orbital version of the
theory these are just the usual i-fold excited con-
figurations [cf. Eq. (3.1) of Ref. 14]. In particular,
the correlation energy is given by?

Ae=(®|(HyeT)e| @), (2.14)

and the remaining equations, which do not contain
the correlation energy, provide a system of cou-
pled nonlinear algebraic equations determining the
various cluster coefficients.

We have previously mentioned!>!* that it is very
convenient to choose orthogonal symmetry-adapted
states and cluster coefficients for this purpose and
we have recently carried out this procedure for
CPMET?"® and a version of ECPMET involving
monoexcited, biexcited and triexcited states,'*
using orthogonal spin-adapted states and cluster
coefficients. In this paper we derive the CPMET
equations and the equations for a version of
ECPMET with T= T,+T,, in a form suitable for
application to closed-shell atomic systems, by
projecting (2.13) onto a suitable set of spin- and
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angular momentum adapted (LS-coupled) states.
First, however, we shall introduce the notation
and conventions which we shall need in the case of
atomic systems.

III. NOTATION AND CONVENTIONS
FOR ATOMIC SYSTEMS

For atoms the spin orbitals can be expressed as
| 4)=[a) |@) = | n,l,m,) |a), (3.1)

where |Ot) is one of the orthonormal spin functions
|£2) and |a) is an atomic orbital defined by the
magnetic quantum number m,, the orbital angular
momentum quantum number /,, and the I ,-depen-
dent quantum number n, which enumerates the
various atomic shells (n,7,). A finite set of atomic
orbitals can thus, for example, be defined in the
usual spherical coordinate system by

¢nlm('r! 6’ ¢)=Rnl(r)ylm(99¢), (3-2)

where1=0,1,...,0,, n=1,2,...,N(1), the angu-
lar functions Y, are the usual spherical harmon-
ics®® and the radial functions satisfy the orthogon-
ality relations

[ Rt IR () Par =0t w0, (3.3)

which guarantee that {$,,,.} is an orthonormal set
of atomic orbitals. In the analytical approach,
which we are using, the radial functions for occu-
pied orbitals are commonly chosen as approximate
variationally determined solutions of the radial

HF equations® and are expressed as linear com-
J

binations of Slater-type radial functions.®® The
radial functions for unoccupied (virtual) orbitals
are then chosen to satisfy (3.3) with respect to
each other and to the occupied orbitals. This lat-
ter requirement can be automatically satisfied by
choosing virtual HF radial functions although this °
is by no means necessary. Thus, in the analytical
approach, the first step is to express the f and v
matrix elements in (2.2) and (2.3) in terms of inte-
grals involving the radial functions.

A. Factorization of one- and two-electron matrix elements

For atomic systems the factorization of the f and
v matrix elements into their spin, angular momen-
tum, and radial parts, using (2.6), (2.7), and (3.2),
is well known and can be accomplished in several
ways. The classical approach® does not use the
more powerful methods of angular momentum the-
ory and tensor operators.?>3% This latter approach
can be combined with the graphical methods of spin
algebras'? 15-2% 34 tg provide a very simple deriva-
tion and graphical representation of the results.
Since we shall be using these graphical methods
extensively in the following, we briefly summarize
the results in order to fix our,notations, conven-
tions, and graphical representations.

The spin dependence of the f and » matrix ele-
ments is trivial, and the orbital v matrix elements
can now be factorized into their angular and radial
parts by using the tensor-operator expansion of
the two-electron interaction (2.7).3® The final re-
sult is

Rmax
(ab|v]|cd)=(ac|v|bd)= ; ARt m I m |Lmdm )X (nlnl, | nlyngd,), (3.4)

where

q==R

R
Ak(lamulcmci lbmbldm‘)= Z < lﬂ q mc> < lp kE m

my, q I

m, k 1,

and the radial integral X* is given by

> (3.5)

X*(n,l,nl, I nylyngly) = CH( Ll 'lbld) RM(nlnt, I nylyngly) (3.6)

in terms of the angular coefficient
CH(IL,| L) = (~1T I CHIL )T, I CHil L)
and the radial integral

R”(nal,nelc|n,,l,n,,l,)=f 'rfdrlf ridr,v*(ry,7,)
(V] o

where

r/v8t v <7 .
v"(rl,rz)={ voe s Tone (3.9)

R /.. R*+1
vy, >,

nglg

(3.7)

(rl)R"clc(yl)R’fblb (72)R,.d|a(72) ) (3-8)

In (3.5) we are using Wigner’s form'”* of the 3-
jm symbol and in (3.7) the reduced matrix elements
of the tensor operator C*, whose components are
the Racah spherical harmonics
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CHo,¢)= (/DY %Y,,6,0), (3.10)

and are defined using the convention of Refs. 17
and 35 for the Wigner-Eckart theorem. They are
simply related to a special 3-jm symbol:

e ry= (-, et B Y. (3.11)
000

In (3.10) and (3.11) and in the following we are us-
ing the compact Wigner notation®:

[1]=21+1,
(e,vr,...,. 1=02r],...,.

