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I

Liquid lead has been studied at, 623 K by thermal neutron scattering technique. The range of momentum transfers
is from 1.0 to 6.8 A '. Up to 2.6A ' the highest energy transfer is 12 meV and above 2.6A ' it is 18 meV. The
measurement is corrected for experimental effects including multiple scattering. No deconvolution of the resolution
function has been performed. Normalization to the structure factor, obtained from an independent diffraction
measurement has been done. The result is presented in the form of constant momentum transfers. The first and
second moments have been compared with theoretical va1ues. Intersections of the dynamic scattering function' for
constant momentum transfers between 1.0 and 1.4 A show inelastic peaks originating from collective excitations
in the liquid.

I. INTRODUCTION

In neutron scattering measurements the neu-
tron applies a perturbation to the interacting par-
ticles in the sample. By measuring the changes of
the neutron energy and momentum the dynamic
scattering function can be determined. For a
liquid it contains valuable information about the
dynamical structure. If the scattering substance
has an incoherent cross section, the dynamics of
the self-motion of a particle can be studied. For
a coherent scatterer, collective behavior can be
revealed. During the last several years, the
interest has been focused on performing coherent
scattering measurements in the region of smal. l

Q values (Q is the momentum transfer), where in-
elastic peaks are expected to be seen. These
peaks emanate from collective excitations created
by density fluctuations. However, only a com-
plete study for both small and large Q values can
give relevant information about the dynamic struc-
ture completely. The dynamic properties of
monatomic classical liquids have extensively been
studied earlier by neutron scattering technique. "

A suitable substance for a neutron scattering
study shall be totally coherent or incoherent. For
technical reasons the melting point ought to be
low. The velocity of sound shall be low so that
the interesting part of the kinematic region can be
reached by ordinary neutron sources and reason-
ably small observation angles.

Liquid argon is a classical liquid. By studying
different mixtures of isotopes it was possible for
Skold et al.3 to measure both the coherent and in-
coherent scattering functions. Liquid neon has a
coherent cross section but is not a completely
classical liquid. Its scattering function has been
measured by Bell et al.' Another classical liquid
with a coherent cross section is liquid rubidium.
It has been studied by Copley and Howe. ' In argon

no inelastic peaks could be seen in the observed
Q range at atmospheric pressure, but in neon
such peaks persisted up to 7% of Qe (Q, is the Q
value of the first peak in the structure factor) and
in rubidium up to 70% of Qc.

The interaction between the atoms in a liquid
is determined by the pair potential. . In argon the
potential is very near a Lennard-Jones potential,
but in an alkali liquid metal the potential is com-
pletely different. The steep repulsive part is
softer and around the minimum it is more har-
monic. At large distances there are Friedel os-
cillations around zero due to the influence of the
electrons. Unfortunately, the potential cannot be
measured directly. Only indirect determinations
are available. New methods have been developed,
where the potential is calculated from the struc-
ture factor."The result is very sensitive to
the values and the shape of the measured struc-
ture factor at small Q vaiues. ' Such types of
measurements are very complicated to perform
and reliable potentials are difficult to obtain.
Very recent molecular dynamics calculations in
aluminum' have shown that essentially different
potentials give very similar structure factors.
However, there are indications that the repulsive
part of -the potential is different for monovalent
and polyvalent metals. The valence and the elec-
tron structure also affect the potential in general.

As the potentials are very different for argon
and rubidium, it is not surprising that collective
excitations have been experimentally seen in ru-
bidium but not in argon. Is rubidium a unique ex-
ception'2 It is an alkali metal, which is mostly
monovalent. The atomic number is low (37) im-
plying a fairly simple electron structure. To
answer the question it is necessary to study a
polyvalent metal with a high atomic number, which
al.so means a large mass. The physical proper-
ties of two such metals are expected to be quite
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different.
Lead is a good candidate for a neutron scat-

tering experiment in order to answer the question
above. It is polyvalent and the atomic number is
large (82) and the mass is 207.21. The cross sec-
tion is nearly totally coherent (ob,„„d= 11.31 b)
with a very small incoherent contamination
(c'b, d=0.001 b)." The absorption cross section
is also very low (&' '= 0.1 b at 1 A). The melting
point is 600 K and the velocity of sound, measured
by ultrasonic methods, is 1.77 X 10' cm/s at
623 K." A neutron of this velocity has a kinetic
energy of 16.4 meV.

The first neutron scattering experiments were
reported by Egelstaff and Brockhouse. ' Some-
what 1ater Brockhouse and Pope'4 made a new mea-
surement, where the multiple-scattering problem
was treated. The second moment of the scatter-
ing function, the intermediate scattering func-
tion E(Q, t}, and the correlation function G(y, t)
were a1.1. evaluated from experiment@1. val.ues.
Without doubt this was a pioneer work, where
several significant aspects of a neutron scatter-
ing experiment were considered for the first time.
Other experiments were performed by Pelah
et aL,"Palevsky, "Turberfield, "and Cotter. "
The measurement of Randolph and Singwi" was a
continuation of the work of Brockhouse and Pope."
It was converted to constant Q values and nor-
malized to the structure factor independent1. y
measured by neutron diffraction technique. The
multiple scattering was considered later (Ref. 1,
p. 503}and the first moment was evaluated. A
table of their scattering function is presented in
Tab1.e A2 of Ref. 1. The result was analyzed in
the spirit of solidlike behavior. Cocking and
Egelstaff"'" and Cocking"'" have measured
liquid lead by cold neutrons. The result is pre-
sented in time-of-flight scale and a conversion to
constant Q values was impossible to perform
Also Wignall and Egel.staff' used time-of-flight
spectra for their analysis. Dorner, Plesser, and
Stiller" measured at small constant Q values
with a three axis spectrometer for thermal neu-
trons. The measurement was performed in a
constant Q mode of operation. They found some
inelastic peaks. The multiple scattering was,
however, considerable and couM not be deter-
mined and eliminated.

