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Time-delayed measurement of naturally broadened transitions can lead to a narrowing

of the linewidth. Moreover, under appropriate conditions, it may result in the appearance

of a dip at the line center. An'analysis of time-delayed measurement thus provides a

theoretical basis for useful optical techniques yielding high spectral resolution. Such an

analysis is presented in this work.

I. INTRODUCTION

It has traditionally been one of the main en-

deavors of spectroscopists to develop measurement

techniques yielding ever-higher resolution. In opti-

cal experiments the precision of the measurement is

often limited by the broadening of the linewidth

caused by the interaction of the system under in-

vestigation with its environment, such as Doppler
effect, collisions, and spontaneous decay. It might

seem that, after the Doppler- or collision-

broadened width has been eliminated using one of
the many schemes introduced in the past for that

purpose, ' the natural linewidth remains the ulti-

mate limit to high-resolution spectroscopy.
Recently, we have proposed and analyzed some

spectroscopic techniques which provide resolution

beyond the natural linewidth. These considerations

are based on the fact that, in the transient regime,

the probability for induced transitions in a two-

level system interacting with a monochromatic
electromagnetic field is not weighted by a Lorentzi-

an of width Vab = Va+pb, but rather 5ab —=Xa —Xb.

[y, and ys are the decay rates of the two levels.

Note that in this paper, we call y, and yb the am-

plitude (rather than population) decay rates. Thus

y, and yb are twice as large as in the usual nota-

tion. ] As a specific example to demonstrate such

transient line narrowing, we have proposed an ex-

perimental setup, inspired from delayed detection
level-crossing spectroscopy, that utilizes a time de-

lay between the system preparation and the obser-

vation of emitted radiation.

Knight and Coleman have shown that a similar

result may be achieved in a system of two-level

atoms weakly driven by an exponentially decaying

laser pulse. In this system, although the lower lev-

el is stable, the exponential decay of the pulse am-

plitude has the same effect on the fluorescence

spectrum as would the exponential decay of the

lower level. Metcalf and Phillips have shown that

despite the loss of signal associated with time-

delayed detection, it may still prove very useful in

a number of applications. For example, as em-

phasized in Ref. 2, this technique would allow us

to measure the difference (y, —yb) directly, and

therefore to a much higher precision than could be

obtained from independent measurements of y, and

Vb

We note that transient line-narrowing spectros-

copy has a number of similarities with detection

schemes developed earlier to achieve resolution

beyond the natural linewidth in Mossbauer, '

level-crossing, " and Lamb-shift' ' experi-

ments. The common feature of these experiments

is to discard the part of the radiation emitted

shortly after the preparation of the system and to
collect only the delayed and exponentially weak-

ened signa1.
In this paper we present a fully quantum-

mechanical treatment of time-delayed spectroscopy,
both for weak and strong incident fields; In the
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discussion of Ref. 2 the atoms were assumed to be

driven by a weak classical field, so that a perturba-

tive treatment can be used. In general, the strong-

field dynamics is substantially different from the
weak-field one. Since the time-delayed spe"trum

depends sensitively on the temporal behavior of the

system, one might expect that the inclusion of
power broadening would lead to a different time-

delayed spectrum. In fact, as is shown in the

second part of this paper, it can lead to the appear-

ance of a transient dip at line center. This dip at
line center may prove to be a useful technique to
determine accurately the position of the transition.

Thus, time-delayed fluorescence measurements

have the capability of providing high spectral reso-

lution, not only through the line-narrowing effect,

but possibly via strong-field "transient dip spec-
troscopy".

The goals of the present paper is threefold.

First, we show that the results previously obtained

semiclassically are recovered exactly in a fully

quantum-mechanical treatment. Second, we extend

the previous "weak-field" calculations to arbitrary

strength driving fields. Third, we give an intuitive

physical picture of transient line narrowing and

transient dip spectroscopy, based on a well-known

feature of the Rabi problem.
The remainder of this paper is organized in the

following way: In Sec. II, we give a fully

quantum-mechanical theory of transient line nar-

rowing, considering an atom weakly driven by ei-

ther cw or pulsed excitation. In the case of pulsed

excitation, square pulses, as well as exponentially

decreasing pulses, are considered. We show that
this leads to exactly the same results as the semi-

classical theory, ' provided spontaneous emission

directly between the two states under consideration

is neglected, and the emitted photons from the two

states are distinguishable. In Sec. III the effect of
power broadening on the time-delayed spectrum is

studied. It is shown that the inclusion of power

broadening leads to the appearance of a transient

dip. Finally, Sec. IV is a summary and discussion.

