
PH YSICAL RK VIE% A VOLUME 24, NUMBER 8 SEPTEMBER l981

Cross sections and rates for direct electron-iinyact ionization of sodinmlike ions
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Cross sections and rate coe6icients for the direct electron-impact ionization of sodiumlike ions have been
calculated in a distorted-wave Born exchange approximation. For higher charge states the cross section is dominated
by inner-shell ionization of the 2p subshell. Analytic fits to the data allow rapid calculation of cross sections and
rate coefficients over a wide range of incident electron energies. The importance of electron-impact excitation to
autoionizing states is discussed.

I. INTRODUCTION

Electron-impact-ionization cross sections are
important components in the modeling and diag-
nostics of high-temperature plasmas, both lab-
oratory and astrophysical. Until recently, how-
ever, very I.ittle quantitative information was
available on ionization cross sections and rates
for highly ionized atoms. Measurements in plas-
ma devices such as theta pinches' have yielded
information only on total ionization rates at iso-
lated electron temperatures and are thus diffieul. t
to compaxe to other experiments and theoretical
calculations which study ionization from specific
energy levels within the ion. Cross-beam ex-
periments measure individual state cross sec-
tions but are difficult to perfoxm on highly charged
species.

Theoretically, .electron-impact ionization is i
formidable problem due to the double continuum
electron final state. Various methods based on
the Born approximation have been applied with
reasonabI. e success to simple ions in the hydro-
gen-through-boron isoeI.ectronic sequences, ' '
although it must be noted that reliable experimen-
tal data for comparison purposes are available
only for a few ions.

The present papex reports the results of elec-
tron-impact-ionization cross-section calculations
for several sodiumlike ions (Mgo, Aim, Pv,
Ar vtu) based on a distorted-wave Born exchange
approximation. Section II gives a brief descrip-
tion of the method employed. Section III presents
the results compared to other theoretical and
experimental data. Section IV is a discussion,
with particular attention given the importance
of inner-shell ionization, both by direct electron
impact and by autoionization of discrete electron-
impact excited states above the ion limit.

II. METHOD

A detailed description of the distorted-wave
Born exchange approximation employed here has

been given elsewhere. ' ' Briefly, the scattering
matrix is expressed in terms of a triple partial-
wave expansion, one initial state and two final-
state continua, with the phase of the exchange
matrix element chosen so as to maximize the
exchange-interference term and thus minimize
the total cross section within the Born exchange
approximation. The incident distorted waves
were generated in a local energy-dependent po-
tential consisting of the direct terms of the froz-
en-core Hartree-Foek potential of the target
ground state plus a semiclassical exchange po-
tential approximation:

=-—+2@,+2@ +6J + J +pz&z,N

where
g

u
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In the direct scattering matrix element the
ejected (lower-energy) electron and the final
(higher-energy) electron partial waves were com-
puted in the potentials V" ' and V", respectively,
where

= ——+2Jq + 2J~+6J2p+P~~~,

with V~~~' the semiclassical exchange potential

J,(~)= —f [I',(g I)'dp+f ~ 'dp

is the electrostatic potential associated with the
ith orbital with radial part p, (r). Z is the nuclear
charge and V~« is a semiclassical exchange po-
tential for N electxons':

y)(( (~) — a l[(g yN)2+ ~2]1/2E yE
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III. RESULTS

Electron-impact-ionization cross sections for
MgII, Al III, PV, Ar VIII, and theg =~ limit
computed in the distorted-wave Born exchange

TABLE I. Ionization energies (eV) for sodiumlike
lons.

Ion/subshell 3s 2s

Mgg
Alm
Pv
Ar vm

1S.O3S'
28.447
65.023~

143.46~

68.OSOb

105 24C

201.18~
396.72

1S3.8'
260.4'
472.4'

~ Reference 18.
b Reference 19.
c Reference 20.
~ Reference 21.

Reference 10.

omitting the 3s ionized electron. In the exchange
matrix element the potentials for the ejected and
final scattered partial waves were reversed, with
the lower-energy ejected wave computed in V"
and the higher-energy scattered wave computed
in P '. Such an arrangement assures ortho-
gonality between overlapping partial waves in
the scattering matrix element. For inner-shell
ionization from the 2p and 2s subshells the poten-
tials are the same except that V~ ' omits the
appropriate n = 2 orbital instead of the 3s.