A very preliminary report of the present mea-
surement, whose data sets have been reanalyzed
here, has been pub1. ished earlier. " However,
the data analysis has been considerably improved
and the region of observation extended. This
measurement together with other new independent
measurements" can report inelastic peaks up to
about 60%%uo of Q,.

In Sec. II below some important formulas are
given. The experimental details are briefly pre-
sented in Sec. III. In Sec. IV the data reduction
procedures are described. The results with
figures are presented in See. V and discussed
in Sec. VI. Finally, some conclusions and out-
looks are inct.uded in See. VII.

II. THEORY

Complete textbooks in the theory of thermal
neutron scattering are Refs. 28 and 29. A time-
of-flight experiment measures the double differen-
tial cross section for different angles and flight
times. It can be transformed to the variables Q
and E (E is the energy transfer). The double
differential cross section is given by

= —„'( '
&I

(Q, @), (1)

where 0 is the solid angle, 0'~ the coherent bound-
atom cross section, E, the incoming neutron
energy, E the energy transferred to the scatter-
ing system, and S(Q, E} the dynamic scattering
function.

The symmetrized scattering function is defined
by

S(Q, E) = e '"3 S (Q, E),
where k~T is the temperature in energy units.
According to Schofield" the classical value of
the scattering function can be approximated by
its symmetrized form. The condition of detailed
balance is then satisfied. Theoretical models of
the scattering function are generally presented in
classical form and a comparison can then directly
be made with the experimental symmetrized scat-
tering function.

The zeroth moment can be used for normaliza-
tion to an independently measured structure fac-
tor. By calculating the first and second moments
it is possib1e to check the quality of the obtained
data sets. The intermediate scattering function
E(Q, f) measures density-density correlations

, and is given by

I'(Q, f) =2 cosh' +i —S(Q, E)dE (3)
I'Z .Zt-
E2&~&

and is the Fourier transformation in space of the
pair correlation function, G(r, f).

Current-current correlations are measured by
a quantity C(Q, t) defined by

C(Q, f) =2 cosh~ +i —~E'S(Q, E)dE.z . st&
(2k~T PE )

It is seen that E'S(Q, E) is a reasonable approx-
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FIG. 1. The kinematic region covered by the two ex-
periments (solid line). The dashed line at the small Q
values shovrs the smallest observation angle for the low-
est incoming energy and the one at large Q values the
largest observation angle for the highest incoming en-
ergy. The velocity of sound, as measured by ultra-
sbnic technique, is indicated.

imation of the spectral function. As Rahman"
has shown, this spectral function has a maximum
in E for constant Q. The position of the peak and
the maximum value will change with Q.

The model of Ailawadi, Rahman, and Zwanzig"
has been used for the multiple-scattering calcula-
tion. The model and its input parameters are
presented in the Appendix.

0
0

33..2

-l0~
0
l0

5
Q(E')

15

FIG. 2. (a) Momentum resolutions calculated for dif-
ferent energy transfers (in meV) at the two incoming
energies (in meV). (b) Energy resolutions calculated
for different energy transfers (in meV) at the two in-
coming energies (in meV) (full lines). The dotted lines
are the elastic energy resolutions obtained from vanadi-
um measurements . .

special experimental set-up and it is difficult to
control their applicability to other experiments.
For that reason a completely new program system
has been developed. A full description is found
in Ref. 36.

III. EXPERIMENTAL DETAILS

The experiment was performed in the hybrid
time-of-flight spectrometer for thermal neutrons
at the material test reactor 82 in Studsvik. In
Ref. 33 a detailed description of the instrument is
found. Further details about the experiment are
found in Ref. 26.

The kinematic region that was covered by the
experiments is shown in Fig. 1. The total region
available was cut when the intensity was too small
to give reliable observations.

The energy and momentum resolutions were
calculated for different energy transfers with
consideration taken to experimental effects. The
resultsareshownin Figs. 2(a) and 2(b). The ener-
gy resolution for elastically scattered neutrons
as obtained from vanadium measurements is
shown in Fig. 2(b) and is also tabulated in Table I.

IV. DATA REDUCTION

Data program systems for data reduction in a
time-of-flight; experiment have been published
earlier. ' However, they are designed for a

(meV} (A ~} (meV) (meV)

1.0
1.1
1.2
1.3
1.4
1.5
1.6
1.7
1.8
1.9
2.0
2.1
2.2
2.3
2.4
c'}r .«)

2.6
2.7
2.8
2.9

0.92
0.93
0.94
0.95
0.96
0.97
0.97
0.98
0.99
1.00
1.05
1.07
1.09
1.10
1.13
1.15
1.18
1,20
1.22
2.04

3.0
3.1
3.2
3.3
3.4
3.5
3.6
3.7
3.8
3.9
4.0
4.1
4.2
4.3

4.5
4.6
4.7
4.8
4.9

2.08
2.10
2.12
2.13
2,17
2.20
2.22
2.25
2.30
2.32
2.35
2.40
2.45
2.50
2.53
2.58
2.62
2.65
2.70
2.73

5.0
5.1
5.2
5.3
5.4
5.5
5.6
5.7
5.8
5.9
6.0
6.1
6.2
6.3
6,4
6.5
6.6
6.7
6.8

2.78
2.82
2.85
2.88
2.92
3.00
3.05
3.10
3.15
3.20
3.25
3.30
3.35
3.40
3.45
3.50
3.55
3.60
3.65

TABLE I. The ene.~'gy resolution at elastic energy
obtained from a vanadium measurement.
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A. Experimental effects

The first corrections of the raw data sets are
described in Ref. 26. Some modifications have
been made" as well as an attempt to estimate the
errors.