Throughout the paper, natural units A=c =1 are

used, unless otherwise stated.

~
g(t) ) = a'(t)

~
a, (N —1)kp)+a (t)

~
b,Nkp)

+ f 1kia'k (t)
~

c,(N —1)kp, ki )

+ f d k2a k (t)
~
d, Nkp, k2), (2.1)

with

~

y(0)) =
~

b Nkp) (2.2)

Here N is the number of photons in the driving

field,
~

a, (N —1)kp) denotes the state in which the

atom is in the state a and (N —1) photons of mode

ko are present in the radiation field (and similarly

for other eigenstates), and ko is the wave vector of
the driving field, ki and k2 denote the modes of
the photons emitted following the a~ and b~
transitions, respectively. In writing Eq. (2.1) we

have assumed that the energy separations between

any two levels are sufficiently different from one

another that the photons ko, kl, and k2 are distin-

guishable. We also have assumed that spontaneous

emission from a to b can be neglected. Substitut-

ing Eq. (2.1) into the Schrodinger equation, we im-

tern consists of an atom with two unstable levels a
and b and a weak cw field driving the atom from

the lower level b to the upper level a. If one in-

cludes the lower levels to which a and b decay, this

may be considered as a four-level atom (see Fig. 1).
We prepare the atom in level b and, as the field

drives the atom to level a, we count the photons
emitted following the a~ transition, starting a
finite time 8 after the atom is prepared. The
counting rate is measured as a function of the de-

tuning between the laser frequency ko and the en-

ergy separation h,b between a and b.
Under the rotating-wave approximation and in

the interaction picture, the wave function may be
written as

II. QUANTUM-MECHANICAL THEORY OF
TRANSIENT LINE NARROWING:

WEAK-FIELD LIMIT

A. Four-level atom driven by weak cw radiation

We first consider the system previously investi-

gated by Meystre, Scully, and Walther. This sys- FIG. 1. Four-level atom driven by cw radiation.
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mediately obtain the following equations for the
probability amplitudes

i—a'(t)= ~NMk exp[i (h,b k—o)t]ab(t)

+ f dkIMk exp[i(h„—kI)t]az (t),

i a—(t)= ~NM- exp[ i (—h,b
—ko)t]a'(t)

d b

dt

(2.3a)

+ f dk2MI, exp[i (h~ k2)—t]aI, (t),

(2.3b)

i a'- (t)—=M- exp[ —i (6 —k~ )t]a'(t), (2.3c)

i a"-—(t)=M- exp[ i (i)—bd
—k2)t]ab(t), (2.3d)

dt

subject to the initial condition, Eq. (2.2), or

(2.6a)

i.e., as the number of photocounts from time 8 on.
This can be reexpressed as the number of emitted
photons at t = ao minus that at t =8,

N(i)„8)= f dk, ~ak (t =Do)
~

where i =a or b and j=c or d for the present case.
HI denotes the interaction Hamiltonian in the in-
teraction picture.

In order to have an unambiguous definition of
the time-delayed power spectrum, one needs to in-
troduce a model detector into the problem. ' In
this paper, we consider the same scheme as in Ref.
2, i.e., we detect the total number of photons spon-
taneously emitted following the transition a~ as
a function of the detuning 6 between the driving
field and the atomic energy separation
&+b(&=ko —6+b). We then define the time-
delayed spectrum N(5, 8) as

N(i). ,8)=2y, f dt) ~a'(t)) ~2,

a (0)=1, (2.4a)
—f d k i i

a'-„(t =8)
i

' . (2.6b)

a'(0)=a'k (0)=ak (0)=0 .
1 "2 (2.4b)

6;J is the energy separation between the states i
and j, k; is the energy of a photon, i.e., k; =

