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Dielectric-constant anomaly near the critical solution point in polystyrene + cyclohexane
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We present measurements of the static dielectric constant e near the liquid-liquid criti-
cal point in polystyrene + cyclohexane. The data show an anomalous decrease in e as a
function of temperature as the critical temperature is approached from the one-phase re-

gion at the critical composition. The anomaly reaches an amplitude of about 7)& 10 in e
at a few millikelvins from the critical temperature. The data are consistent with the
theoretical predictions of a critical exponent for p e of (1—a), where p is the density and

a is the specific-heat exponent.

I. INTRODUCTION

Microscopic' and phenomenological ' argu-

ments predict that in the one-phase region near a
liquid-gas or liquid-liquid critical point, the static
dielectric constant e as a function of temperature

should have a cusplike anomaly with a critical ex-

ponent of (1—a), where a is the exponent which

describes the divergence of the heat capacity at
constant volume at a liquid-vapor critical point.

Sengers et al. have shown that correction terms '

may be added for an extended temperature range,

yielding, along a path of constant near-critical

composition for a liquid-liquid critical point, a

predicted functional form:

p 'e= A ~+A25T+A3(AT)'
1 —a+ hi

+A4(ET)

where p is the density, hT=(T T, )/T, T is the-

temperature, T, is the critical temperature,

b ~
——0.50 is the correction exponent, and

a=0.1098. hT is slightly different from the more

common reduced temperature t =(T—T, )/T, and
is expected to be more closely related to the funda-

mental statistical mechanics. '
Experimental evidence for such an anomaly at

either liquid-gas or liquid-liquid critical points has

been difficult to obtain due to the usual experimen-
tal problems at critical points. Gravity effects, in

particular, can cause difficulties at fluid critical
points. " ' In the case of the liquid-liquid critical
point, the measurements are not done at constant
volume and the well-known (1 —a) anomaly in the

density' ' can mask the e anomaly. In many

fluids, conducting impurities' can complicate the
measurements of e.

The best work to date along the critical isochore
for nonpolar pure fluids at liquid-gas critical points
has shown no evidence of an anomaly. ' ' Pes-

tak and Chan' have recently observed an anomaly

in e for the polar fluid carbon monoxide; the ano-

maly appears as an increase in e of 0.1%.The CO
anomaly is consistent with Eq. (1) with four terms,

but a is not well determined by the data, since a
change in a from 0.1 to 0.3 makes no significant

change in the goodness of fit.
The best work on e at liquid-liquid critical

points to date has been that of Hollecker et al.
and Thoen et al. ' on the polar mixture benzoni-

trile + isooctane. These workers give convincing
evidence of an anomaly of about 5X10 of the
background e, but the amplitude and shape of the
anomaly could not be determined well because of
the superposition of a density anomaly and of
strong background terms in e due to the large di-

pole moment of the benzonitrile. The data are con-
sistent with Eq. (1), but do not determine the
parameters in Eq. (1) with precision.

Sengers et al. have recently made a careful re-

view of the theoretical and experimental aspects of
the dielectric constant at fluid critical points. We
refer the reader to that paper for a detailed analysis
and historical references.

We have measured e and p at a near critical
composition of the mixture polystyrene + cy-
clohexane, which is very nearly nonpolar. We were
able to avoid the above-mentioned experimental
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II. EXPERIMENTAL METHODS

A. Sample preparation

The sample consisted of 16.29 weight percent

polystyrene in cyclohexane. ' Density measure-

ments in the two-phase region indicated that this
concentration was within 0.1 weight percent of the
critical one. The polystyrene was National Bureau
of Standards Standard Reference Material 1478,
with a number average molecular weight M~ of
35 800; the ratio of MN to the weight-average
molecular weight M was 1.045. The cyclohexane
was Mallinkrodt spectrophotometric grade, used

without further purification. The volume of the
sample in the cell (sm below) was about 60 cm .
About 5 cm of air was above the sample in the
cell.