A simple closed form expression for the 3-jm
symbol in (3.11) can easily be obtained.!’

For the one-electron orbital z and f matrix ele-
ments we easily obtain the expressions

(a|z|b)=06(1,,1,)6(m,,m,Xn.l, |z |nyy) , (3.13)

(alf|b>=6(lu7lb)6(ma’mb)<nalalfInblb> ’
(3.14)

in terms of the radial z and f matrix elements

(3.12)

indlznd)= [ RE e, (r)R, (D] 7dr, (3.15)
(nal lf I nbl) =(”al IZ !nbl>

+2[1]-V? E (2,1 2X(n tnyl | nylyn,l,)

mh
[0 Y0 Xr(ningd, | nylinyl),
R n,l
o (3.16)
where
1/1 4 l(l+1)> z
z,(?’)—;(—g W.F o T—; (3.17)

is the radial part of the operator z in (2.6). As
mentioned above, (3.16) is most easily obtained
using graphical methods. The practical calculation
of the radial integrals in terms of their expansions
involving Slater-type radial integrals is well
known?® and will not be summarized here.

B. Graphical representation of interaction vertices

We now consider the graphical representation of
the Goldstone form of the F and V vertices corre-
sponding to (2.2) and (2.3), respectively (cf. Fig. 1
of Ref. 13), which we shall need in the construc-
tion of the orbital angular momentum diagrams for
the spin- and angular momentum adapted form of
coupled-cluster theory for atomic systems (Sec.
V), using the graphical methods of spin alge-
bras!+1%-2° and the formulas (3.14), (3.16), and
(3.4) for the orbital f and v matrix elements.

im

2 ————

(b)

FIG. 1. Graphical representation of the orbital part of
the Goldstone V vertex (a) corresponding to Eq. (3.4),
and F vertex (b) corresponding to Eq. (3.14), for atomic
systems (cf. Sec. III B of text for further details).

Each of the 3-jm symbols in (3.5) can be repre-
sented graphically [cf. Eq. (58') of Ref. 18], and
by using the summation rule (65) of Ref. 13 over
the magnetic quantum number g we obtain, for the
coefficient A* appearing in (3.4), the first diagram
of the right-hand side in Fig. 1(a). The vertex
signs and the arrow on line 2 can be omitted.®
The second diagram on the right-hand side in Fig.
1(a) represents the radial integral X* defined in
(3.6). We also note that the diagram representing
A* is topologically equivalent to the Goldstone V
vertex. Thus, Fig. 1(a) represents the complete
factorization of the orbital part of the Goldstone V
vertex, which will be used in Sec. V for the con-
struction of the orbital angular momentum dia-
grams arising in the coupled-cluster theory. The
analogous results for the F vertex are trivial since
the orbital f matrix element (3.14) is diagonal in
the 7 and m quantum numbers and hence we obtain
the trivial factorization given in Fig. 1(b), where
the radial part corresponds to the radial matrix
element (3.16).

IV. LS-COUPLED STATES AND CLUSTER
COEFFICIENTS

We now construct the orthonormal spin and angu-
lar momentum adapted (LS-coupled) states, onto
which we project the Schrodinger Eq. (2.13) to ob-
tain the coupled-cluster equations, using angular
momentum theory and following closely Sec. III of
Ref. 14, where the spin-adapted states and cluster
coefficients were considered. The LS-coupled-
cluster coefficients are then constructed in the
same manner as the corresponding states. Final-
ly, the graphical methods of spin algebras are
used to construct the orbital angular momentum
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diagrams representing the angular part of the LS-
coupled states and cluster coefficients. These re-
sults, and the interaction diagrams of Fig. 1, are
used in the next section to construct the orbital
angular momentum diagrams associated with the
orbital diagrams of the coupled-cluster theory.

A. LS-coupled states

In the spin-adaptation process!® it is convenient
to use the hole-particle formalism with the hole-
particle creation operators defined as

Y’f'lll"‘lsl = (=1) ™ (<1)Y 2-51)("1,1;151 , (4.1)
Y:1,1m151 = X;l,lmlsl ’ 4.2)

where m,=-m,, B,=-B,. The corresponding re-
sults for the annihilation operators can be obtained
by Hermitian conjugation. The spin-symmetry-

J

adapted states are

1eeeq x5
(nlm) SMS] .