B. Multiple scattering and self-shielding
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There are two different methods to calculate
the multiple-scattering contribution. The first
method uses transport equations and only two
scattering events can be calculated exactly. "
The influences from higher-order scattering
events can only be treated approximately and
scattering from the surrounding container cannot
be included. The effect of the resolution is also
neglected. The second method uses the Monte
Carlo technique and the whole experiment is sim-
ulated. All the disadvantages mentioned above
are eliminated. A Monte Carlo program, es-
pecially developed by Copley" for time-of-flight
: xperiments was used with the model of Aila-
madi, Rahman, and Zwanzig" as input kernel.
-his model and its input parameters are fully ex-
plained in the Appendix. Also some remarks on
the. Monte Carlo program and a new subroutine
have been used. " The number of neutrons was
3000. As has been pointed out by Copley and
Lovesey in Ref. 1, pages 485-486, the ratio of
single to multiple scatterir'g is very sensitive
to the model chosen and the instrumental resolu-
tion. The factor method was used in the earlier
publication" but this method is inappropriate
when the multiple scattering is large in compar-
ison to the single-scattering. contribution. A

much better method is to calculate the multipl. e-
scattering contribution and then subtract it from
the normalized data sets. The direct influence
of the model dependent first scattering event is
then eliminated. The problem is that absolutely
normalized data sets are needed. However, the
experimental data sets ean be renormalized and
one possibility is suggested in Sec. IVC be-
low. Even for this case the multiple scattering
is dependent on the model, but the major contribu-
tion comes from large Q values, where the models

, are similar. However, to test the influence of
the model chosen, a new, l.ess extensive multiple-
scattering calculation was performed with the
model values replaced by the obtained experi-
mental values in regions where they are avail-
able. As the experimental values contain the
resolution, the model was folded with the res-
olution according to Table I and the Monte Carlo
program was run with a perfect resolution. The
simulation of the experiment was then not quite
correct but it is a reasonable approximation.
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The result is included in Fig. 3 and. it is seen
that the difference is fairly small. The multiple
scattering was not calculated for all angl. es and
energy transfers that were measured. Intermedi-
ate values were obtained by interpolation. The
multiple scattering in vanadium was also taken
into account. It was about 10%. The multiple-
scattering values contain self- shielding. After
the subtraction of the multiple-scattering con-
tribution the remaining values, representing
single scattering, could be corrected for self-
shielding.

C. Normalization of data sets

In the preceding section it was pointed out that
absolutely normalized data are necessary in
order to allow subtraction of the multiple scat-
tering. It has not been possible to get an absolute
normalization of this experiment directly and,
therefore, it has been necessary to apply a re-
normalization procedure. The multiple scatter-
ing varied very little with Q for a constant-E cut.
So it could easily be interpolated to constant-Q
values and integrated over E. The structure factor
of the multiple-scattering contribution was then

E(me V)

FIG. 3. The symmetrized scattering function for dif-
ferent q values (in A t) below Qo. The dots with the er-
ror bars come from the experiments. The full line is
the model, described in the Appendix, folded with the
resolution in Table I. The dashed line is the mean val-
ue of the energy gain and energy loss data of the mul-
tiple scattering. The resolution is also indicated. At
1.0 A t the dash-dotted line is from another multiple-
scattering calculation described in the text.
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TABLE II. Symmetrized scattering function for liquid lead at 623 K. The error is in the
last significant figure.

E (m
1,0 1.2 1.3 1.4 1.5

0
0.5
1.0
1.5
2.0
2.5
3.0
3.5
4.0
4.5
5.0
5.5
6.0
6.5
7.0
7.5
8.0
8.5
9.0
9.5

10.0
10.5
11.0
11.5
12.0

0.003 +1
0.003 +1

0.0028+ 9
0.0025+9
0.0021 +9
0.0018 + 9
0.0015 + 8
0.0013 + 8
0.0012 + 7
0.0012 + 7
0.0013 + 6
0.0014 + 6
0.0016 + 6
0.0017 + 6
0.0019+6
0.0021 + 6
0.0022 + 6
0.0022 + 6
0.0023 + 6
0.0022 + 6
0.0021 + 6
0.0019+5
0.0016 + 5

0.004 +1
0.004+1
0,003+1
0.003 +1
0.002 +1

0.0017 + 9
0.0015 + 9
0.0014 +9
0.0014 + 7
0.0014 + 7
0.0015 + 6
0.0016 + 6
0.0017 + 6
0.0018 + 6
0.0020 + 6
0.0021 + 6
0.0021 + 6
0.0021 +6
0.0021 + 5
0.0019 + 5
0.0018 + 5
0.0015 + 5
0.0013 +5
0.0011+5
0.0010+5

0.007 + 1
0.006+ 1
0.004+1
0.003 +1
0.002 +1
0.002 +1

0.0021 +9
0.0020 + 9
0.0020 + 6
0.0020 + 6
0.0021 + 6
0.0022 + 6
0.0023+ 6
.0.0023 + 6
0.0023+ 6
0.0022 + 6
0 ~ 0023 +6
0.0023 + 6
0.0020 + 6
0.0019+5
0.0018 + 5
0.0016+5
0.0012 + 5
0.0009 + 5
0.0007 + 4

0.010 + 1
0.008 + 1
0.006 +1
0.005 + 1
0.004 +1
0.003+1
0.003 +1
0.003 +1

0.0028+ 7
0.0026 + 6
0.0026+ 6
0.0026 + 6
0.0026 + 6
0.0027 + 6
0.0027 + 6
0.0027 + 6
0.0027 + 6
0.0024 + 5
0.0022 + 5
0.0022 + 5
0.0022 + 5
0.0018+5
0.0013 ~ 5
0.0009+ 5
0.0007+ 4

0.015 + 1
0.012 + 1
0.008+ 1
0.006 + 1
0.005 +1
0.004+1

0.0038+ 9
0.0037 + 9
0.0037 + 8
0.0036+ 7
0.0034+ 7
0.0033+7
0.0033 + 7
0.0034 + 7
0.0033+7
0.0031+7
0.0029 ~7
0.0027 + 7
0.0025+7
0.0024 + 7
0.0024 + 7
0.0021 + 7
0.0016 + 7
0.0011 + 6
0.0008 + 4