B. Density measurements

Density measurements above T, were made us-

ing a magnetic suspension balance and have been
described in a separate publication. The density
of 16.29%%uo polystyrene in cyclohexane was mea-
sured with an accuracy of 100 ppm and a precision
of 20 ppm. The data were described by the analyti-
cal function:

p=C~+C2T+C3T, (2)

where T is in C, p in g/cm, C~ ——0.834863,
C2 ———0.000 885, and C3 ———0.000003 7. The
anomalous contribution to p can be estimated by
assuming two-scale-factor universality; it is 10
of the analytical thermal expansion and will there-
fore-be negligible. This estimate is consistent with
our density measurements, which showed no ano-
maly at the precision of 20 ppm.

difficulties. Gravity effects are negligible in this
particular mixture. ' Our density measurements
have shown the thermal expansion anomaly to be
negligible for this system. Conducting impurities
were not a problem. As a result, we were able to
make unambiguous measurements of e which show
an anomalous negative deviation from background
of about 7X10 at a few millikelvins from T, .
We are able to fit Eq. (1) to the p 'e data; the data
are consistent with this function and with the
theoretical value of a. Because the anomaly is so
small, the parameters in Eq. (1) are still not deter-
mined as well as we would like in order to have a
quantitative test of the theory.

C. Dielectric constant measurements

The dielectric constant cell, which has been
described in a separate publication, was a cylin-
drical capacitor made of Teflon and stainless steel.
The cell was guarded and used in a three-terminal
mode with a General Radio (GR) 1615-A capaci-
tance bridge, a Hewlett-Packard 3311A function
generator, and a Princeton Applied Research 5204
lock-in amplifier. The excitation signal was 1 V
rms sinusoidal voltage at frequencies between 2 and
30 kHz. The standard deviation of the e measure-
ments was 5.7 ppm. The accuracy in e is expected
to be about 100 ppm.

The conductance of the sample in the cell was
10 —10 pQ ', which corresponds to a con-
ductivity of 10 ' —10 "m '0 '. This parallel
conductance was easily balanced by the GR 1615-
A bridge and was not a source of difficulty. The
conductance was not determined with great accura-
cy and showed no interesting features. A detailed
analysis of the conductivity itself was, therefore,
not deemed worthwhile.

D. Temperature control and measurement

The temperature control was achieved with a
vacuum thermostat in which three concentric
cylindrical shells surrounded the capacitance cell.
The first shell around the cell was a gold-plated
copper radiation shield, —„ in. in wall thickness.
The next shell was of 4-in. -thick aluminum,

wrapped with a copper heater wire. The third and
outer shell was a brass can wrapped with 4-in.
copper tubing. A circulating water bath pumped
water through this tubing, controlling the tempera-
ture of the outer shell to + 0.1 K. The outer shell
was set at a temperature about 0.5 K below the
desired cell temperature. An ultrastable thermis-
tor on the heater shell was used in a dc bridge to
control the temperature at the shell. The stages of
the thermostat were isolated from one another with
nylon standoffs. All electrical leads were thermally
anchored between stages. The space between the
stages was evacuated to about 10 mm Hg (133
mPa) with a mechanical pump.

Another ultrastable thermistor mounted on the
cell was used in an ac ratio transformer bridge to
measure the sample temperature. This thermistor
was calibrated on the International Practical Tem-
perature Scale of 1968 to 0.01 K. The precision of
the temperature measurements was 0.001 K.

We tested for temperature gradients by placing
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matched thermistors on the top and bottom of the
cell. The gradient observed was less than 1 mK
across the entire cell.

E. Procedures

The procedure for an experimental run was to
heat the sample to about ten degrees above T„stir
it thoroughly by shaking the entire thermostat,
then cool down step by step, measuring e at each
step. The rate of cooling was limited by the long
time constant of the thermostat; data points were
usually taken about once a day.

We expected no complications due to gravity ef-

fects in this mixture from the report of Nakata
et al. ' and from our own density experiments.
In the course of the density measurements, we had
searched for gravity effects by measuring the densi-

ty along the height (about 6 cm) of the sample; we

saw no density gradient within our resolution of 20
ppm, even within a few millikelvins of T, . During
the e measurements, we checked for the develop-
ment of density gradients near T, by shaking the
entire thermostat to stir the sample. Any gradient
should appear as a change in e upon stirring.
When the sample had not been stirred for several
weeks while the data were being taken near T„we
sometimes observed a decrease in e after stirring.
These changes were quite small —barely outside
our experimental uncertainty. We have discarded
any data where such gravity effects might have
been present.