(nlm )1. oo f

Xs

=< ﬁ (—1)’!""1)

i=1

leeof x5
(nlm) SMS> , (4.3)
X

(nlm),...,

where (nlm)**"t=n'l'm!+ ++nil'mi etc. The states
on the right-hand side are defined in Eq. (3.3) of
Ref. 14 with ' =n'Um?, b,=nlm,, j=1,...,i.
The states on the left-hand side can be coupled in
the usual way, using Clebsch-Gordan (CG) coeffi-
cients of the same type for the orbital angular mo-
mentum couplings as for the spin couplings (cf.
Sec. II of Ref. 14). Thus, we obtain the LS-cou-
pled states (eigenfunctions of L%, L,, S S,)

xS Lo pe
(n2)* 'LMLSMS . > (X xHimIM,) (nlm) ‘SMS] (4.4a)
("1)1..4 X, Xg {m} (nlm)l...; Xg
. ()t o\ 2
= 2 (X, XH 1m}LM,) SMg\ . (4.4p)
{m} (ﬂlm),_...g Xg

The coefficient in (4.4a) is a generalized CG coefficient obtained as a product of the usual CG coefficients
of SU(2) in terms of the chosen coupling scheme (cf. Sec. IIIA of Ref. 14). The labels X, X* (Xs,X5) de-
note the sets of intermediate orbital angular momentum (spin) quantum numbers defining the coupling
schemes for the hole X (Xs) and particle X*(X5) orbitals, respectively, and the summation extends over
the set {m} of magnetic quantum numbers m,, ...,m;,m!, ... m! and the intermediate ones associated
with X; and X*. The expression (4.4b) is needed for the graphical representation of the LS-coupled states.
The states on the right-hand side of (4.4b) are obtained from those on the right-hand side of (4.3) by re-
placing 17, withm,, j=1,...,7, and the coefficients in (4.4b) are

1
(X XH{Im}LM,) = ( | | (_1)':*"':) [x x*{im}LM,] (4.5)
) =1

and can be written in terms of CG coefficients without m -dependent phase factors [cf. Eq. (4.8) below].
K we define

dy=(lymylim | L, M, XI'mY2m?| L2 M*?) , (4.8)
then the coefficients for the monoexcited and biexcited LS-coupled states, using pp-hk coupling'® are

[{tm}Lm )= Ciym 1'm? | LMy) (4.7a)

[L,, *{tm} LM, )=d,(L,;m,, L**m*?| LMy), (4.70)
corresponding to (3.5a) and (3.5b) of Ref. 14, and

{im}Lmy) = (LY [ DY X LML m, | 'm?) (4.8a)

(L, L*¥{Im}LM) =d,([L)/[L¥*) X LM L, m , | L**m??) , (4.8b)
corresponding to (3.6a) and (3.6b) of Ref. 14. Thus, we obtain the monoexcited and biexcited LS-coupled
states

wr LMLSMS> =2 ({im}LM,) "lllmISMs> , (4.92)

n,l, (m} n,lym,




IR

l 12 L12812
(nD) LMLSMS> - Z (L, L*{1m} LM ;)

(nl),,

Ly2S32

For the closed-shell coupled-cluster theory we
need only consider the singlet S states (L=S5=0)
in which case L= L*=L;, S,,=5"%=S;, and we
define the orthonormal LS-coupled states

n'l!
nl, >

12 12 L; S
(n1) L,.s,.> (n2) oooo> R
(nl),, (nl),,
which we shall use in the following section to ob-
tain the LS-coupled form of the coupled-cluster
equations. They represent the angular momentum
symmetry adapted version of the spin-symmetry-
adapted states defined by Egs. (3.9a) and (3.9b) of

Ref. 14. The symmetry properties of the states
(4.10b) are given by

(D3

171
nl oooo> , 1'=1, (4.10a)

n,l,

(4.10Db)

L;sy

> opdLos

(”l)mLis,> , (4.11)
(nd),,
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(nlm)r2 x$
SMg) . (4.9p)
(nlm),, X
s
T
where
k,A=1,2(1=2,2=1) (4.12)
and the phase factors are
pp=(=1)"**, (4.13a)
b= (=1)K®"+ 00 (4.13b)
¢s=(“1)(“”(1+s') , (4.13¢)
where
bp=1+1,+L;, ¢¥=1'+1?+1L,. (4.14)

The phase factors ¢y, X=P, L, S arise from the
permutational symmetry of the basic Slater deter-
minants [cf. Eq. (3.1) of Ref. 14], the orbital angu-
lar momentum symmetry, and the spin symmetry,
respectively (cf. Sec. IIIC of Ref. 14 for a discus-
sion of ¢ and ¢5). Finally, we note that other
coupling schemes, such as the ph-ph one, give
rise to more complicated symmetry properties
(cf. Ref. 18).

