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Numerical results from a calculation of the positron bremsstrahlung spectrum in a partial-wave expansion are
presented for Z = 8, 92 at photon energies 10, 50, and 500 keV. Data are presented both for a point-Coulomb
potential and for a screened Hartree-Slater central potential. Comparison is made with the corresponding electron
bremsstrahlung. In the point-Coulomb case the nonrelativistic Sommerfeld formula or the Elwert factor provides a
quantitative prediction of the ratio of the two spectra for Z = 8, qualitative for Z = 92; similar accuracy is achieved
in the screened case with a ratio of screened normalization. The positron spectrum is strongly suppressed for low-
energy positrons, which cannot penetrate toward the repulsive central potential. For high-energy positrons or long-
distance interactions the positron spectrum approaches the electron spectrum.

I. INTRODUCTION

We wish to report a preliminary study of the
spectrum of positron bremsstrahlung. There is
rather little distinction between the presence of a
high-energy electron or positron in the field of
an atom, except for the relatively rare events in
which a high-energy positron annihilates an atomic
electron. ' But there is a substantial difference
for low energies. As the energy of the incident
and final projectiIe increases, the spectra of ra-
diation from positrons and from electrons be-
come increasingly similar. But for low energies
the two spectra are dramatically different, repre-
senting an opposite response to a positive nuclear
charge screened by a negative char'ge distribution
of atomic electrons. A low-energy positron ap-
proaches the nucleus only to the extent that it is
screened, while the approach of an electron is
inhibited by the screening. For sufficiently low
energies the atom appears as a neutral object to
both projectiles, so that in both eases the amount
of radiation decreases as the energy diminishes.
This study is, in part, motivated by recent inter-
est' in the observation of positron bremsstrahlung;
such experiments are very sensitive to the nature
and details of the screening of the nucleus by un-
derlying mechanisms of the bremsstrahlung pro-
cess and the extent to which they can be charac-
terized by simpler analytic approaches. The
study complements our earlier presentation" of
results for the electron bremsstrahIung spectrum.

Our work is based on the code which we had pre-
viously developed' for the calculation of electron
bremsstrahlung, described as a relatively simple
electron transition in a self-consistent screened
central potential, through the numerical deter-
mination of radial matrix elements resulting
from a partial-wave expansion of the projectile
and radiation wave functions. We present in the

next section our results for the positron (and
corresponding electron) spectrum for low-Z (oxy-
gen, Z= 8) and high-Z (uranium, Z=92) elements,
both for a point-Coulomb and for a screened po-
tential, for incident projectile energies 7, of 10,
50, and 500 keV, and for fractions k/T, of incident
projectile kinetic energy radiated k/T, = 0.0, 0.2,
0.4, 0.6, 0.8, and 0.9. (For k/T, = 0 we utilize the
low-energy theorem' and a separate code for elec-
tron scattering. ) We also present the predictions
of several simpler analytic approaches. Then in
Sec. III we focus our attention on the prediction
of the ratio of positron to electron radiation,
which helps to clarify the problems and the
achievements of the simpler approaches.

II. POSITRON SREMSSTRAHI. UNG

We present in Table I our numerical results
for sealed relativistic positron and electron
bremsstrahlung cross sections o(k) = P', (k/Z')(do/
dk), both for neutral ["exact" screened (ES)P
and totally ionized ["exact" Coulomb (EC)] atoms
Here, P, -=v,/c is the incident electron or posi-
tron velocity. In our discussion we will often
find it helpful to focus on the two endpoints of
the bremsstrahlung spectrum: the tip (k/T, = l),
where aQ the kinetic energy of the projectile is
radiated, and the soft-photon limit (k/T, = 0),
where almost none of the energy is radiated. Most
properties of the spectrum can be understood if we
understand the properties of these two end points.
We ean see from our data that there are both
differences and similarities between the positron
bremsstrahlung spectrum o, (k) and the electron
bremsstrahlung spectrum o (k).