0.021 +2
0.017 + 2
0.013+ 2
0.010 + 2
0.007 + 1

0.0059 + 9
0.0055 + 8
0.0053 + 8
0.0050 + 7
0.0046 + g
0.0043 + 7
0.0041 + 6
0.0040 + 6
0.0040+ 6
0.0039 + 6
0.0036+ 6
0.0032+ 6
0.0027 + 5
0.0023 + 5
0.0023 + 5
0.0022+ 5
0.0022 + 5
0.0016+ 5
0.0011+ 5
0.0008 ~4

obtained. It was seen, as a first approximation,
that this structure factor was independent of Q.
Its nature was "incoherent" as expected. It is
denoted by M below. The original data sets were
converted to constant Q according to 'the procedure
described in the following Sec. IV D. No correc-
tion for multiple scattering was included. The
structure factor was. obtained by integration over
E. It is denoted by l(Q) below. The data sets
were then renormalized by the following linear
regression, line:

(5)

where o. is the slope, p the intercept, and S(Q)
the structure factor obtained from an independent
diffraction measurement. 4'4' The intercept P is
the structure factor of the multiple scattering and
is compared to the calculated M by

The original multiple-scattering values, coming
out from the Monte Carlo program, are given for
different angles and energy transfers. They were
multiplied by y. The original experimental. data

/

sets were multipl;~d by e and then the corre-
sponding scaled multiple- scattering contribution
was subtracted. After that the interpolation to
constant Q was made (see Sec. IVD below). The
standard deviation in the multiple-scattering con-
tribution was included in the total statistical
error. .

The first measurement was performed from
1.0 to 2.8 A '. At Q values below about 1.8 A '
the multiple scattering dominated over the single
scattering. Thus the most important term in the
regression line (5) was the intercept P and,
therefore, it could be carefully determined. At
Q values greater than about 1.8 A ' the multiple
scattering was comparatively small and the re-
gression line was dominated by the term o.I(Q).
The slope a could be carefully obtained. Owing
to this balancing feature of the Q region covered
by this measurement, the linear regression line
approach of renormalization coul. d be justified.

The situation was different in the second ex-
periment, which covered a range from 2.9 to

0
6.8 A '. The multiple scattering here was com-
paratively small over. the whole Q region and the
intercept P in the linear regression line (5) could
not be adequately determined. Hence the y value
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TABLE II. (Continued)

1.6 1.7 1,8 1.9 2.0 2.1

0
0.5
1.0
1.5
2.0
2.5
3.0 '

3.5
4.0
4.5
5.0
5 ' 5
6.0
6.5
7.0
7.5
8.0
8.5
9.0
9.5

10.0
10.5
11.0
11.5
12.0.

0.027+1
0.025 +1
0.020 +1
0.014 + 1
0.011+1

0.0086 + 9
0.0078 + 8
0.0075 + 8
0.0069 + 7
0.0060 + 7
0.0053 + 7
0.0049 + 7
0.0047+ 7
0.0044 + 6
O.Q040+ 6
0.0035 + 6
0.0034 + 6
0.0028 + 5
0.0023+ 5
0.0023 + 5
0.0022 + 5
0.0019 + 5
0.0014+4
0.0009 +4
0.0006 + 4

0.047 +2
0.042 +2
0.032 +2
0.023 +2
0.017 +1

0.0141 + 9
0.0123 + 9
0.0109 + 8
0.0093 + 8
0.0079 +8
0.0073 + 7
0.0063 + 7
0.0052 +7
0.0042 +7
0.0039 + 6
0.0036 + 6
0.0032 +6
0.0029 + 5
0.0026 + 5
0.0023 + 5
0.0020 + 5
0.0014 + 5
0.0013 + 5
0.0009 + 5
0.0007 +5

0.092 +2
0.077 +2
0.055 + 2

0.041 +1
0.029 +1
0.022 +1
0.019+1
0.016+1
0.013 +1
0.010 +1
0.009 +1
0.007 +1
0.006+ 1

0.0048 +9
0.0044 + 8
0.0039+6
0.0032+ 5
0.0028 + 5
0.0025 + 5
0.0022+ 5
0.0018 + 5
0.0014+ 5
0.0010 + 4
0.0007 +4
0.0005 +4

.0.188 + 7
0.164+7
0.114+2
0.074+2
0.050 +1
0.035 +1
0.026 + 1
0.021 +1

0.0154+9
0.0128+9
0.0109+ 9
0.0071 + 9
0.0055+ 7
0.0046 + 6
0.0040 + 6
0.0035+ 6
0.0031 +5
0.0028+5
0.0025+ 5
0.0021 + 5
0.0016 + 5
0.0011+ 5
0.0011+4
0.0006 +4
0.0005+4

0.47 +2
0.38+2

0.224+3
0.122 +2
0.071 +2
0.048 + 1
0.034 +1
0.025 +1
0.018 +1
0.014 +1

0.0114+ 7
0.0069 + 7
0.0056 +7
0.0050 +7
0.0043+7
0.0034 + 7
0.0026 + 7
0.0021 + 7
0.0019 + 7
0.0018 +7
0.0016 + 7
0.0013 + 6
0.0011 + 6
0.0007 +4
0.0005 +4

0.99 +4
0.78 +4

0.399 +8
0.179+7
0.093+2
0.060 +2
0.041 +2
0.028 +2

0.0195+ 9
0.0139+8
0.0110+8
0.0092 +7
0.0068 +7
0.0048 + 7
0.0039+6
0.0035 + 6
0.0030 + 6
0.0024 + 6
0.0019+5
0.0016+5
0.0015+5
0.0014 + 5
0.0011+4
0.0008 +4
0.0005 + 3

in equation (6) was put equal to unity. A mean
value of n was obtained from equation (5}. The
original experimental data sets were multiplied
by n and the calculated multiple-scattering con-
tribution was subtracted without being scaled.

The result of the renormalization was that
for the first measurement the values a=0.85
and y =1.15 were obtained. The second exper-
iment gave n =0.91.

By the procedures described above the exper-
imental data sets were normalized to the struc-
ture factor and the result of the measurement is
not absolutely normalized. The reason why a re-
normalization. had to be performed is discussed
in Sec. VI below.