There was no evidence of a drift with time in T,
or in e. The measurements were quite reproduci-
ble, as can be seen by an examination of the data
for runs 1 and 2 in Table I or in the figures, which
we discuss below.

TABLE I. Measurements of the dielectric constant e of polystyrene + cyclohexane along a path of constant, near-
critical composition above the critical point. Two different runs are indicated by * and O. Data are given at three dif-
ferent frequencies. The density is indicated by p.

Point Run T('C)
2 kHz

p '6 (cm /g)
10 kHz

p '6 (cm /g)
30 kHz

p 'e (cm'/g)

1

2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25

26

0

0

13.238
13.243
13.258
13.262
13.281
13.303
13.303
13.311
13.315
13.334
13.352
13.371
13.379
13.386
13.400
13.529
13.599
13.721
13.796
13.920
14.000
15.025
15.999
17.009
17.997
19.993

2.10206
2.10206
2.10204
2.10203
2.10200
2.101 97
2.10199
2.10200
2.101 99
2.10194
2.101 90
2.10191
2.101 88
2.101 87
2.101 86
2.101 67
2.101 56
2.101 38
2.101 27
2.10109
2.10094
2.099 35
2.097 89
2.096 30
2.094 82

2.091 72

2.555 70
2.555 72
2.555 74
2.555 74
2.555 76
2.555 79
2.555 81
2.555 85
2.555 84
2.555 85
2.555 85
2.555 92
2.555 91
2.555 91
2.555 96
2.556 11
2.556 19
2.556 35
2.55645
2.556 61
2.556 67
2.557 91
2.559 17
2.56040
2.561 73
2.564 37

2.10208
2.10204
2.10206
2.10201
2.101 98
2.10195
2.10199
2.101 96
2.101 94
2.101 93
2.101 89
2.101 87
2.101 86
2.101 87
2.101 84
2.101 66
2.101 52
2.101 38
2.101 25
2.10109
2.10094
2.099 39
2.097 86
2.096 35
2.094 80
2.091 70

2.555 72
2.555 69
2.555 76
2.555 71
2.555 73
2.555 76
2.555 81
2.555 80
2.555 78
2.555 84
2.555 84
2.555 88
2.555 88
2.555 92
2.555 93
2.556 10
2.556 15
2.55635
2.55642
2.55661
2.556 68
2.557 95
2.559 12
2.56046
2.561 71

2.564 34

2.101 82
2.101 78
2.101 80
2.101 77
2.101 74
2.101 71
2.101 75
2.101 71
2.101 71
2.101 69
2.101 63
2.101 61
2.101 61
2.101 63
2.101 58
2.101 39
2.101 27
2.101 12
2.10099
2.100 84
2.10070
2.099 16
2.097 63

'

2.096 12
2.094 56
2.091 44

2.555 40
2.555 37
2.555 44
2.55541
2.55544
2.55547
2.555 52
2.55549
2.555 50
2.555 54
2.555 52
2.555 56
2.555 59
2.555 62
2.555 61
2.555 78
2.555 83
2.55604
2.556 11
2.556 30
2.556 38
2.557 68
2.558 85
2.560 19
2.561 42
2.56403
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III. RESULTS AND ANALYSIS

Data taken on two experimental runs at three
frequencies (2, 10, and 30 kHz) are listed in Table
I. Data were taken at 26 temperatures in the range
3.3)(10 & hT &2.3X 10

A plot of all the e data at a given frequency as "
function of T or 4,T looks to the eye quite straight.
We must consider the small deviations from a
straight line in order to find the critical anomaly.
Figure 1 shows the deviations of the data from
straight lines determined by fits to the eight points
farthest from T, . The deviations become increas-
ingly large and negative near T„ indicating the
presence of an anomaly. At a few millikelvins from

T„ the amplitude of the deviations is
(7—9)X 10 . We concluded that a very small
anomalous decrease in e near T, is present and
proceeded to try to describe the data by the
predicted function, Eq. (1), using Eq. (2) for p.