~
k; ~,

and M k is the atomic-transition amplitude defined

as

Thus, the time-delayed photocounts can be ob-
tained by solving Eqs. (2.3) and substituting the
solutions into Eqs. (2.6a) or (2.6b). Details of the
calculation are shown in Appendix A for the
weak-field limit. Here we only show the result

(j,k ~Ht ~i,0) =MI, exp[ i (6; k)—t], (2—.5)

2
k, ~ yo exp( —2y, 8) exp( 2yb8)— 2exp( —y,b8)

N(6,8)= 2' (b, sinh8 —y,b cosh8)
Q2+g2 2y. 2yb ~ +yab

(2.7)

where 5,b ——y, —yb, y,b
——y, +yb, and y, and yb

are the decay rates of levels a and b, respectively.
We note that in the limit 8~, Eq. (2.7) yields

the usual Lorentzian of width y,b. However, if 8
is sufficiently large, only the first or the second
term in the large parentheses of Eq (2.7) rem.ains,
depending upon which of y, and yb is largest.
Thus, the dependence of N (5,8) on 6 is determined
mainly by the Lorentzian prefactor, and the line-
width approaches the difference 5,b. This is the
transient line-narrowing effect. In fact, Eq. (2.7) is
identical with the expression obtained earlier using
the density-matrix equations and a classical
description of the field. Here, Eq. (2.7) is obtained
using a fully quantum-mechanical approach. The
normalized power spectrum N(5, 8) is shown in
Fig. 2 for y, =3 and yb

——1, and in Fig. 3 for
y =1.01 and yb=1.
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FIG. 2. Normalized photocounts N(LL, O) as a func-
tion of 6 for various values of the delay 0=0, 0.67,
1.33, and 2.0 for the cases y, =3 and yb ——1. 0 is in
units of yq '. If the system under consideration is the
one shown-in Fig. 1, LL is the energy detuning between
the driving field and the atomic-energy separation. If
the system is that shown in Fig. 4, 5, is the energy de-
tuning between the central frequency of the driving pulse
and the atomic-energy separation, and yb is the decay
constant of the exponentially decreasing pulse.
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FIG. 3. Same as Fig. 2 except that 8=0,1,2,4 and

y, = 1.01.

The pulsed radiation can then be represented by

~N~)= (Bt)
~

vacuum),1

N!
(2.9)

with

where N is the number of photons in the pulse.
For simplicity, we take N =1 and consistently lim-

it ourselves to the weak-field limit.
As before, we write the wave function as

~
P(t)) = a'(t)

~
a, 0)+ f dka+kt)

~

b, k)

+ f dk~a'z (t) ~c, k~), (2.10)

B. Three-level atom driven by weak-pulsed radiation
~
f(0))= f dkP(k)

~
b, k) =

~

b, l~) . (2.1 1)

B = f dkp(k)ak,

where a k is the usual photon creation operator.

(2.8)

Knight and Coleman have pointed out that

transient line narrowing can also be realized in a

system of two-level atoms driven by a weak ex-

ponentially decreasing pulse. In fact, the subnatur-

al linewidth observed in Mossbauer experiments '

involves basically the same system. For conveni-

ence we introduce, in addition to the two levels a
and b, a third level c to which the upper level a
can decay (see Fig. 4). Comparison of Figs. 1 and

4 shows the strong analogy between this system

and that discussed previously. The only difference

is that the exponentially decreasing pumping rate

arises now from the exponential decay of the pulse

amplitude in Fig. 4 whereas it came from the ex-

ponential decay of level b in Fig. 1.
We describe the radiation via its spectral ampli-

tude P(k). For an exponentially decaying pulse,

this would be a Lorentzian. However, we keep

$(k) arbitrary, so that our result is valid for any

pulse shape. Let us introduce the operator B~
~16,17

Substituting Eq. (2.10) into the Schrodinger equa-

tion, we obtain

i—a'(t)= f dkMk exp[i(A, t,
—k)t]a+kt)

+ f d k,M k exp[i (5 —k& )t]a'k (t),
(2.12a)

i a+t) =—M-„exp[ i (b„b —k)—t]a (t),6 b (2.12b)

a+0)=P(k), a'(0)=a'-„(0)=0 . (2.13)