0. Conversion to constant Q

After having subtracted the multiple-scattering
contribution a cubic spline function~ fit was
applied for every energy transfer. The chosen
energy step was 0.5 meV. As weight function the
inverse of the absolute error was used. However,
it was necessary to develop some control rou-
tines to avoid numerical instabilities which could
create unsatisfying fluctuations in the results. 3'

The scattering function was calculated in Q steps
of 0.1 A ' which is about the Q resolution.

A new spline function fit was applied for every
Q. The scattering function was calculated from
Eq. (1) and the symmetrized scattering function
from Eq. (2}. Due to the experiment and the pro-
cedures involved in the data reduction, the energy
scale was shifted slightly at each Q. To correct
for that, the first moment of the symmetrized
scattering function was minimized by changing
the energy scale within the energy resolution.
Then the first three moments were calculated.

As has been pointed out by Johnson e~ u&.~ the
calculation of the errors is particularly difficult
in these types of measurements. However, it is
better to give a rough estimate of the errors than
to give no errors at all. The statistical errors
from the detectors were reduced when mean val-
ues within the energy step were taken. These
errors were directly transformed to errors in
the symmetrized scattering function. It is clear
that the errors must be overestimated by this
procedure, because the influence of the spline
function fits was not taken into consideration.

In the final result the mean value of the scat-
tering functions at positive and negative energy
transfers was calculated. The statistical error
was then reduced. If the asymmetry was larger
than the reduced error value, it was chosen as
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TABLE II. (Cowtinued)

2.3

0
0.5
1.0
1.5
2.0
2.5
3.0
3.5
4.0
4.5
5.0
5.5
6.0
6.5
7.0
7.5
8.0
8.5
9.0
9.5

10.0
10.5
11.0
11.5
12.0
12.5
13.0

1.34+1
1.02 +1

0.511 +6
0.222+3
0.108+2
0.066+2
0.043 +1
'0.029 +1

0.0220 + 9
0.0164 + 8
0.0113+ 7
0.0086 + 7
0.0069 + 6
0.0054+ 6
0.0044 + 6
0.0036 + 5
0.0029 + 5
0.0024+ 5
0.0020 + 5
0.0017+5
0.0015 +4
0.0013 +4
0.0011+4
0.0009+4
0.0008+4

1.03 +4
0.81+4
0.44 +1

0.209 + 7
0.110+4
0.067 +1
0.044 + 1
0.033 +1
0.025 +1

0.0179+9
0.0127+8
0.0100+8
0.0077+ 7
0.0064+ 7
0.0049+ 6
0.0040 + 6
0.0034+ 5
0.0029 + 5
0.0025+ 5
0.0021 + 5
0.0016+5
0.0013 + 5
0.0011+4
0.0009+&
0.0007+4

0.60 + 3
0.50 +3
0.31 +2

0.174 + 6
0.104 +2
0.067 +1
0.047 +1
0.034 + 1
0.025 + 1

0.0190+ 8
0.0145+8
0.0114+8
0.0089 + 8
0.0073+ 8
0.0061 + 8
0.0052 + 8
0.0041 +6
0.0033+6
0.0028 + 6
0.0023 + 5
0.0017 +5
0.0012 +5
0.0007 +4
0.0005 + 4
0.0005+ 4

0.38 +2
0.33+2
0.23 +1
0.14 +1

0.091+2
0.063 +1
0.046 +1
0.036 +1
0.026+1

0.0203 + 9
0.0159 +9
0.0126+8
0.0103+8
0.0085 + 8
0.0070 + 8
0.0056 + 8
0.0046 + 6
0.0033 + 6

, 0.0029 ~6
0.0027 + 6
0.0026+5
0.0019+ 5
0.0014+5
0.0013+5
0.0013+5

0.27 +1
0.25+1
0.18 +1

0.118+7
0.081 +5
0.058 +2
0.044+1
0.033+1
0.027 +1

0.0208 + 9
0.0164 + 9
0.0134 + 9
0.0112 + 9
0.0095 + 9
0.0081 +9
0.0070 + 9
0.0057 + 9
0.0047 + 7
0.0035 + 7
0.0033+7
0.0031 +7
0.0024 + 6
0.0016 + 5
0.0012 + 5
0.0012 + 5

0.213 +4
0.187 +4
0.142 +3
0.100 +2
0.071 +2
0.052 +1
0.040 +1
0.031 +1
0.026 +1

0.0207+ 9
0.0163 + 9
0.0136+ 9
0.0117+ 9
0.0101 + 9
0.0087+ 9
0.0075 + 9
0.0063 + 9
0.0053 + 9
0.0043+9
0.0037+ 9
0.0033 +9
0.0023 + 9
0.0018 + 7
0.0015 + 5
0.0009+ 5
0.0005+4
0.0005 +4

the error. This means that both the energy gain
and energy loss data sets were contained within
the assigned error. Finally, the error bars were
slightly modified so that they were decreasing
in magnitude for increasing energy transfers at
constant Q.

E. Resolution

No attempts were made to defold the resolution
function because there are no rel. iable methods
developed. However, the resolution affects the
asymmetry of the symmetrized scattering func-
tion, but this was considered when the error was
determined, j.e. , the influence of the resolution
was within the error bars. The resolution was
assumed to be a Gaussian with the full width at
half maximum (FWHM) according to Table I.
Theoretical models shall be folded with the res-
olution before they can be compared with the ex-
perimental results.