All data analysis was done on a microcomputer
using a nonlinear least-square fitting routine in the
Basic language. This routine is similar to the well-

known Fortran routine CURFIT. ' The uncer-

tainty in p 'e was at all frequencies taken to be
1.2X 10, from the propagation of the error in e.
The uncertainties at 2 and 30 kHz are actually
slightly larger (o for p 'e should be 1.8 X 10 at
2 kHz and 1.3 X 10 at 30 kHz, for P„ to be unity
in the best fits) due probably to the increased
dielectric loss to be balanced out at 2 kHz and the
loss in precision of the bridge 30 kHz. The uncer-
tainty in T was taken to be 1 mK.

T, was determined from an expanded plot of e
vs T which included some data in the two-phase
region below T, . (The two-phase data are not
given here. ) As we have discussed, e decreases
anomalously as T, is approached from the one-
phase region. Upon the appearance of the men-
iscus, the decrease in e for the sample halted and
the plot of e vs T became quite flat. We took the
temperature at which the e vs T plot changed
shape to be T, . This value was not well deter-
mined, but was in the range 286.386 to 286.396 K.
In the analysis of the data, we used T, =286.386
K (13.236'C). We tested the dependence of the
analysis upon T, by trying fits with T, =286.396
K; we found that, within this 10 mK range, the
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FIG. 1. Deviations of e(b T) [where hT=(T —T, )/T] from straight lines determined by the eight points farthest
from T,. The "anomalous dielectric constant" is e(expt) —e(fit). The presence of an anomaly is indicated by the increase
in deviations near T,.
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TABLE II. Results of fits to p e for a mixture of polystyrene + cyclohexane near the liquid-liquid critical point,

where p is the mass density and e is the static dielectric constant. hT is (T—T, )/T, where T is the temperature and T,
the critical temperature. In these fits, T, was fixed at 286.386 K, a at 0.11,' and hi at 0.50.' The uncertainty o. for

each parameter is its standard deviation and g„ is a measure of goodness of fit." The data were in the range

3.3X10 - &QT&2.3)&10 . A blank space indicates that term was omitted in the function for that fit.

p '@=A; -+A26T+A3(QT)' +A4(QT)

Fit no.
Frequency

(kHz) A2 A3 A4
4

2
2
2

10
10
10
30
30
30

2.555 712
2.555 745
2.555 697
2.555 681
2.555 713
2.555 672
2.555 371
2.555 403
2.555 371'

Sy 10-'
1X10-'
8y 10-'
4X10-'
9X 10-'
SX10 6

4y10-'
8)&10 6

6y 10-'

0.483
—0.194

0.467
—0.116

0.449
0.0045

0.026
0.080

0.022
0.050

0.018
0.059

0.158
—0.074

0.253
0.162

—0.063
0.218
0.166

—0.051
0.164

0.002
0.017
G.039
0.002
0.014
0.026
0.002
0.012
0.029

0.59 0.02

0.82 0.095
0.57 1.01

0.70 0.06
0.54 0.01

0.54 0.07

2.7
9.2
2.2
1.2
6.3
1.0
1.1
4.2
1.2

"Reference 8.
'Reference 27.
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FIG. 2. Residuals of fits of the equation p '@=A&+A2ET+ A36T' + A46T ', where hT =(T—T, )/T, a=
0.11, hi ——0.50, and T, =286.386 K, to data on the ratio of the dielectric constant e to the density p for polystyrene +
cyclohexane. See Table II, fits 3, 6, and 9, for parameters.
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C4

N

0

3, 6, and 9 describe the data quite satisfactorily, as
indicated by the residual plots in Fig. 2.