A. Point&oulomb case

For given Z and, T„due to the Coulomb repul-
sion of positrons, o,(k) starts from zero at the
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with

x (E(iv„iv„1;X,) ~',

4V~V2
Vg = Z(7/pg~ Xo=-

LV~ V2/

Here, + is the hypergeometric function. This
result is obtained in dipole approximation w'ith

tip (0/T, = 1}, while o (k) starts from a finite
value. Both o, (k) and o (0) increase as k/T, de-
creases, and finally diverge logarithmically (with
the same coefficient) in the soft-photon limit; this
reflects the long-range character of the Coulomb
potential and the coefficient is the same in all re-
gions. In Table II we show the ratio of our results
(EC) calculated with the partial-wave method and
the result from the Sommerfeld (S} formula'

16m' 1 d
3 (e2""i—1)(1 e s~~2)

nonrelativistic quantum mechanics. Specifying
v& =+ Za/p„ it holds for both electrons and posi-
trons. The predictions agree with our numerical
results within 1-10% at 10 keV and remain fairly
good at 50 keV, both for positrons and electrons
and for light and heavy elements. The predictions
are still qualitatively correct at 500 keV. This
usefulness of the Sommerfeld formula for o' (which
omits relativistic, retardation, and higher multi-
pole effects) may be connected to the fact that at
the soft-photon end of the spectrum all formulas
for 0 give the same prediction, while the tip of
the spectrum is related to atomic photoeffect, for
which' the same cancellation of relativistic and
higher multipole effects has been observed. Note
that there are two versions of Sommerfeld's re-
sults: the result calculated from Eq. (1) with
relativistic kinematics, " i.e. ,

P, =P;/E„P, =(E.~z —1)'~', E, =1+T, ,

TABLE II. Ratios of numerically calculated bremsstrahlung spectra (EC) and (ES) as defined in Table I to the corres-
ponding predictions from the Sommerfeld formula (S), the Born-Elwert approximation (BE), the Born-Elwert-form-
factor approximation (BEF), as well as ratios of (cJo ) ratios to the Sommerfeld (S) and normalization (Norm) predic-
tions .

Z=8
0.0 0.2 0.4 0.6 0.8 0.9 0.0 0.2 0.4

Z= 92
0.6 0.8 0.9

10

S/E C
(~,)BE/EC

BEF/ES

S/E C
(0 )BE/EC

BEF/ES

o+ S/E C
0 Norm/ES

1.00
1.00
1.09

1.00
1.00
0.950

1.00
1.14

1.02 1.02
1.01 0.995
0.880 0.669

1.02 1.00
1.04 1.00
0.383 1.23

1.00
1.04

1.00 1.00 1.00
0.945 0.877 1.97

1.02 1.03 1.03 1.00
0.995 0.991 0.989 1.00
0.935 0.941 0.939 1.84

0.971 0.926

«1

1.30

1.02
1.23

0.972
1.17

0.955 0.952
1.14
1.41

«1

1.20 1.31

S/E C 1.00
(0,)BE/E C 1.00

BEF/ES

1.09
1.01

1.11
1.01

1.13
1.01

1.14 1.00
1.00 1.00

1.81

1.01
1.17

0.943 0.845

0.171 (&1 «1

50
S/EC 1.00

(g )BE/EC 1.00
BEF/ES

1.08 1.11 1.14 1.16 1.00
0.988 0.984 0.985 0.982 1.00

1.15

0.923
0.928

0.923
0.857
0.960

0.928
0.800
0.893

0.930
0.773

500

S/EC
(g )BE/EC

BEF/ES

S/E C
(g )BE/EC

BEF/ES

2.00
1.00
0.954

1.00
1.00
0.954

(
0, S/E C 1.00
g Norm/ES 1.07

1.01
1.03

1.00
0.990

1.59 1.81
1.03 1.03
1.08 1.02

1.62 1.86
1.00 0.973
1.00 0.973

1.94 1.00
1.03 1.00
1.02 1.24

2.02 1.00
0.962 1.00
0.970 0.84

0.989 0.988 1.00
0.971 0.934 l.57

1.09
1.10

1.37
1.26

1.02
1.03

1.30
1.20
1.05

O.gll
O.gll

1.05
1.03
0.720

0.878

0.831

1.08 1.21 1.34 1.43
0.716 0.631 0.540 0.529.