B. LS-coupled-cluster coefficients

If we write the i-fold excited LS-coupled-cluster component of the wave function [cf. Eq. (2.12)] in the

form

T;|®)= 2 Z T,(LMSM) [®)

L, SNy

(4.15)

[cf. Eq. (3.27) of Ref. 14] then the LS-coupled-cluster components are defined by

T, (LM SMg)|®)=(G1)"2 Z Z Z N, ((nl)l""lta(LMLSMs)I(nl)l...‘ﬁ;‘f:

{ni} x x% xgx$

1000 xLxS
(n2) LMLSMS>
(nl)l...i

XrXs

in terms of the LS-coupled states (4.4) and # cluster coefficients, where {nl} denotes the independent
i-fold summation over all shells and N, is an appropriate normalization factor [Eq. (3.11) of Ref. 14].
Using the notation of (4.10) the singlet monoexcited and biexcited cluster components are

T,(0000) |®) = 2<nz 1 £,(0)|n,L)

n'l >
n,l,

T,(0000) [&) = (21)" 2Z' ZZ ~2((n1)2 | £,(L;S;) | (n) )

where, using a similar notation as in (4.10b),

((n1)'2 | £,(L,S,) | (nd),p) = ()2 |£,(0000) | (nD) ) T} 5! ,

(4.17a)
("Z)IZL,S,.> , (4.17b)
(nl),,

(4.17c)

where the normalization factor N,; is defined in Eq. (3.11) of Ref. 14 with ' =n’'l’, b,=n,l,, j=1,2. The
LS-coupled singlet ¢, and ¢, cluster coefficients are defined in terms of the spin-symmetry-adapted coef-
ficients by analogy with the result (4.9) for states. Thus,

1] ,(0) |my1 )= {Z} m}00yn 1 m |£,(0) [n 2 m ), (4.18a)
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<(nl)12 I tz(LiSi) l (nl)12> = § (L;Li{lm} 00)((7117”)12 Itz(sl) I(nlm)lz) 9

(4.18Db)

where the spin-symmetry-adapted cluster coefficients on the right-hand side in (4.18) are defined in Eq.
(3.29) of Ref. 14 in terms of the appropriate spin orbital cluster coefficients, and the angular momentum
coefficients are obtained from the singlet case of (4.8). By analogy with (4.11) we obtain the symmetry

properties

((nl);x ,tz(Lisi) [ (D)3 = ¢P¢L¢s((”l)12 | tz(L(si) l(”l)lz) .

(4.19)

Finally, in order to simplify the final form of the coupled-pair equations, we shall use the unnormalized
biexcited states and cluster coefficients [denoted by 7, rather than f,, and defined in Eq. (3.31a) of Ref. 14].

C. Graphical representations

We now consider the graphical representation of
the LS-coupled biexcited states and cluster coef-
ficients, using the rules and terminology outlined
in Refs. 2 and 13-15. The orbital diagram given in
Fig. 2(a) is used either to represent the biexcited
ket state (4.10b) or, in our case, the corresponding
cluster coefficient or component (4.18b) and
(4.17b). Diagrams of this type have been previous-
ly referred to as Brandow’s form of Hugenholtz
diagrams, or simply as Brandow diagrams, and
we refer to Refs. 13 and 14 for further details.

The labels used on the diagram of Fig. 2(a) define
the cluster coefficient (4.18b) to be associated
with the diagram. The spin and angular parts of
the states or cluster coefficients will then be re-
presented by the usual angular momentum dia-
grams. The spin diagrams for the monoexcited
and biexcited states have been given elsewhere,'*:'®
while the orbital angular momentum diagram is

oy
N
n?y2

I'lz‘vz

t,m, L,f,
- +
(B) ‘1m1 L (c) ~ I,ﬁh
o i L T
- +
Vom? P2

(b) (c)

FIG. 2. Orbital (radial) Brandow diagram for the LS-
coupled biexcited ket state or cluster coefficient (a) of
Eq. (4.10b) or Eq. (4.18b), respectively, and the cor-
responding orbital angular momentum diagram (b) (cf.
Sec. IV for further details); (c) is the orbital angular
momentum diagram for the bra state appearing in Eq.
(5.2b). The overall factors B, C are given by B=[L;]/2,
c=[L Y2 '

r

given in Fig. 2(b) for the LS-coupled biexcited
state (4.10b) or equivalently, the cluster coeffi-
cient (4.18b). The corresponding result for the
bra state is given in Fig. 2(c) (cf. Sec. V). Thus,
in the construction of the orbital angular momen-
tum diagrams of CPMET, Fig. 2(b) is used for the
cluster coefficients and Fig. 2(c) is used for the
states onto which the Schrédinger equation (2.13)
is projected. The corresponding results for the
monoexcited LS-coupled states and cluster coef-
ficients are given in the Appendix.