(b) The data require four terms in Eq. (1), if the
linear term is included (i.e., A2+0). It is possible to
fit the equations to the data with A2 ——0 (see fits 1,
4, and 7},but there is no reason to expect A2 ——0.
Fits 2, 5, and 8 give systematic residual plots and
indicate that one anomalous term is not sufficient,
but two must be used. We also attempted to fit
the "simple scaling" function

p e=C)ET 'C2
(3)

x to the data, but such a function would not fit the
entire set of data. Nor could analytic functions of
the form

p 'e=C)+C25T+C35T +C46T +... (4)

I I 1

0.6 0.7 0.8 0.9
I-a

I

I.O l.2

FIG. 3. Reduced chi square P„as a function of
fixed values of (1—a) for fits of the equation p 'e

=A ] +ABET +A3(ET) +A (kT) with

hi ——0.50 and T, =286.386 K to data for polystyrene

+ cyclohexane.

value of T, did not affect the fits significantly.
In comparing the data to Eq. (1), the questions

to be considered are (a) Will equation (1) describe
the data? (b) How many terms are needed? (c)
Does it make any difference if t =(T—T, )/T, is
substituted for hT=(T —T, )/77 (d) Do the fits
depend upon the frequency (2—30 kHz) at which
the measurements were made? (e} How well do the
data determine the value of the leading anomalous
exponent, (1—a)?

In Eq. (1), using four terms, there are four coeIIi-
cients and two exponents. If all these parameters
were allowed to vary in the least-squares analysis,
there would be a number of (possibly very different)
combinations of parameters which would fiit the
data equally well. Since we have theoretical esti-
mates for a and hi, we have chosen to hold these
exponents fixed in the first set of fits, given in
Table II. From Table II, we can begin to answer
the questions listed above.

(a) Yes, the data can be described by Eq. (1). Fits

be fitted to the data, confirming the presence of a
nonanalytical term.

(c) Fits using the variable t were not significantly
different from those using hT.

(d) The various fits in Table II are quite alike for
the three frequencies, with one exception. At 30
kHz, for fit 9, Az is positive, whereas in the analo-

gous fits for 2 and 10 kHz (see fits 3 and 6), A2 is
negative. We judge this result insignificant because

A2 is determined very inaccurately in fit 9.
(e) It is clear from Table II that there are large

uncertainties in the fitted coefficients. The given
uncertainties are, in fact, underestimates, since they
ignore correlations among parameters. We sug-

gest that the best way to determine the uncertainty
in (1—a) is not by letting a be a free parameter
and extracting the standard deviation to a fit, but
by varying (1—a) stepwise in fits of the data to
Eq. (1) with four terms. The width of the
minimum of g„as a function of a will then be a
measure of the uncertainty in (1—a).

Plots of g„vs a are given in Fig. 3. The 30-kHz
data show a very broad minimum. The 2-kHz data
show a minimum in the range 0.7 ~(1—a) &0.8.
The 10-kHz data show a minimum in the range
0.9 ((1—a) & 1.0. We consider the 10-kHz data to
be the best data, least subject to instrumental ef-

fects. We note that a leading exponent of 0.65 has
been found for the critical anomaly in the resistivi-

ty, which might be expected to be related to that
in e; such an exponent is excluded by our 10-kHz
data, but not by the 2- and 30-kHz data. The
theoretically predicted value of (1—a) =0.89 (Refs
3 and 8) is consistent with all the data, as noted
above and in Table II.
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IV. CONCLUSIONS

We have found that there is a very small (70
ppm) anomalous decrease in the static dielectric
constant of the system polystyrene + cyclohexane
as the liquid-liquid critical point is approached by
varying the temperature along a path of constant,
near critical composition, in the one-phase region.
The data on this anomaly are consistent with the
predicted' leading critical anomaly, having an
exponent (1—a), where a=0.11. The values of
the leading exponent and of the other parameters
required to describe the data are not well deter-
mined because of the small size of the anomaly and
the complexity of the function. It may be possible
to achieve a better test of the theory by choosing
for study a liquid mixture in which at least one
component is very polar, in the expectation that
the strong polarity will amplify the anomaly. ' '

Such a mixture must also, as mentioned above and

in Ref. 3, show negligible gravity effects, contain
no conducting impurities, ' and have a well-
determined (preferably negligible) thermal expan-
sion anomaly.
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