0.67 0.57

c
0, S/E C 1.00
g Norm/ES 1.03

0.981 0.974
0.974 0.979

0.961 1.00
0.959 1.49

1.26
1.23

1.07
1.00

0.780 0.581
0.741 0.557
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and the result calculated from Eq. (1) with non-
relativistic kinematics, i.e.,

Pi P y ~i l2T

In general, we find that the nonrelativistic pre-
diction is better, which reflects the cancellation
of relativistic and higher multipole effect. The re-
sults presented in Table II are obtained using
nonrelativistic kinematics. In the high T, limit
S» would predict that the electron tip o (k) van-
ishes; S~ correctly predicts that o (k) remains
finite but gives the wrong constant, even to lowest
order in Zo..

The most widely used expressions for brems-
strahlung are ba, sed on Born approximation, which
does not distinguish electron and positron brems-
strahlung. In nonrelativistic Born approximation
o(k) = ~ a'ln [(p, + p, )/(p, —p, )]; the considerably
more complicated relativistic result is given by
the Bethe-Heitler formula. These expressions,
again exact in the soft-photon limit of the spec-
trum, vanish at the tip of the expression which
for electrons is incorrect, owing to the incorrect
characterization of the normalization of the out-
going low-energy electron. The results can be
corrected if one multiplies by the Elwert factor"
f~ =(&,I&,) (1 —e ""&)l(1—e ""~), the square of
the ratio of final to initial continuum-wave-func-
tion normalization. The correct finite value to
lowest order in Z~ is obtained for the tip value
of electron bremsstrahlung, while positron brems-
strahlung now vanishes exponential. ly. We show
these Born-Elwert (BE) predictions for the elec-
tron and positron spectrum in Table II.

B. Screened case

In Figs. 1 and 2, as well as in the tables, we
show the comparison of o,(k) and o (k) for the
screened case. The screened spectrum o (k) from
a neutral atom lies below the point-Coulomb spec-
trum, i.e., the screening effect of atomic elec-
trons reduces the cross section. In the screened
case o =0 (due to the normalization factor} at the
tip (contrasted with the finite point-Coulomb value}
but rapidly rises in the first 5-50 eV' ", it re-
mains finite in the soft-photon limit (contrasted
with the logarithmic divergence of the Coulomb
case. ) However, for c,(k) the screened spectrum
from a neutral atom lies below the point-Coulomb
spectrum only near the soft-photon part of the
spectrum, especially for low T, and high Z, again
remaining finite in the soft-photon limit. Toward
the tip end of the spectrum, atomic-electron
screening increases the cross section, while as
for electrons, o,(k) =0 at the tip for the screened
case. We may understand this crossover in the
effects of screening on the positron spectrum in

l2

terms of the regions in configuration space which
determine the matrix element. At the soft-photon
end of the spectrum the matrix element is deter-
mined at large distances, where the nuclear
charge is now screened and so not available to
accelerate the positron, thus reducing the cross
section. At the tip of the spectrum the process is
determined at smaller distances, to which a low-
energy positron cannot penetrate in the repulsive
nuclear Coulomb potential and penetrates better
as the potential becomes screened. The resulting
o. is always smaller than o; for given Z and T„
a.(k) deviates from o (k} more near the tip and

this deviation increases as T, decreases and Z
increases, as shown in Table I.

With screening, Born approximation is modi-
fied by a form factor, again the same for elec-

l2— Z=92
e brem

—- —e brem

50

IO

500

0 I

0 0.2 0.4 0.6 0.8 I.O

k/T,
FIG. 2. Same as Fig. 1, except for Z= 92.

00

0
0 0.2 0.4 0.6 0.8 1.0

k/r,
FIG. 1. Comparison of positron and electron brems-

strahlung energy spectra g(k) for Z=S; Tg=10, 50, and
500 keV.
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trons and for positrons. The problems of incor-
rect behavior near the tip remain, and for elec-
trons relatively good results (quantitative for low

Z, qualitative for high Z) have been obtained by
again multiplying by the Elwert factor. This
Born-Elwert-form-factor (BEF) approach does
not work as well for positrons, because the norm-
alization of low-energy positrons deviates mark-
edly from the Coulomb result to much higher en-
ergies (Se. e Table II.) This suggests the use of
the ratio of screened rather than Coulomb norm-
alizations, for which again either relativistic or
nonrelativistic values may be used. As shown in
the tables, this leads to predictions of an accur-
acy similar to that obtained in the Coulomb case,
both for electrons and for positrons.