The number of photons emitted following the
a~c transition from the time t =8 on is given by

N(6, 8)=2y, f dt,
~

a'(t, )
~

= fd k )
~

a'-„(t = m )
~

—fd k,
~

a'-„(t =8) (

2 .

i ak —(t)=Mk exp[ i(5 ——k, )t]a'(t) . (2.12c)c

dt

where, as before, we have assumed that 4,b and
are sufficiently different from each other so

that the photons k and k1 are distinguishable.
Equations (2.12) are subject to the initial condition,

Eq. (2.11), or

(2.14)

FIG. 4. Three-level atom driven by radiation pulse.

This can be obtained by solving Eqs. (2.12) and
substituting the solution into Eq. (2.14). Details of
the calculation are shown in Appendix B, neglect-
ing spontaneous decay from a to b (y, is the decay
rate of the a~ transition). N(4, 8), of course,
depends on the pulse shape because the solutions of
Eqs. (2.12) are different for a different choice of
P(k).

For the case of an exponentially decaying pulse,
N(6,8) is again given by Eq. (2.7). Therefore,
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Figs. 2 and 3 also give the normalized count
N(5, 8) for the system considered here. We note,
however, that kp is now to be interpreted as the
central frequency of the pulse, h=kp —h,b,-and yb

I

is the decay constant of the pulse rather than of
the atomic level.

For the case of a square pulse of duration tp, we
obtain

N(6, 8)=

2 ~g, ~ y, exp( 2y—,to) ex—p( —2y, 8)
tp —8—

+2+y2 2r.
2 exp( y, to—)(y, cosh to —6 sinhto ) —2 exp( —y, 8)(y, cosh8 —hsinb8)

$2+ y2

~ g, ~

exp( —2y, 8)
[1+exp(2y, to) —2 exp(y, to) cosh to]~'+r.'

(2.15a)

for 8(gp,

for 8) tp .

(2.15b)

g, is a constant depending on the pulse parameters, kp is again the central frequency of the pulse, and
h=kp —h,b. The normalized count N(6, 8) is shown in Fig. 5 for tp ——1 and y, =3, and in Fig. 6 for tp ——1

and y, =1.01. N(5, 8) takes the same form for all 8's exceeding tp. This is because, for 8& tp, the situation
is analogous to making time-delayed measurement on a two-level system with the levels a and c. We see
that the line narrowing does occur with a square pulse although the narrowing is not as dramatic as that as-
sociated with an exponentially decreasing pulse.

C. Physical interpretation of transient line narrowing

Since transient »ne narrowing arises from the
behavior of the system in the transient regime, it is
natural to study the temporal behavior of the sys-
tem in order to better understand and interpret the
effect. Intuitively, it is not difBcult to understand
the line-narrowing effect. It is based on the well-

known (but perhaps anti-intuitive) fact that the
Rabi frequency is larger for larger detunings, and
that therefore the excitation and the depletion of
the population of the upper level (level a in our
system) are slower when excited exactly on reso-

I.O

CI

Z

e
O
IJ
0
~ 0.5
CL

nance. This means that the remaining population
after some delay time 8 is relatively a large number
when excited on resonance, thus leading to the line

narrowing. In this section we show quantitatively
that the above interpretation is indeed true.
Although our discussion here is limited to the case
of an atom driven by pulsed radiation, it can equal-

ly be applied to the system considered in Sec. II A
provided that the appropriate redefinition of kp,

yb, etc., is made.
The integrand

~

a'(t)
~

in Eq. (2.14) for the pho-
tocount is the probability for the atom to be in the

upper state a at time t. For the case of an ex-
ponentially decreasing pulse, we find using Eq.
(B4) of Appendix B,

1.0
Ch

CI

Z

0
-I 0

I

0
Energy tl ~ tuning h

C

~ 0.50
CL

FIG. 5. Normalized photocounts N(6, 8) as a func-
tion of energy detuning for various values of the delay
8=0, 0.5, and 8~ 1 for the case y, =3. The driving
field is assumed to be in the form of a square pulse of
duration to ——1. 8 is in units of to.