V. COUPLED-CLUSTER EQUATIONS
FOR ATOMIC SYSTEMS

We now derive the explicit form of the LS-
coupled CPMET equations for closed-shell atomic
systems, in terms of the LS-coupled cluster co-
efficients (4.18b), by projecting the Schrodinger
equation (2.13) onto the LS-coupled biexcited
states (4.10Db).

In general, we can conveniently express the
left-hand side of (2.13) as a sum of i-fold excited
contributions:

HyeT)e |2y =3 HE'|®) . (5.1)

From the diagrammatic point of view this is a sum
of all connected resulting skeletons (R skeletons,
cf. Refs. 2 and 15) having i open paths,
i=0,...,N.

Thus, if we project (2.13) onto the unnormalized
LS-coupled monoexcited states (4.10a), biexcited
states (4.10b), and |®), we obtain the following
system of coupled-cluster equations:

-
al

(7).

HS (5.2a)

¢>= Y @A)l b =o,

70
¢>

= 3 (G2 A% (LS |, =0, (5.2b)

2)
He
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and the equation
2
@|H|@)= 3 A%I=Ac, + 8¢, =2¢ (5.3)
j=1

determining the correlation energy in terms of
the monoexcited and biexcited cluster coefficients
(cf. Sec. IV of Ref. 14). The CPMET equations
are obtained by taking into account only the terms
A%° and A%2 in (5.2b) and the term A%2 in (5.3).
The remaining terms in (5.2) and (5.3) describe
the effect of the monoexcited clusters in the
ECPMET approximation T =T, +T,, which includes
in (5.2) only those terms which are linear in the
monoexcited cluster coefficients (A! and A%1).
The terms A':2? and A%*! describe the interaction
between the monoexcited and biexcited clusters.
Finally, we note that

A2 2=Ai,2+Az,z (5.4)

NL>

where the subscripts L and NL refer to the linear
and nonlinear (quadratic) terms in the biexcited
cluster coefficients. The latter arise from the
disconnected tetraexcited component 737 in
(2.11a). We now derive the explicit form of the
LS-coupled CPMET equations from (5.2) and
(5.3). The additional terms which are needed to
describe the effect of the monoexcited clusters
are given in the Appendix.
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A. Orbital angular momentum diagrams for CPMET

In order to extend the spin-symmetry-adapted
CPMET results of Refs. 13 and 14 to the LS-
coupled case for atomic systems, it is only neces-
sary to construct the orbital angular momentum dia-
grams corresponding to the orbital Brandow dia-
grams which represent the contributions to the vari-
ous termsin (5.2) and (5.3). These orbitaldiagrams
and the rules for constructing them have been
given elsewhere!® for the spin-symmetry-adapted
case. For convenience, we list the orbital dia-
grams in Fig. 3, using labeling schemes approp-
riate to the atomic case. Thus, Fig. 3(a) cor-
responds to the absolute term A%*° in (5.2b), Fig.
3(b) gives the contributions to the linear term A%?2
in (5.2b), and Fig. 3(c) gives the contributions to
the nonlinear term A%Z. Finally, Fig. 3(d) gives
the correlation energy contribution Ae, in (5.3).
The various diagrams are distinguished using the
same labels (i,, ii,, etc.) as in Fig. 3 of Ref. 13.
In our case each Brandow T, vertex defines an
LS-coupled biexcited cluster coefficient (4.18b)
and the labels on the external lines correspond
to those defining the bra state in (5.2b). In gen-
eral, we use tildes to distinguish the fixed labels
[those in (5.2b)] from the untilded or summation
labels.

3 L
- X -
ficdz 22 N
&
Kiptyt Nalz
1 s’
~ i 1
L ny K wr
" )
Nl 1o

(c)

FIG. 3. Orbital (radial) Brandow CPMET diagrams for the LS-coupled case associated with the terms A%° (@), A%z
o), 1\12“2 ©), A% (d) given in Egs. (5.11a), (5.11b), (5.11c), and (5.12), respectively (cf. Sec. V for further details).
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The orbital angular momentum diagram associa-
ted with each orbital diagram in Fig. 3 is con-
structed using the rules given in Ref. 13 for the
construction of the spin diagram except that we
now use the diagrams of Fig. 1(a) and Fig. 1(b)
for the V and F vertices. Thus, by using Fig.
2(c) for the angular part of the bra state in (5.2b),
Figs. 1(a) or 1(b) for the interaction part, and
2(b) for the angular part of each Brandow T, ver-
tex, Fig. 2(a), we can construct the resulting or-
bital angular momentum diagram for each orbital
diagram in Fig. 3. These diagrams are given in
Fig. 4 where Fig. 4(a) corresponds to Fig. 3(a),
etc. In particular, we note that both diagrams
(i,) and (i) in Fig. 3(b) have the same orbital
angular momentum diagram, Fig. 4(b) (i, ii,).
For the associated spin diagrams we refer to Fig.
5 of Ref. 13. It is interesting to note that these
spin diagrams can be easily obtained from the or-
bital angular momentum diagrams: simply re-
move the interaction line % and its end vertices and
replace all labels by the corresponding spin labels
(4,,1*—~ %, L;— Si, etc.). Thus, for example, Fig.
4(a) reduces to Fig. 5(a) of Ref. 13 and gives the
spin factor in Table I of Ref. 13.