V. RESULTS

The symmetrized dynamic scattering function
is presented in Table II for selected Q and E

values. ~~ In Fig. 3 the table values are shown for
some constant Q values below Q,. The mean value
of the energy gain and energy loss data for the
calculated multiple-scattering contribution is
also plotted into the figure to show its dominating
effect, especially at the smallest Q values.
Another multiple-scattering calculation is also

o
shown at 1.0 A, ' (see above). Scattering function
at and above Qo is shown in Fig. 4 and here the
multiple scattering does not dominate. Intersec-
tions of the scattering function at constant energy
transfers are shown in Fig. 5 and the spectral
function 8'S(Q, E), according to Eq. (4), in Fig. 6.
The multipl. e scattering is also shown here to
demonstrate its large influence particularly at
high energy transfers. The zeroth moment was
calculated and compared with the neutron diffrac-
tion results"'" in Fig. V. The first and second
moments were determined and compared with
exact theoretical values as exposed in Fig. 8(a)
and 8(b). The fact that they iook similar depends
upon the small value of E/2keT which indeed
confirms that liquid lead is a classical liquid.
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TABLE II. (Continued)

2.8 3.0 3.4 3.7 4.1

0
0.5
1.0
1.5
2.0
2.5
3.0
3.5
4.0
4.5
5.0
5.5
6.0
6.5
7.0
7.5
8.0
8.5
9.0
9.5

10.0
10.5
11.0
11.5
12.0
12.5
13.0
14.0
15.0
16.0
17.0
18.0

0.159+4
0.144 +4
0.111+4
0.082 +4
0.061 +4
G.046+3
0.036 +2
0.030 +1
0.025 +1

0.0197 +9
0.0160 +9
0.0140 +9
0.0119+ 9
0.0104 + 9
0.0092 +9
0.0081 +9
0.0071 + 9
0.0061 +9
0.0056 +9
0.0048 +9
0.0039 +9
0.0036+9
0.0029 + 9
0.0025 +7
0.0014 + 5
0.0012 + 5
0.0011 +5
0.0006 +4

0.088 +9
0.084 +9
0.074 +9
0,062 +9
0.051 +6
0.041 +4
0.034 +2
0.028 +2
0.023 +1

0.0199+8
0.0170+7
0.0148 + 7
0.0130 +7
0.0117+7
0.0108 +7
0.0100 +7
0.0092 +7
0.0081 +7
0.0066 + 7
0.0057 + 7
0.0052 +7
0.0045+7
0.0038 +7
0.0031 +7
0.0026 +7
0.0023 +7
0.0020 +7
0.0017 +7
0.0015 +7
0.0013 +7
0.0011+7
0.0010 + 6

0.085+9
0.081 + 9
0.073 +9
0.062 + 9
0..050 +8
0.040 + 6
0.033 +4
0.027+3
0.023 +2
0.021+1
0.018 +1

0.0164 + 9
0.0147 + 9
0.0133+9
0.0120 + 9
0.0109 + 9
0,0098 +8
0.0086 + 5
0.0080+ 5
0.0070 + 5
0.0060+ 5
0.0052 +5
0.0044+ 5
0.0038 +5
0.0033 +5
0.0030 + 5
0.0027+5
0.0021 +5
0.0018 + 5
0.0016+5
0.0011+5
0.0009 +3

0.109+5
0.105 + 5
0.092+5
0.076+ 5
0.060 +4
0.047+3
0.039 +3
0.032 +1
0.027+1
0.024 +1

0.0208 + 7
0.0184 + 7
0.0167 +7
0.0149 + 5
0.0135+ 5
0.0127+5
0.0118+ 4
0.0103 +4
0.0090+4
0.0081 +4
0.0072+4
0.0064 +4
0.0056 +4
0,0049 +4
0.0043 +4
0.0037 +4
0,0032 +4
0.0024 +4
0.0019+4
0.0016+4
0.0014 +4
0.0013+4

0.163+4
0.157 +4
0.138+4
0.113+4
0.091+3
0.072 +3
0.057+2
0.046+1

0.0378 + 8
0.0317 + 7
0.0272 +7
0.0235 + 6
0.0203 +6
0.0174 + 5
0.0146+ 5
0.0129+5
0.0112 +5
0.0103 +4
0.0093+4
0.0082 +4
0,0071 +4
0.0062 +4
0.0054 +4
0.0048+4
0.0044+4
0.0039 +4
0.0030 +3
0.0025 +3
0.0020 +3
0.0017 +2
0.0015+2
0.0015 +2

0.187 +4
0.181+4
0.163+4
0.141+4
0.118+4
0.097 + 3
0.079+2
0.065+1

0.0530+ 8
0.0434 + 8
0.0356 + 7
0.0295+7
0.0247 + 6
0.0211+ 6
0.0182 + 5
0.0153+5
0.0133+5
0.0113=" 5
0.0099 + 5
0.0086 + 5
0.0073 + 5
0.0062+ 5
0.0053 + 5
0.0046 + 5
0.0041 + 5
0.0037+ 5
0.0034+5
0.0028 + 5
0.0021+3
0.0020 + 3
0.0015+3
0.0015+ 1

VI. DISCUSSION

The measurements were normalized to the
structure factor by the procedures described in
Sec. IVC above. There were two reasons why a
renormalization procedure had to be preformed.
Firstly, the electronics could not be kept exactly
stable during these long measuring times. Second-
ly, the number of scattering atoms could not be
completely determined. The thicknesses of the
sampl. e and the vanadium plate were difficult to
control and measure with enough accuracy. The
experimental values were not extrapolated to
higher energy transfers. As can be seen in Figs.
3, 4, and 6 the integration over E will have trunca-
tion errors at the determination of the moments.
However, the final zeroth moment gave satis-
factory values over the whole Q range except

0
around 6.1 A ', where a peak in the structure
factor coincided with a Bragg peak from the con-

tainer (see Fig. '7). The first and second moments
are sensitive to the resolution and the multiple-
scattering correction. As the resolution was not
defolded and the multiple scattering was consid-
erable in some regions, these moments cannot
be expected to be absolutely correct. Figure 8
shows that both the first and second moments are
about 25% too high. No error bars are shown as
systematic truncation errors, mentioned above,
are included. The figure gives an idea of the
quality of the measurement.