0-5 -4 -3 -2 -I 0 I 2 3 4 5
Energy detunlny h

FIG. 6. Same as Fig. 5 except that y, =1.01.



24 THEORY OF TIME-DELAYED MEASUREMENT: SUBNATURAL. . . 1919
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FIG. 7. Probability P'(h, t) as a function of time t for
two values of energy detuning 6=0 and 2 for the cases

y, =3 and yb ——1 (exponentially decreasing pulse). The
time is in units of yb .

[ exp( 2y, t)+ exp( —2ybt)—+/+$2

—2 exp( y,st) cosh—t] . (2.16)

p'(h, t) is plotted in Fig. 7 as a function of time
for two different values of detuning 6=0 and 2 for
the case y, =3 and yb

——-1, and in Fig. 8 for

y, = 1.01 and yb
——1. p'(h, t) initially increases as

the driving field pumps the atom to level a, goes
through a peak and eventually decreases to zero be-
cause of spontaneous emission. The peak occurs
earlier and has a smaller value for 6=2. This re-

2 3
limo t

FIG. 8. Same as Fig. 7 except that y, =1.01.

fleet the above-mentioned fact that the Rabi fre-

quency is larger for larger detunings and is the key

point in understanding the line-narrowing effect.

According to Eq. (2.14), N (6,8) is the area under the
probability curve between t =0 and Oo. We see
from Fig. 7 that, as 8 is increased, this area de-

creases faster for larger h. This is even more clear
in Fig. 8. The integral ofp'(h, t) between, for ex-

ample, t =2 and 00 is only a small fraction of the
area between t =0 and 00 for the case 5=2, while

it is still a large fraction for the case 6=0. Thus,
the larger 6, the faster the system emits spontane-

ously and leaves a smaller number of photons to be
emitted after some delay time 0. This directly
leads to the narrowing of the linewidth.

For a square pulse of duration to, the probability
takes the form

p'(h, t) =
~~'(r)

~

= &[1+exp( —2y, t) —2exp( y, t)cosh—t], for &&&0
+ya

~ g, ~
exp( —2y, t)

~

~'(r)
~

~= '
z [exp(2y, to)+1—2exp(y, to) coshto], for t &&0

+2+y2

(2.17a)

(2.17b)

where Eqs. (B8) of Appendix B have been used. This probability is plotted in Fig. 9 as a function of time

for two different values of detuning for the case to ——1, y, =1.01. Here again we see that the peak occurs
earlier and has a smaller value for larger detunings, although the effect is not as strong as before. This ex-

plains a relatively weak line narrowing with a square pulse.

III. STRONG-SIGNAL REGIME: TRANSIENT DIP SPECTROSCOPY

Up to now, we have restricted ourselves to the weak-field limit, in which the use of a perturbative treat-
ment is justified. We now relax this restriction and study time-delayed spectroscopy in the strong-signal re-
gime.
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(3.l)

where

The analysis departs from that of the weak-field limit in that instead of using Eq. (A5} of Appendix A, we

now solve Eqs. (A2} and (A3) exactly for a'(t) and a (t). These equations yield a second-order differential

equation for a'(t) [and also for a (t)], with the solution
t

tr'(t) = t'~—NM-'„exp(u2t) f dti exp[(u i
—u2)ti],

u, =[ y,—b ib—,+[{5,b+ih) 4N—IMi, I
]' I/2,

u2 —
I
—y~ ih—[(5—,b+ilL) 4N —

I Mi, I
]' I/2 .

(3.2a)

(3.2b)

Using Eqs. (3.1) and (2.3c) we get

t
a'-„(t)=( i) v—NMb Mb f dti exp[u2 i(—h~ —ki]ti f dt2exp(ui —u2)t2 . (3.3)

The number of photons emitted during the time interval (8, oo ) following the a~ transition is again given

by Eq. (2.6a) or (2.6b). After tedious but straightforward algebra, we obtain

N(4, 8)= [4y,N I M„ I exp( —y,b8)]/p

where

y,b cosh[Bop cos(p/2)]+ ~p cos{({)/2}sinh[Bv p cos(({)/2)]
X

y~ —p cos (({)/2)2 2

y,b cos[B~p sin(p/2)] —v p sin(p/2) sin[Bv p sin(p/2)]

y~+p sin (P/2)
(3.4}

p=[(5 ib. 4N IM—-„
I
—) +45 6 ]'~2

and P is determined by

~=(5,g d, 4N IM—-„
I

—)/p,
0

sin(() =25,bhlp .

