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Scattered-wave study of the magnetic properties of the potassium trimer
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The Xa scattered-wave (XAS%) technique is applied to the trimer of potassium, and the appearance of the high-
field electron-spin-resonance (ESR) spectrum is predicted. Contact spin densities, including core-polarization
contributions, are calculated for several different structures; the resulting model hyperfine patterns strongly reflect
the assumed geometrical configuration of the atoms. Comparison of these model spectra with experimental results is
discussed.

I. INTRODUCTION

I

Within the past two decades there has been a
rapidly growing interest among physicists and

physical chemists in the structure and properties
of small metallic aggregates. Experimental and
theoretical studies of the electronic properties of
such aggregates has been stimulated in part by
their potential for technological application, for
example in catalysis. ' More fundamentally, the
evolution with size of the equilibrium-geometrical
configuration, the nature of the bonding, and the
cohesive energies along with the magnetic, ther-
mal, and optical properties are topics of current
interest.

Aggregates of Na and K containing three and
five atoms have been identified in electron-spin-
resonance (ESR) experiments performed by
Lindsay et al."on alkali metal deposited in a
frozen inert-gas matrix. Structural information
deduced from experiments of this sort, however,
may reflect the characteristics of the matrix
trapping site rather than the equilibrium-geome-
trical configuration of the naked aggregate. Small.
alkali aggregates containing from 2 to 16 atoms
have been studied using molecular-beam tech-
niques' "which have yielded photoionization
thresholds for the free species Na, and K, as well
as optical excitation spectra for Na„K„and Na, .
In our laboratory, a molecular-beam magnetic-
resonance (MBMR) experiment" "designed to
yield structural information with regard to the
smallest paramagnetic alkali aggregates (i.e. ,
those containing odd numbers of valence electrons)
is currently in progress.

As detailed in Table I, much calculational effort
has been invested in the determination of stabili-
ties and electronic structures for the alkali trimer
aggregates. "" Among the best calculations for
the whole-molecule properties, e.g. , stability, are
those which employ the ab initio restricted Har-
tree-Fock (RHF) technique with configuration in-
teraction (CI). For properties which depend heavi-

ly on accurate one-electron wave functions arid
eigenvalues (e.g. , ionization potentials and spin
densities), however, the Xo. scattered-wave tech-
nique (XASW) of Slater and Johnson provides, cost
effectively, results which are competitive with
those from the ab initio calculations. We describe
here the results of XASW calculations on K, which
may be compared with ESR measurements to ob-
tain structural information regarding this species.
In Sec. II we present some details of the calcula-
tions; Sec. III contains results for the total spin
densities at the K, nuclei along with predictions of
the high-field ESR patterns.

II. THE COMPUTATION

Both the conceptual basis" and the practical
techniques" for the implementation of the XASW
method are extremely well documented elsewhere,
so that we need only briefly describe the salient
features of the method. The starting point of the
theory is the Xa statistical total energy

( jv= I vv)(1)f v( ))dv, v Jp( tp( )) tv), dv,
5

+~ P& 1 Uxn~ 1 +P~ 1 Ux«1 dv, .

P=P)+P) )

p&= n, i&&u&&, p& =~n;u, &u, &.
sf

(2)

The arrow subscripts indicate relative spin orien-
tations. For the final term in Eq. (1) we use
Slater's approximation to the exchange potential

~x )= 9o(l(3&«)p)l'"-, (3)

with a similar. expression for Ux ~ to obtain, by
variation of (Ex ), the one-electron equation for

In this expression u;(r) is the wave function for the
spin orbital i, f, is the (kinetic+nuclear potential)
one-electron operator acting on orbital i, g» is the
two-electron Coulomb operator, and p(r) is the
local electronic charge density
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TABLE I. Recent calculations on alkali-metal trimers. '

Year (Ref.) Aggregate Method Geometry Angle b State
Stability (eV) '

M3 M+ M2

1968 (13)

1969 (14)

1ev3 {16)

1ev5 (1v)

1ev5 (18)

19v5 O.e)

1ev5 (19)

19V2 (15)

1ev6 {21}

1975 (20)

L13

L13

Lis, Na3

Lis

Nas, K3

Li3

Li3, Na3, K3,

Bbs, Cs3

DIM

DIM

DIM

SCF-X~ '
CNDO'

EH'

RHF

C2t

C2t

C2v

C2v

C2„

137'

136'

180'

{60')

180'

180

50'

{18o')

Ag

2B

2y+
8

2A~

(A )

2g+
f4

2g+
8

A.