The renormalized data sets, corrected for
multiple scattering, had clearly visible remin-
iscences of inelastic peaks at small Q values
(Fig. 2). A "dispersion" relation can be con-
structed and is shown in Fig. 9 together with
independently obtained results from experiments
in a three axis spectrometer. " The velocity of
sound is also indicated in the figure. The error
bars are .estimated uncertainties in the determina-
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TABLE II. (Continnecg

E (
4.3 4.6 5.1 5.6 6.5 6.8

0
0.5
1.0
1.5
2.0
2.5
3.0
3.5
4.0
4.5
5.0
5.5
6.0
6.5
7.0
7.5
8.0
8.5
9.0
9.5

10.0
10.5
11.0
11.5
12.0
12.5
13.0
14.0
15.0
16.0
17.0
18.0

0.158 +2
0.154+2
0.142 +2
0.126 +2
0.108 +2
0,091 +2
0.077 +2
0.064 +1

0.0538 +9
0.0461 +9
0.0375 +8
0.0311+7
G.0273 +6
0,0229 +6
0.0197 +5
0.0174+5
0.0151+5
0.0131+4
0.0113+4
0.0096+4
0.0082 +4
0.0071+4
0.0061 +4
0.0053 +4
0,0047 +4
0.0041 +4
0.0037 +4
0.0028+4
0.0021 +3
0.0018 +2
0.0016 +2
0.0014+1

0.107 +1-
0.105 +1
0.099+1
0.091 +1
0,080 +1
0.070 +1
0.061 +1
0,054 +1

0.0479 +8
0.0423 +8
0.0365 +8
0.0315 +7
0.0278 +7
0.0247 +7
0.0220 +7
0.0195 +7
0.0171+7
0.0150 +7
0.0133+7
0.0112+7
0.0102 +4
0.0090 +4
0.0078 +3
0.0068 +3
0.0058 +3
0.0050 +3
0.0044 +3
0,0033 +3
0.0027 +3
0.0024 +3
0,0015 +2
0.0014 +1

0,065+1
0.065 +1
0.065 +1
0.062 +1
0.057 +1
0.052 +1
0.047 +1
0.042 +1
0.039 +1
0.036 +1

0.0330 +7
0.0295 +7
0.0270+6
0.0247 + 6
0.0224 + 6
0.0204 + 5
0.0187 + 5
0.0170 +5
0.0154 +5
0.0138+5
0.0124 + 5
0.0111+5
0.0099 +5
0.0088 +5
0.0078 +5
0.0066 + 5
0.0058 + 5
0.0045+5
0.0036+5
0.0025 +5
0.0025+5
0.0015 +1

0.083 +2
0.082 +2
0.079+2
0.075 +2
0.069 +2
0.063 +2
0.057 +2
0.052 +2
0.047 +2
0.042 +2
0.037+2
0.033 +1
0.030 +1
0.026 +1
0.024 +1
0.021 +1
0.019 +1
0.017 +1
0.015 +1

0.0137 + S
0.0123 + 9
0.0109 + 9
0.0097 + 8
0.0085 + 7
0.0074 + 7
0.0069 + 7
0.0061 + 7
0.0047+7
0.0037 + 6
0.0030+4
0.0024+3
0.0018 +3

0.060 +2
0.060 +2
0.058 +2
0.057 +2
0.055 +2
0.053 +2
O.G50 +2
0.048 +2
0.046+1
0.044+1
0.041 +1
0.038+1
0.034 +1
0.031 +1
0.029+1
0.027+1
0.025 +1
0,024 +1

0.0206 + 8
0.0188 + 8
0.0171 + 8
0.0154+8
0.0137+8
0.0124 + 8
0.0111+ 8
0.0097 + 8
0.0085 + 8
0.0074 + 8
0.0057 +8
0.0042 + 8
0.0036+7
0.0026 + 6

0.051 + 5
0.051 +5
0.051 +5
0.050 +5
0.049 + 5
0.047+ 5
0.045 + 5
0.043 +5
0.041 +5
0.039 +3
0.037 +2

0.0337+9
0.0306 + 7
0,0281 +7
0,0266 +7
0.0246 + 7
0.0230 + 7
0.0216 +7
0.0204+7
0.0193+ 6
0,0181+ 6
0.0165+5
0.0149+5
0,0133+5
0.0119+ 5
0.0107 + 5
0.0097 +4
0.0084 +4
0.0070+4
0.004S +4
0.0044 +4
0.0035 +4

tion of the position of the inelastic peak. As can
be seen in Fig. 9 all the three measurements co-
incide within the uncertainties. The reason why
the peaks were observed in this time-of-flight
measurement to higher Q values than in the three
axis measurements is that the former was cor-
rected for multiple scattering and the latter were
not.

The FWHM for different Q values was deter-
mined and the resolution was quadratically sub-
tracted. The result is shown in Fig. 10. The
correction for resolution is correct only when the
scattering function is a Gaussian, but it is a
reasonable approximation. The error bars are
the uncertainty in the determination of the widths.
For an ideal gas the width w of the symmetrized
scattering function is given by

2(2k T I 2
M

This straight line is shown in Fig. 10. The width
of the scattering function for a diffusive process
is given by

~ diff 2kDQ2

where D is the diffusion coefficient whose value
is found in Ref. 45, page 164. The parabola is
also shown in Fig. 10. The figure shows that
liquid lead, as expected, even for the highest
Q values is very far from a gas state. The ex-
perimental curve has its minima, where the struc-
ture factor has its maxima. This behavior is
similar to what has been observed in other
liquids. '

The spectral function E'S(Q, E) used in Eil.
(4) has a maximum in energy at a constant Q val-
ue (see Fig. 6). The position of the peak, E,„,
is plotted a,gainst the corresponding Q value in
Fig. 11. The E,„value for an ideal gas is given
by
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FIG. 4. The symmetrized scattering function for dif-
ferent Q values (in A ~) at and above Qo. The notations
are the same as in Fig. 3.

FIG. 5. The symmetrized scattering function for dif-
ferent energy transfers (in meV). The dots with the
error bars refer to the experiments. The full line is
the model, described in the Appendix, folded with the
resolution in Table I.