Distorted waves were generated numerically
over a 350-point block linear radial grid. For
incident electron energies less than or equal to
1.5I, where I is the subshell ionization energy,
the maximum partial-wave angular momenta in-
cluded for the incident, ejected, and final waves
were 10, 6, and 10, respectively. For incident
electron energies greater than 1.5I the maxima
were increased to 15, 10, and 15, respectively.
At five times threshold, the highest incident elec-
tron energy considered, an extrapolation over
higher incident wave partial angular momenta
was required, although it amounted to only a few
percent of the total cross section. The integration
over the final-state partial-wave energy distri-
bution was accomplished with three-point and
five-point Gauss-Legendre formulas in the low-
and high-energy ranges, respectively.

Ground-state Hartree-Fock wave functions from
the tabulation of Clementi and Roetti" were em-
ployed for the target. Table I lists the ionization
energies. Experimental energies were used where
they are available.

TABLE II. Scaled electron-impact-ionization cross
sections uI Q for highly ionized sodiumlike iona in units
of 10 cm eV

1s 2s22p 3s 1s 2s 2p~+e
Mg u Ala Pv Ar egg

1.125

1.25

1.50

2.25

3.50

5.00

0.527 0.462
(0.505)i (0.435)
0.944 0.831

(0.955) (0.821)
1.57 1.41

(1 70) (1-49)
2.71 2.53
(3.19) (2.92)
3.77 3.62
(4.49) (4.30)
4.51 4.37
(5.38) (5.18)

&s'2s'2p'3s—

0.446
(0.412)
0.817

(0.793)
1.43
(1.48)
2.62

(2.99)
3.80

(4.45)
4.67
(5.45)

1s22s22p

0.485
(0.449)
0.890

(0.863)
1.s4
(1.59)
2.83
(3.19)
4.12
(4.79)
5.03
(5.83)

'3s+ e-

0.592
(0.506)
1.O7

(0.966)
1.83
(1.78)
3.31
(3.60)
4.76
(5.40)
5.70

(6.51)

1.125

1.25

1.50

2.25

3.50

5.00

0.905 1.79
(0.761) (1.53)
2.09 3.74
(1.89) (3.39)
4.99 7.79
(4.87) (7.57)
14.8 19.2

(15.4) (20.1)
28.8 33.7
{30.8) (36.4)
41.0 46.0
(44.1) (49.7)

s'2s'2p'3s

3.01 3.70
{2.55) (3.10)
5.80 6.93

(5.17) (6.11)
10.8 12.4
(10.4) (11.8)
23.0 24.6
(24.0) (25.6)
37.1 37.8
(40.2) ($1.1)
48.4 48.0
(52.7) (52.5)

~1s22s2p63s+ e

4.43
(3.61)
8.03

(6.90)
13~ 7
(12.7)
24.4

(25.4)
34.2
(37.9)
41.0

(46.5)

1.125

1.50

2.25

3 ~ 50

5.00

0.288
(0.271)
0.699

(0.684)
1.58
(1.73)
4.41
(5.07)
8.09
{9.31)
11.1

(12.6)

0.474
(0.463)
1.00
(1.04)
2.10
(2.32)
5.12

(5.90)
8.86

(10.2)
11.8
(13.5)

0.727
{0.708)
1.41
(1.44)
2.68
(2.89)
5.80

{6.64)
9.46

(11.0)
12.4
(14.2)

0.873
{0.834)
1.65
(1.65)
3.03
(3.19)
6.18
{7.02)
9.74

(11.3)
12.5
(14.4)

1.15
{1.03)
2.11
(1.99)
3.67
(3.69)
6.83

(7.55)
9.95

{11.4)
12.3
(14.0)

~ Numbers in parentheses are distorted-wave no-
exchange values.

approximation described above are given in Table
II. In order to suppress the gross g dependence
of the cross section we tabulate the classically
scaled cross section uI'Q, where u =E/I is the
incident electron's energy in ionization threshold
units, I is the ionization energy in eV, and Q
is the cross section in cm'. For the purpose of
comparison, distorted-wave cross sections ne-
glecting electron exchange in the scattering matrix
element are given in parentheses.
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Figure 1 is a Fano plot of the present results for
Mg II compared to the experimental data of Martin
eI' al." and to other theoretical calculations. The
distorted-wave cross sections are about 10%
above a fit to the experimental points.