(3.5)

(3.6a)

(3.6b)

Equation (3.4) is the main result of this section. The time-delayed count N(b, B) is, in general, a complicat-
ed function of the system parameters, and we first consider some limiting cases.

l

A. Weak-field limit

In the weak-field limit N~, we obtain

cos4) (5~ —h~)/p,

sing=25 bh/p .
(3.7b)

(3.7c)

p 5~+35

~ 0.5

as 0.$
0

~ 0.3

E.
~ 0.2

& 0. i

O

Time t

(3.7a) Equation (3.4) reduces then to Eq. (2.7) of Sec.
IIA, as it should.

B. No time delay

In the limit 8~ (no time delay), Eq. (3.4) be-
comes

N
I
M i,, I

'y.b
N(5,8=0)=

yb(~'+y.'b+N IM-, , I'y.'b/y. yb)
'

FIG. 9. Probability P' as a function of time t for two
values of energy detuning 5,=0 and 2 for the case to ——1

(square pulse) and y, =1.01. t is in units of tp.

which is the well-known power-broadened
Lorentzian line shape.

(3.8)
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C. General case

r=6 /5b . (3.9)

We now return to the general formula Eq. (3.4).
In Figs. 10 and 11,N (6,8) is plotted as a function

of the detuning 5( =—ko —L,b) for different delay

times 8 and for different field intensities for the

case y, =3 and yb ——1. We immediately see a new

feature of the power-broadened spectrum, namely,

the appearance of a dip at line center for large 8
and for high enough field intensities. A close in-

vestigation indicates that, for a fixed value of the

field intensity, and as 8 is increased from zero, the
linewidth first decreases (transient line narrowing).

However, as 8 is further increased, the line

broadens back until the linewidth becomes roughly

the same as that at 8=0. If 8 is further increased

beyond this point, a narrow dip appears at line

center, and becomes deeper and wider as 8 is fur-

ther increased. Since it always appears at line

center, it may help locate the center of a transition

with improved accuracy over standard methods.

The dip appears with a smaller delay for stronger

fields. Thus, one can operate without significant

loss of signal. For example, for a Rabi frequency

G ( =N~ M-„~—)= 1.5, the dip appears already at
0

8=2. On the other hand, for 6 =0.6, the dip still

does not appear even for 8 as large as 4. In Fig.
12 we show N(6,8) at a fixed 8 as G is varied.

Here again, we see clearly that the dip appears

more easily for stronger fields.
In Fig. 13 we show the same N (6,8) versus 6

curve for the cases y, = 1.01 and yb ——1, and 6 =1
for various 8. We immediately notice the strong
oscillatory behavior exhibited in this case.

A useful parameter to determine the behavior of
N(5,8) is the ratio of the Rabi frequency to 5,b, or

I.O

CI

?
C

0
V- 0.5

-IO 0
Energy detuning 4

FIG. 11. Same as Fig. 10 except that 8=0,1,2,4, 10
and G =1.5.

This ratio determines whether the arguments of the
hyperbolic functions are larger or smaller than
those of the sinusoidal functions in Eq. (3.4), and
therefore determines the characteristic behavior of
N(6,8). For the case of Fig. 13, r is very large
(r =10 ) and the contribution from the sinusoidal
terms is important. As a result N(d, 8) exhibits a
strong oscillatory behavior. On the other hand, r
is relatively small (r & 1) for the cases shown in
Figs. 10 and 11, and no strong oscillatory behavior
is exhibited there.