2n r&t"
E~„=e/ '

/ q

and is indicated in the figure. The maximum
value of E'S(Q, E) can also be determined and
is shown in Fig. 12. The corresponding value
for an ideal gas is

@ 2n, 2'&"

(9)
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/
/

/
/
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and is plotted into the figure.
The values from the model of Ailawadi, Rahman,

and Zwanzig" were included directly in Fig. 10.
The resolution according to Table II was folded to
the model. and the result was plotted into Figs.
3-6, 11, and 12. As can be seen from the fig-
ures this theory does not fit very well to the ex-
perimental values at small Q values. The inelas-
tic peaks at small. Q values could not be produced
by the model. As Rahman" has pointed out, the
"dispersion" curve from the spectral function
E'S (Q, E) (Fig. 11)has nothing to do with the
corresponding curve of Fig. 9.

The scattering functions presented in this paper
coincide fairly well for Q values just below Q,
and upwards to the results obtained by Randolph

0
0 10

4.1

0
0 10

5.6

0
0 10

6.5

0
0 10

0
0 10

E(mev)

0
0 10

FIG. 6. The spectral function of current-current co-
relations for differentQ values (indi ). Thenotations
are the same as in Fig. 3. The dash-dotted line is the
model, described in the Appendix, without the resolu-
tion included.
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FIG. 7. - The structure factor. The dots with the error bars a,re from the experimental scattering function integrated
over 8 for every Q and the crosses are from an independent neutron diffra. ction measurement.

0 ~ ~

~ 0

~os~
~o ~

~ Iet r ~
~ y~

~ ~
~ ~ ~y~ ~

~g gt

and Singwi" with the multiple™scattering correc-
tion suggested in Ref. 1, page 503 (y =0.8}. The
behavior of the spectral function E'S(Q, E} is
very similar to the result presented by Randolph '
including the irregular form around Qo, which is
a resolution effect (see Fig. 6}.

VII. CONCLUSIONS

The obtained experimental results of the sym-
metrized scattering function in constant Q form
gave evidence for the existence of collective ex-
citations in liquid lead. The excitations persisted
up to about 60% of Q„which is very similar to
the result obtained for liquid rubidium. ' So it
can be concluded that rubidium was not a unique
exception. There are strong indications that the re-
pulsivity of the lead potential is much higher than it is
for rubidium. '4' Thus the existence of collective
excitations in a liquid metal seems to be inde-

10-

~4
~1~ ~

~ O~ ~

Oc
ply+ ~

~~~y~ ~y~~ y~g
+~ ~ ~

~+Oy
~y yO

0
0 10

FIG. 8. (a) The first moment of the experimental
scattering function compared with the exact theoretical
value. Q) The second moment of the experimental
scattering function compared with the exact theoretical
value.

FIG. 9. The "dispersion" relation for liquid lead. The
dots with full error bars are from these experiments.
The dots with dashed and dash-dotted error bars have
been obtained from independent experiments in a three
axis crystal spectrometer. The velocity of sound is also
indicated.
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FIG. 10. FWHM of the symmetrized scattering func-
tion. The dots with the error bars are the experimen-
tal values with the resolution quadratically subtracted.
The full line is the model in the Appendix, the dashed
line a simple diffusion model, and the dash-dotted line
an ideal gas model.

FIG. 12. The maximum value of the spectral function
for current-current correlations. The notations are the
same as in Fig. 11.

pendent of the softness of the core, the valence,
and the electron structure. It is conceivable that
the attractive part of the potential is of importance
for the possibility to sustain collective excita-
tions. This conjecture is supported by observa-
tions of the structure factors for different re-

~ I Ii II H I& i

FIG. 11. Position of the peak in the spectral function
of current-current correlations. The dots with the er-
ror bars come from the experiments. The full line is
the model, described in the Appendix, folded with the
resolution in Table I. The dashed line is the same mo-
del unfolded with the resolution. The dash-dotted line is
the ideal gas model.

pulsive potentials disturbed by an attractive part. "
Further comparisons are made in Ref. 48, where
also some criteria for the existence of collective
excitations in liquid metals are discussed.

Mitra' has presented a potential for liquid l.ead
which, however, is not based on the more re-
cent structure factor values for small Q values. "
Therefore, this potential is not very rel. iabl. e for
the long range part. This fact is probably the
reason why the conclusion of Sjogren4~ for lead
is contradicted by results from these measure-
ments.

The scattering function beyond Qo presented
here is very similar to the results obtained by
Randolph and Singwi. " New measurements in
this Q region will surely not give significantly
changed values. For small Q values, however,
new and better measurements woul. d be most
valuable. They should be performed in a time-of-
flight spectrometer so that absolutel. y normalized
data sets can be obtained. Proper corrections for
multiple scattering are then possible to achieve.
It is also desirable to minimize the multiple scat-
tering by introducing spacers in the target, "but
such arrangements decrease the neutron intensity
on the sample. A proper theoretical analysis re-
quires a reliabl. e potential and shall probably be
performed within the framework of kinetic the-
ory. " With access to a potential also molecular
dynamics studies can be made. .
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ks TQ'
HATS(Q)

'

M(w4)

ks TQ'

,( )
T&m

A'"((o) = -ra((uT/2),

D is the Dawson integral and, according to
Rahman (from Ref. 51),

T =1/a.

(A2)

(A3)

(A4)

(A5)

(A6)
APPENDIX

The symmetrized scattering function in the
model of Ailawadi, Rahman, and Zwanzig" in
frequency units (a& =E/k) is, according to Rowe
and SkoM, "given by

1 (o',O'S(Q)E,'((o)
7f [(d + (dQ ff~ ((d) —QP&] + [(dQ ff~(4l)j

(Al)

where

The fourth moment in (A3) is approximately
given by

3Q'ksT, 3 sinQR, 6 cosQR,

6sinQR, 1 (A
(Q&,)'

The quantity m& has been chosen to the maximum
frequency that is seen in the dispersion relation
for liquid lead" and Pp ls where the pair distribu-
tion function has its first maximum. "
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