In order to facilitate the interpolation and extra-
polation of the present data for sodiumlike ions,
we have fit the distorted-wave Born exchange
cross sections of Table II by the formula

1 ( 1 ' DuI'Q=g 1-— +B ll - — +Clnu+ —lnu, (7)
u ( I Q

7.0

INagnesium II
6.0-—Distorted-Wave Exchange

~ Coulomb-Born
5.0 - ~ Crossed-Beam Experiment

4.0
T
' 3.0
Q

Ol
2.0

1.0

where A, B, C, and D are g-dependent para-
meters given by the inverse power series

„, (z -10)" '

(8)

1.125 1.50 2.25 3.5 5.0
u

FIG. 1. Fano plot of the scaled electron-impact-ion-
ization cross section for Mg u below the threshold for
inner-shell ionization. —,distorted-wave Born ex-
change approximation; x, Coulomb-Born, no exchange,
Ref. 15; ~, crossed-beam experiment, Ref. 11.

etc. The parameters A, B, and D were deter-
mined by a fit to the distorted-wave cross sec-
tions. " The parameter Q is a Bethe coefficient
governing the high-energy behavior of the cross
section, and is given by

I "cr
C= — —ck,u

may derive an expression for the electron-im-
pact-ionization rate coefficient S (in cm /sec)
as a correction to the commonly used Seaton
semiempirical formula"

8sentnn 2.2X 10 ~x I &/ne-&/X (lo)

where g is the photoionization cross section and
n is the fine-structure constant. Photoionization
cross sections used to compute the Bethe para-
meter Q were taken from the tabulations of Man-
son." Table III lists the coefficients g„, 5„, c„,
d„which reproduce the data of Table II to within
a few percent.

By averaging Eg. (7) over a Maxwellian velocity
distribution for the incident electron energy one

SDW y( )gSeetnn (12)

where F(X) is a distorted-wave factor given by

where I is the individual subshell ionization en-
ergy in eV and X is the reduced electron tempera-
ture

X
= k7'/I.

The distorted-wave rate coefficient is then

30xlo~n $ / 1'1 1 / 11 D
&(x)=

I
&+Bli+ —

I
+ c ——~+BI2+ —

I
~(x)+—&(X)l

x & x& x E x/ x

with

0.001 93+ 0.9764X+ 0.6604X'+ 0.025 90X'
1.0+ 1.488X+ 0.2972X'+ 0.004 925X'

(13)

(14)

—0.000 572 5 + 0.01345X + 0.8691Xn+ 0.034 04Xn

1.0+ 2.197X+0.2457X'+ 0.002 053X
(15)

IV. DISCUSSION

As the nuclear charge increases along the sodi-
um isoelectronic sequence the total cross sections
for electron-impact ionization at intermediate
and high-incident electron energies become domi-

nated by inner-shell processes. There are two

principal reasons for this behavior. First, for
higher charge states the thresholds for ionization
of the inner subshells decrease relative to the
valence electron ionization energy. For example,
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TABLE III. Parameters for the isoelectronic fitof the
distorted-wave Born exchange electron-impact-ioniza-
tion cross sections for sodiumlike ions (10 ' cm eV ).

i=0

a ~(3s)
b, (3s)
c&(3s)
d & (3s)

& g(2P)
b g(2P)
c](2P)
d $(2P)

u; (2s)
b, (2s)
cq(2s)
d g(2s)

9.86
-3.20

1.06
-5.65

79.1
-24.8

5.18
-44.6

18.1
-4.95

2.68
-10.7

-20.0
13.4
-1.39

7.69

23.3
-62.5

96.8
-158.0

95.5
-64.3

5.28
-118.0

92.4
-69.7
-2.95

-47.6
-463.0

422.0
-203.0

416.0

444 0
324.0
-13.7
433.0

-92.2
75.5
5.29

54.5

670.0
-644.0

170.0
-463.0

538.0
-403.0

10.5
-497.0

for Mg tl, I»/I»=4. 52 and I»/I„=7.39, while for
Ar v&D I»/I„= 2.75 and I»/I„=3.29. The second
reason for the increased importance of inner-shell
processes for high charge states is the isoelec-
tronic scaling of the inner-shell cross section.
Figure 2 is an isoelectronic plot of the scaled
electron-impact-ionization cross sections for
sodiumlike ions. Each curve represents a fixed
incident-electron energy measured in units of I„.
Total cross sections including both valence and
inner-shell direct ionization are shown as solid
curves. Cross sections for Ss ionization only
are shown by dashed curves for u~=3.5 and 5.0.
From Fig. 2 and Table II it is apparent that while

the scaled ionization cross section for 3s ejection
does not vary significantly versus the nuclear
charge, the 2p inner-shell cross section increases
by almost a factor of 4 at u = 1.125 from Mg D to
Ar Vlu. This breakdown in classical scaling by
the square of the ionization energy is analogous
to a similar situation found in the Ne sequence.
As the incident energy increases the deviation
from classical scaling of the 2p cross section
decreases, so that at u = 5, uI'Q varies by less
than 2$//~ between Mg D and Ar Vm. Thus, near
the 2p threshold one finds a much larger relative
contribution to the total cross section for more
highly ionized atoms. Figure 3 is a comparison
of the total cross sections for direct electron-
impact ionization of Mg II and Ar VIII, clearly
demonstrating the increased importance of inner-
shell ionization.