In a sense the transient dip is an opposite
phenomenon to the line narrowing because, in or-
der for the dip to appear, the remaining population
of the upper level a after the delay time 8 should
be a relatively small number when excited on reso-
nance. That is, the depletion of the population of
level a should be faster when excited on resonance.
That this is indeed the case when 8 is sufficiently
large can be seen in Fig. 14, where the probability
p'(d, t) =

~

a (t)
~

for the atoms to be in level a is
plotted as a function of time for two different
values of detuning for the cases y, =3, yb ——1, and
6 =0.6. As we have already noted in the previous
section, the peak occurs earlier and has a smaller
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Energy detunlng b

FIG. 10. Normalized photocounts N(6, 8) as a func-
tion of energy detuning 6 for various values of the delay
8=0,2,4,6,8;10 for the case y, =3, yb ——1, and the Rabi
frequency 6 N

~

M „~ =0.6. 8 is in units of ys0

-IO 0
Energy detuning G

FIG. 12. Normalized photocounts N(LL, B) as a func-
tion of energy detuning h, for various values of the field

intensity G =0.3, 0.6, 0.9, and 1.5 for the cases y, =3,
yb

——1, and for a fixed delay time 8=4. 8 is in units of
—1

yb
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FIG. 13. Normalized photocounts N(LL, H) as a func-

tion of energy detuning 6 for various values of the delay

8=0,2,6 for the cases y, =1.01, yb
——1, and G =1. 8 is

in units of yb .

IV. SUMMARY AND DISCUSSION

Under appropriate conditions, time-delayed ob-

servation of the radiation emitted during an atomic
transition can lead to the narrowing of the

0.04

value for 6=2. This of course accounts for the

narrowing of the linewidth for small values of the

delay time 8. However, when 8 is sufficiently

large, the 4=2 curve finally catches up with the

6=0 curve. This behavior can be understood if we

note that for a large detuning the atom is ineffi-

ciently pumped to level a and therefore still a large

number of atoms are available to be pumped at a

large time. This means a slower depletion of level

a at sufficiently large time when excited off reso-

nance and leads directly to the appearance of a dip

at line center.

linewidth or the appearance of a dip at line center.

The linewidth is limited in the small-signal regime

by the difference in the transition rates involved.

This provides an optical technique that yields high

spectral resolution.
A dip may appear at line center as a result of

the transient behavior of a system subject to power

broadening. Unlike the line-narrowing effect, the

width of the dip is not limited by (y, yb)—, and/or

the delay 0. It can be as small as one likes if the

intensity of the driving field is close to the thresh-

old for its appearance. This dip suggests a means

of enhancing resolution involving homogeneously

broadened systems while the Lamb dip is available

to study inhomogeneously broadened systems.

The narrowing of the linewidth or the appear-

ance of the dip is achieved at the expense of some

loss of the signal. A recent analysis indicates &hat,

despite the signal loss, time-resolved line narrowing

is highly desirable in a large number of cases. If
one tries to locate line center in the absence of
spectral complications, i.e., if we know we have

only one line in the region of interest, then it may

be best to let the delay time 0~ and collect the
maximum number of counts, since the determina-

tion of the line center improves as the square root
of the intensity of the signal. However, if there are

complicating circumstances, such as overlapping

lines, etc., it may be better to use finite delay times

with the attendant line narrowing and/or dip.
We finally note that the results obtained here via

a fully quantum-mechanical theory take exactly the

same form as those previously derived semiclassi-

cally. The origin of this exact agreement lies in

the neglect of spontaneous decay from level
~

a ) to

[b &.

Zl
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a
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APPENDIX A: DERIVATION OF EQ. (2.7).

THE CASE OF cw RADIATION

Time t

-6
IO

FIG. 14. Probability P' as a function of time t for
two values of energy detuning 6,=0 and 2, for the case

y, =3, yb ——1, and 6 =0.6. t is in units of yb '. For
t & 4, lnP' is plotted as a function of time t and the cor-

responding scale is shown on the right side of the graph.

In order to derive Eq. (2.7), we first solve Eqs.
(2.3). From Eq. (2.3c) we have

a'-„(t)= il-„ f dt, e—xp[ t(h„—k, )t—~]a'(t, ) .