The algebraic expressions (orbital angular mo-
mentum factors) corresponding to each diagram of
Fig. 4 can be evaluated using the graphical meth-
ods of spin algebras (for a concise summary see
Appendix I of Ref. 18). Thus, the contributions of
Figs. 4(a) and 4(d) are directly proportional to a
6-j coefficient. Figure 4(b) (i,, ii,) can be separ-
ated over two lines [rule (70) of Ref. 18] to give

(Fy) [«

(Fy) ﬁ (pnFa"fI: N :lN
> -

(iv) (e
L Lot
(PexFy) T k 4 (b)
+ f ‘
(viey)

TABLE I. Orbital angular momentum factor obtained
from the diagram of Fig. 4(a) for the absolute term A2%°
[Eq. (5.11a)] of the CPMET equations. The corresponding
orbtial diagram is given in Fig. 3(a).

Orbital angular Orbital angular
momentum diagram momentum factor £{
. i
(@) PﬂFa{ - ‘}
Lk

two “oyster” diagrams [Eq. (74) of Ref. 18].
Similarly Figs. 4(b) (¢i4) and (iv) give an oyster
‘and a 6-j symbol and Figs. 4(b) (v,,) and (vi,,)
give a product of two 6-j symbols after separation
over three lines [rule (71) of Ref. 18].

For the diagrams of Fig. 4(c), corresponding
to the nonlinear part of CPMET, the results are
more complicated: Fig. 4(c) (i,) can be separated
twice over three lines to give a product of three
6-j symbols, Figs. 4(c) (i), (iv,), and (v) can
each be separated twice over two lines to give two
oysters and a 6-j symbol. Finally, Fig. 4(c) (ii,)
is not separable over two or three lines and gives
a genuine 12-j symbol of the first kind which can
be evaluated as a single sum over a product of
four 6-j symbols using the crossover sum rule
(cf. Ref. 17 and Fig. 5 of Ref. 37).

The orbital angular momentum factors obtained
from the diagrams of Figs. 4(a)-4(d) are given in
Tables I-IV, respectively. The overall factors

(c)

FIG. 4. Orbital angular momentum diagrams corresponding to the orbital diagrams of Fig. 3. The overall factors
associated with each diagram are defined in Egs. (5.5) and (5.6).
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I

TABLE II. Orbital angular momentum factors obtained from the diagrams of Fig. 4(b) for
the linear part A%? [Eq. (5.11b)] of the CPMET equations. The corresponding orbital diagrams
are given in Fig. 3(b).

Orbital angular Orbital angular momentum
momentum diagram factors £, i=1,...,6

()

-

1
(#4,) 2 Pwd(Li, L)
- 71727
(i) 3 PIRTT AR L L‘}
'k
(i) 4 pad(Ear L) { lilzLi}
Lk
Gkl et
("nx) 5 pnth l_ : ~— }
L,L;\ | L*L,
- 554 3%
Wi,y) 6 p;x(—l)ll"l’Lin ljle{} {{l"L{}
Lk LIk
associated with these diagrams are P
J17273]4
—[r.]1/2 _ : ;
F,=[Li]*/?, (5.5a) kylegkgky | 1 =2(_1)R4 X[X]{]lkIX} {]akzx}
sz[iiyLi]llz ’ . (5-5b) l1l213l4 x kljzll kajalz
Fc=[ii,L%,L%]1/2, (5.50)
JsksX | ) jskaX
F,=[L:]'/?, (5.5d) x{k ‘l}{'kl , (5.7
i812+ jo. 4Jabs) (1R by
py=(-1)" %, (5.6)
- - where
where ¢'?, ¢,, are defined as in (4.14), except
that tilded angular momenta are used. Finally, .
the 12-j symbol of the first kind appearing in R, 22 (i + ki + 1) . (5.8)
Table III can be expressed as i=1

TABLE III. Orbital angular momentum factors obtained from the diagrams of Fig. 4(c) for
the nonlinear (quadratic) part A%;E [Eq. (5.11c) of the CPMET equations. The corresponding
orbital diagrams are given in Fig. 3(c).