In addition to the direct ejection of target elec-
trons by electron impact, -one must consider the
contribution to the total effective ionization cross
section due to autoionization of excited states
above the ionization limit of the ion. Such states,
which are actually resonances in the ejected-
electron continuum, have substantial electron-
excitation cross sections which increase rapidly
with Z relative to the valence-electron direct-
ionization cross section. Consideration of this
indirect ionization mechanism is complicated by
the complex configuration interaction and inter-
mediate coupling affecting such states as well as

Sodium Isoelectronic Sequence

Z~a Fe XVI Ar Vill P V Al III-

20.0 i

16.0
Ol

u 12.0

Mg II

5.0—

406
3 0

2.0—
Q

1.0

10.0

Magnesium II
I

Tota

~ 3s only

I2p I2s

8.0

4.o

0
0.0 0.1 0.2 0.3 0.4 0.5

1.0I(Z-10)

FIG. 2. Isoelectronic plot of the total cross sections
for direct electron-impact ionization of sodiumlike iona
computed in the distorted-wave Born exchange approxi-
mation. Each curve represents the cross section at a
given incident electron energy in units of the 3s ioniza-
tion energy. The cross sections for ionization of the 3s
valence electron, ignoring inner-shell contributions,
are given as dashed lines.

S.o

B.O

P 4.0

2.0

1.0

3s only

I I

2.25 5.0 12.0 30.0

u3 -Elll

FIG. 3. Comparison of the total cross sections for
direct electron-impact ionization of MgII and ArVIII,
illustrating the importance of inner-shell ionization
at high charge states. ~, crossed-beam experiment,
Ref. 11.
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the necessity to consider nonunit branching ratios
for autoionization versus radiative stabilization
to nonautoionizing levels. For Mg TI, where al-
most all of the ions in levels above the 3s ioniza-
tion limit are expected to autoionize, Moores
and NussbauIner" calculate a 251 increase in
the total ionization cross section due to excitation
to autoionizing states. For Fe XVI, however,
Cowan and Mann" have demonstrated that the
excitation-autoionization mechanism is the domi-
nant contribution to the total effective ionization
rate in the near-threshold electron-temperature
region even though a substantial fraction of the
excited states decay radiatively to nonautoionizing
bound states. As the nuclear charge is increased
still further, Cowan and Mann estimate that the
relative contribution of excitation-autoionization

1 i I I I I I I I I

100 200 400 600 1000 1500

kT (eV)
FIG. 4. Electron-impact ionization-rate coefficient

versus electron temperature for Fe xv1, comparing the
contributions due to direct ionization (present results)
with those due to ionization via excitation to autoionizing
states, Ref. 16.

to the total effective ionization rate will remain
approximately the same since the mechanism
will be dominated by excitation to levels which
are stable against radiative decay and which have
excitation cross sections scaling smoothly with p.
Figure 4 plots the total effective ionization rate
of Fe XVI, including the excitation-autoionization
contribution calculated by Cowan and Mann. Also
shown in Fig. 4 is the prediction of the semi-
empirical formula of Lotz, "which is in good
agreement with the direct ionization rate, but
not the total rate including excitation-autoioniza-
tion mechanisms.

Note that ejection of a 2s or 1s orbital leaves
a sodiumlike ion in an autoionizing configuration,
resulting in effective double ionization by a single
electron impact. The small ionization cross sec-
tions associated with these subshells, however,
suggest only a minor role for such double-ioniza-
tion events. We have not calculated ionization
cross sections for the 1s subshell. Reasonable
estimates of K-shell ionization cross sections
may be obtained from data on He-like ions. '

It is difficult to assess the accuracy of the pres-
ent calculations for direct electron-impact-ioniza-
tion cross sections of sodiumlike ions. Although
good agreement between theory and crossed-beam
experiment was found for Mg II, further compari-
sons are required in order to establish the iso-
electronic scaling of the total cross section.
Although one expects that simple independent-
particle methods will become more accurate as
the nuclear charge dominates the electrostatic
interaction, it is not clear how rapid and in what
form this convergence will be manifested.
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