(A1)

Substituting Eq. (A1) into Eq. (2.3a), we obtain
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—+y, a'(t}= i—v NM- exp( —iht)a (t) .
dt

(A2)

Similarly, from Eqs. (2.3d) and (2.3b), we obtain

yb is given by the same expression except that it is
evaluated at k =6~ instead of k =6

In the weak-field limit (N small; or Rabi fre-

quency G «y„yb), the right side of Eq. (A3)
may be neglected. This means that the major
source of depleting level b is not the driving field
but spontaneous decay to level d. We then have—+yb a (t}= i~—NM- exp(iht)a'(t) .b

b

(A3)

a (t) exp( ybt—) .

Substituting Eq. (A5) into (A2) we then obtain

(A5)

y. = k'~f«glMkl k=6., (A4)

The decay rates y, and yb in Eqs. (A2) and (A3)
are defined as

a'(t}
i~NM—-'„exp( y,—t) f dt, exp[( —5,b ii).)t—, ]0 0

(A6)
and therefore, using Eq. (A1),

a'k (t)~( i) ~NM—
k Mz f dti exp[ —y, i(b—« —ki)]ti f dt2exp[( —&,b i&)—t2] . (A7)

. Substituting Eq. (A6) into (2.6a), or Eq. (A7) into
(2.6b), we immediately obtain Eq. (2.7) for the
time-delayed photocounts.

I

From Eq. (B3b) we then have

a'(t) = i exp—( y, t) d—t, exp(y, t i )g (t i ),0

(B4}

APPENDIX B: DERIVATION OF EQS. (2.7) AND (2.15). and from Eq. (B2}we have
THE CASE OF PULSED RADIATION

a'-„(t)=( i )M k
—'dt i exp[ —y, i (b,„——k, )]t,

In order to derive Eqs. (2.7) and (2.15) for the
case of pulsed radiation, we first solve Eqs. (2.12).
From Eqs. (2.12b) and (2.12c), we have

—+y, +y,
' a'(t)

dt

i f dkM—-'„exp[i(b b k)t]P(k),

= —ig (t),
(B3a)
(B3b)

where y, and y, are the spontaneous decay rates
from level a to c and b, respectively, and Eq. (B3b)
defines the pulse-shape function g (t). ' ' From
here on we assume that y,

'
is negligibly small.

a+zt)=p( k) iMk —f dt, exp[ i(b,b
—k)ti—]a'(t, ),

0

(Bl)

a'- (t) = iM& —dt, exp[ i (6« ——k, )t, ]a'(ti ) .
ki k) p

(B2)

Substituting Eqs. (B1) and (82) into Eq. (2.12a), we

obtain
g (t) =g, exp[( yb i b, )t],— — (B6)

where g, is a constant, 4=kp —4,b kp is the cen-
tral frequency of the pulse, and yb is the decay
constant of the pulse. Substituting Eq. (B6) into
Eq. (B4) or (B5), and using Eq. (2.14), we obtain
Eq. (2.7) for the time-delayed count N(6, 6).

For a square pulse of duration tp, we have

g, exp( —iht), 0&t&tp
g(t)=

0, t ~ tp
(B7)

where g, is a constant, kp is again the central fre-
quency of the pulse, and h=kp —h,b. Substituting
Eq. (B7) into Eqs. (B4) and (B5), we obtain

fl
X f dt2 exp(y, t2 )g (t2 ) .

(B5)

The time-delayed photocounts N(6, 8) can be ob-
tained by substituting Eq. (B4) or (B5) into Eq.
(2.14). N(b, ,8) depends on the pulse shape through
the function g (t)

For an exponentially decreasing pulse, the pulse-
shape function g (t) takes the form
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a'(t) =
i—g, exp( —y, t) f dt~ exp[(y, ib—, )t~], 0&t&tp

tp
i—g, exp(, ye—t) f dt~ exp[(y ih—)t~], t & to

(B8a)

(B8b)

and, for t g to,

tp

a'-„(t)=( i—} g,Mk f dt& exp[ —y, —i(h„—k, }]tf dt's exp[(y, ih—)t2]

t tp

+ f dt&exp[ —y, i(—h„—k, }]t~ f dt2exp[(y, ih)t—t]
tp 0

Substituting Eq. (B8}or (B9) into Eq. (2.14), we obtain Eqs. (2.15) for the time-delayed photocounts.

(B9)
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