Orbital angular Orbital angular momentum factors
momentum diagram i LM i=1,...,5.
~. 171 272 F172%
(30 1 Doz (_l)lzolzdiblec {l l Li} {lzz Li} {l l~Li}
T4k Telok Tzl k
T 1T,
(45, 2 Dox(=1) Lol Lip L L3RLY | 1
2;1,‘ llll
2 . ~— 17272
(it5,) 3 Deal= D48 5L, Lo @@, 19 vz YL
Lk
~ ~ -~ 17272
(i) 4 Pol=1) S (T, LY 0y, T, ) [t (22V2 PP L
Lk
~ ~ - 2L
) 5 8(Ly, LYS(L;, L2 [L,1V? { ‘}
Lk
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TABLE IV. Spin factor 8]V and orbital angular mo-
mentum factor £}V for the correlation energy A, [Eq.
(5.12)] of CPMET. The orbital and orbital angular mo-
mentum diagrams are given in Figs, 3(d) and 4(d), re-
spectively.

Orbital angular
momentum factor £V

5, {l‘l’L,}
Ll,k

B. LS-coupled CPMET equations

Spin factor 8V

(_1)108i [si ]1/2

Using the rules of Ref. 13, 14, 16, and 17 we
find that each diagram of Fig. 3 gives an algebraic
contribution having the general form

23 eso (5.9)

{xa} (LS} R {(n1}

where £ and § are the orbital angular momentum
and spin factors, respectively, and

0 =(-1)""*yme (5.10)

is the orbital factor consisting of an orbital phase
factor, a topological or weight factor w (cf. Ref.
13), a radial for v matrix element 9 and 0, 1,
or 2 biexcited cluster coefficients 7. The spin
and orbital factors corresponding to the orbital

TABLE V., Spin factors and orbital angular momentum
factors for the term AL2 [Eq. (Alc)l.

Spin factor Orbital angular momentum
8y, i=1,2,3. factor £, i=1,2,3.
(=1 Si(ls;]/2)v2 G, ’1’21"'}
i'e

‘ 152
(—D)*Si(IS;)/2)V2 G, {l ! L;}
i,k
(=D)MSi(ls;1/2)V? Gy (1)

angular momentum factors of Tables I-III are
given in Tables I-III, respectively, of Ref. 13.
In our case the orbital factors are simply obtained
from those of Ref. 13 by (i) replacing the fand »
matrix elements by the corresponding radial ones
(3.16) and (3.6), (ii) replacing each spin-symme-
try-adapted 7, cluster coefficient by the corres-
ponding LS-coupled one (4.18b) using the labeling
schemes given on the diagrams in Fig. 3, and
(iii) summing over all internal line labels [{n} in
(5.9)], all quantum numbers inside the ovals of the
Brandow T, vertices [{LS} in (5.9)], the quantum
number k and the indices «,), if present, which
index the various external line labeling schemes
[cf. Eq. (4.12)].

Thus, we obtain the following results for the
terms in (5.2b) which define the LS-coupled
CPMET equations:

J
(@2 [A2o(E;, $) | G, =3 3 (-1, DX AR, 5,2, (5.11a)
=1l R
(GDy2| A%A(Ls, $) | Gil),,)
=22 (): 8(1*, 1), 1)<Kp|f|1p>[1'<llﬁ] Zé(ll,l (L, 2)1, | £ k)& lllﬂ)
k=1 Lisi 1p
+ Z( 3 %1, 3)x*(1,1,12,2,)[121112] + 3 (1, 4)x*(1,1,12,2)[12112]
LiS; & \1p2p 1p2n
+ X (—1)"’”‘[3c(II,5)X"(;'<,1,|15,)-Jc(II,6)X*(E,§n'1hl,)][lﬁllil]), (5.11b)
Ky, A=1 ]'Plh
((m1)'*| AYKL,, )| (D))
Z; EZZExhu 1,12,2)
L‘S‘ L3s ® Wipyp,
x(z (- DXx(1m, 1) [11)(71], [22(lk2], + %(I0, 2) [11]Ik2] [2211%1],
- %(I0I, 3) (2|13, [K11112], - (111, 4)[33|[k2], [12/lk1],)
+3 %(10, 5)[12ui§]1[i§u12],) . (5.11c)
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TABLE VI. Spin factors and orbital angular momen-
tum factors for the term A%! [Eq. (Ald)].

Spin factor Orbital angular momentum
V1, i=1,2. £¥, i=1,2,

o
ple; { ~~ ‘}
LLk

e {.ZXPL"}

(=1) RAr1C 1+5; N(5;1/2)V?