HI. RATIO OF POSITRON TO ELECTRON
BREMSSTRAHLUNG CROSS SECTIONS

It is instructive to focus some attention on the
ratio of positron to electron bremsstrahlung cross
sections, because this ratio serves to separate
and emphasize certain features in the dynamics
of the process while omitting others. In particu-
lar, the ratio only examines features which go
beyond Born approximation and the form factor;
in the ratio Sommerfeld formula, Elwert-Born,
and Elwert-Born form factor all reduce to the
simple prediction e" "~ "~, which may be com-
pared with a ratio of the corresponding positron-
and electron- screened normalizations. In the
tables we show these ratios, our numerical Cou-
lomb and screened results for these ratios, and

finally also the ratios of numerical and normaliz-
ation ratios. It should be noted that the ratio re-
duces to one for high-energy particles, as pre-
dicted by the normalization ratios, and also in
the Coulomb case at the soft-photon end of the
spectrum (where the screened normalization ratio
prediction of unequal electron and positron cross
sections is incorrect). By contrast, positron
bremsstrahlung is suppressed for low-energy
(final) positrons, because they are unable to
come near the nuclear charge.

B. Screened case

I I I

HFN Z= 92———Coul

—- —KS Z=8—--—Coul

500
e ~o ~ 50

I0

IO

I

Z -2
IO

+

IO
eV

There is an order of magnitude difference be-
tween S and the screened numerical ratio o,(k)/
o (k), particularly for high Z, low T, at the hard-
photon end, primarily because a low-energy pos-
itron normalization is much more sensitive to
screening. A qualitatively better result (within a
factor of 2) for all Z, all energy over the spec-
trum, for the ratio is obtained by using instead
the screened S-wave normalization ratios of posi-
trons and electrons (N, jV ~/N ~N„)', which, in
fact, reduces in the point-Coulomb case to
e" "& "2, either relativistically or nonrelativist-
icslly. (Nonrelativistically, this is the full norm-
alization of the three-dimensional continuum wave
function at the origin, while relativistically p
waves would also contribute to the full normaliza-
tion. ) Note that in the point-Coulomb case all
partial waves have the same normalization ratio,
while in the screened case the normalization ratio
is I dependent, as shown in Fig. 3. (For large T,
only final s and p waves contribute at the tip,
while for low 7, all final waves contribute. } For
high Z (Z= 92} and intermediate energies (T, = 50,
500 keV), S/EC and Norm/ES give similar re-

A. Point-Coulomb case

For the low-Z case (Z =8}, in the energy range
we considered in this paper, the point-Coulomb
ratio o./o is very well predicted by the Sommer-
feld (or Elwert} ratio e" "& "mi, as shown in Table
II. For the high-Z case (Z = 92} corrections to the
ratio are important (especially with S„}when T,
is high, as shown in Table II. Nevertheless, for
Z =92, the ratio o,/o in the point-Coulomb case
is still well predicted (within 10%} over most of
the spectrum with S for T, up to 50 keV.

-4
IO

IO I I I I

-20 -IO I I I 2 I

FIG. 3. Variation of the partial-wave normalization
ratio N, (z)/N (K) of positrons and electrons with the
quantum number e. Here z=+ tj+~) asj =l+ z, and
L and j are quantum numbers of the orbital and total
angular momentum of the electron or positron.
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suits, except at the soft-photon end of spectrum
where many partial waves contribute; the origin
for the factor of 2 discrepancy for both Coulomb
and screened cases remains unclear. For high
Z and low T, (T, =10 keV} the differences between
Coulomb and screened results (poorer in the
screened case} reflect the error made in the
treatment of screening by taking normalization

ratios of all partial. waves 'to be the same. The
high-Z case differences at the soft-photon end of
the spectrum, which go beyond normalization
effects, also remain unclear.
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