(=1) (k+A+1)( 10‘5{ )( [3‘.]/2)1/2

Finally, from Table IV the correlation energy is
given by

re =3 202 ZZ *(IV, 1)x%(1,1,|2,2,)[12]112].
L;S; & il

(5.12)
In Egs. (5.11) and (5.12) we are using the notation
X(K, k) =£58% (k=L1,...; k=1,2,...) (5.13)

to refer to the orbital angular momentum factor
£F in line £ of Table K and similarly for the spin
factor 85 in Table IV and in Tables I-III of Ref. 1.
We note that £]'=£31, 81T=--- =8I, and §;=8}".
We are also usmg the mmphﬁed notation i,=n'l},
i,=n,l,, z,-n i , etc., where the subscripts p and
h refer to particle and hole state labels, respec-
tively. Moreover, in the 7, or {, matrix elements
the p,h subscripts are dropped since the bra part
always contains particle labels and the ket part al-
ways contains hole labels. Thus, we have used,
for example, the notation

[illrs]=mitn't | 7L, S) [nln l,) (5.14a)
[RIlK], = (0 VR T* | (LT, S |nyl gy, 7=1,2.
(5.14b)

Thus, (5.11a), (5.11b), and (5.11c) are the abso-
lute, linear, and nonlinear terms, respectively,
which after substitution in (5.26), give the system
of nonlinear algebraic CPMET equations defining
the LS-coupled 7, cluster coefficients. After solv-
ing this system, the correlation energy can be ob-
tained from (5.12). The additional terms needed
to account for the monoexcited cluster coefficients
are given in the Appendix.

VI. DISCUSSION

We have derived the orthogonally spin- and or-
bital-symmetry-adapted (LS -coupled) coupled-clus-
ter equations for closed-shell atomic systems in
explicit form for the mono-excited and bi-excited
cluster coefficients starting from our previous re-
sults for the spin-symmetry-adapted case, and
using techniques based on second quantization and
the graphical methods of spin algebras.

The results which we have obtained in Egs. (5.2),
(5.3), (5.11), (5.12) and the Appendix have been
recently applied to a correlation energy study and
pair energy analysis of Be.?® We note that for Be
the LS-coupled CPMET equations simplify con-
siderably and for this case we have also consid-
ered the additional terms involving the triexcited
cluster coefficients which have been derived in
Ref. 14 for the spin-symmetry-adapted case. In
addition we have also considered various CEPA-
type approximations based on the LS-coupled
CPMET equations. These equations and the num-
erical CPMET- and CEPA-type results will be
presented in subsequent papers.
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APPENDIX: MONOEXCITED CLUSTER
CONTRIBUTIONS

In order to consider the effect of the monoex-
cited clusters we consider, in addition to the
CPMET equations of Sec. V, the system (5.2a)
in which all ¢, cluster coefficients (4.18a) appear
linearly, the linear term A% in (5.2b) which
couples (5.2a) and (5.2b), and the additional term
A%! for the correlation energy, which in general
contains contributions linear and quadratic in the
t, cluster coefficients. The unlinked cluster com-
ponents in (2.11a), such as 3 T2 and 7,T,, are ne-
glected.

The pertinent terms in (5.2) are given by

@1 |A»(0) |7 Dy =V [1]V2 T |f |70y (Ala)

@ | AM2(0) |72,0) = El @ |f | Dyl |£,(0) |72,0) _}: Gl |f |7 By [ ,(0) .0

+ 2 [2X°(nllnll[nllnll) —Z[l 17 1/2)("(1’Lllnll|n 22,01 |£,(0) |n,2) (Alb)

inln,
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G0 iy = 20 2 2 (Zx(v DXl 1 | DY U | 7oL, S, ) il il

LgS; k nlilmiy Vnol,

n212

- Z-’K(V Z)X"(nlln"’lz|nl N I3 |1,(L,,S,) |n llnll)) _

2 2 X, N0l [flntni |1,L,, S n i), (Alc)

LS, In‘nl

(G2 A= (L ,5,) | Gl),p = Z Z (= 1yt

KyA=l

x(EJc(VI,l)X*(nJ“ﬁ,‘l-ll i 15
"

- };x(VI, 2)X* T, | T
n

=T Zlﬂ: (22,1 || )L |,(0) | D)
in'ny .

SR 1,0)n.F)

12)n'T, |2,(0) IﬁJJ) , (A1d)

DI (2X°(nll‘nllllnzlznzlz)—z (1%, 12) /2R Um0 InJ"’n‘l‘))
R

1 2
tlniny  12n%n,

x (n'112,(0) |, 2")n1%|2,(0) [ 2> . (A2)

In (Alc) and (Ald) the orbital angular momentum and spin factors £%, s¥,

are given in line 7 of Table K.

The overall factors appearing in Tables V and VI are defined by

G,=[112,

G,=[iI*, Gz=[, 1",

G, =(L )/

Gi=(L )/IFDV2, G2=(L ALYz,
Gi=[1I"2, G2=[1, 172

(A3a)
(A3Db)
(A3c)
(A3d)
(A3e)

and the phase factor p,, is defined in (5.6). Finally, we note that in the HF case the right-hand side of
(Ala), the final term in (Alc) and the first term in (A2) vanish.
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