0.4
0.4

0.3, 0.1
0.2

0.2
unstable

0.6
unstable

-0.4

1evs (24)

1978 (25)

19VS (26)

1evs (2v)

1evv (22)

Na3-

Li3

L13

Ll3

Li3

CI

RHF

C2v

ccD
3h

C2v

C2v

60'

101'

B
cc2E "
2B

2

A2

spin-density

calculation

0 4

0.4
0.4

spin-population

1evv {as) Li3 CI 70'

50'

RB
2

2A)

calculation

0.4 (equally stable)

~Compiled in part by Lindsay et al. (Ref. 2).
Indicates bond angle included at nonequivalent atom for the configuration with lowest energy of those considered in

the calculation.
'Quoted with respect to dissociation to atom+ dimer. Parentheses indicate assumed structure. Quotation marks in-

dicate effective or time-average fluctuational geometry.
DIM, diatomics in molecules.' SCF-Xo. , self-consistent-field XQ. calculation.
CNDO, complete neglect of differential overlap.

'EH, extended Huckel.
"PP, pseudopotential.

. ' RHF, restricted Hartree-Fock.
' CI, configuration interaction.
"CEPA, coupled electron pair approximation.

the spin-orbitals u;~ (in atomic units):

(—V';+ V, (1) —6o[(3/4m)pi]' '}gg;i(1) = cqu()(l). (4)

The parameter o.' is introduced in Eq. (3) to im-
prove this approximation to the exchange interac-
tion for different materials. We have taken for
potassium ~K = 0.72117 in accordance with the
table of values compiled by Schwartz" based on
the Hartree-Fock total energies of Mann. " To
solve Eq. (4) for the spin orbitals of the aggregate,
space is partitioned as in Fig. 1. The one-electron
Coulomb potential V, (1) is converted to an approx-
imate muffin-tin form by spherically averaging V,

in regions I and III, while for region II a constant
potential equal to the volume average over this
region is assumed. The sphere radii are chosen
so that a fair amount of overlap is introduced to
reduce the size of the region in which V, is ap-
proximated by a constant, in accordance with a
procedure suggested by Salahub et al." Equation
(4) is now solved in each region with the muffin
tin V, using the Numerov method" to determine
the radial part of the wave function in regions I
and III. A scattered-wave formalism is then used
to impose continuity of the wave function and its
first derivative across the muffin-tin boundaries.



SCATTERED-%AVE STUDY OF THE MAGNETIC PROPERTIES. . .

FIG. 1. Partitioning of space for an XASW calculation
on trimers. In regions I, the atom spheres, the poten-
tial is spherically averaged, as it is in the extramolec-
ular region III. In region II a simple volume average
of the potential is used. The overlap of regions I re-
duces the volume of the region in which the volume aver-
age must be used; the extent of the overlap is deter-
mined by the Salahub-Roberge procedure described in
the text.

The spin orbitals obtained in this way determine a
new charge density and potential to be used in the
next iteration. The procedure is repeated until a
preset level of self-consistency is attained.

Our experience with preliminary calculations on
K, confirms observations made by other workers
regarding the inaccuracies introduced by use of
the muffin-tin approximation in the determination
of whoLe-molecule properties such as stability.
The calculated binding energy &~ for K, was seen
to vary from 0.16 to 0.96 eV as the muffin-tin
spheres went from contiguity to 30% overlap;
these values are to be compared with the experi-
mental dissociation energy" of 0.5& eV. The ion-
ization potential of K„ in contrast, is within 0:1
eV of the measured threshold. ' This is consistent
with our expectation that the XAS% approach is
most appropriate to one- or few-electron proper-
ties, in particular those which depend on the be-
havior of the orbital wave functions near the nu-
cieus (e.g. , hyperfine and spin-orbit interactions),
where the muffin-tin approximation is believed to
be a fairly good one.

A preliminary set of spin-restricted calculations
were performed on K, with the geometries and
sphere radii listed as set I of Table G. The coor-
dinates (Q„Q„,Q„) listed in the first column re-

TABLE II. Geometrical parameters for XASW calculations on K3.

Set I'
(Q„Q„Q,)

(a.u.)

R12= 43
(a.u.) (a.u.) (deg)

RS(o)'
(a.u.)

RS(1,2, 3) '

(a.u)

(o, o, o)
(o.5, o.o)
(-o.5,o, o)
(o.25, o, o)
(-o.25, o, o)
(0,0.31,0)
(o, o.61,o)
(o, 1.22, o)
(o, 1.84, o)
(0,2.45, 0)

Set II

(deg)

8.60
9.10
8.10
8.85
8.35
8.48
8.35
8.10
7.85
7.60

%2= %3
(a.u.)

8.60
, 9.10
8.10
8.85
8.35
8.85
9.10
9.60

10.10
10.60

R23
(a.u.)

60
60
60
60
60
63
66
73
80
88

RS(0)
(a.u.)

10.56
11.17
9.94

10.86
10.25
10.48
10.41
10.29
10.23
10.24

aS(1,2, 3)
(a.u.)

5.59
5.92
5.26
5.75
5.43
5.51
5.43
5.26
5,10
4.94

180
90
75
60
55
50

8.60
8.60
8.60
8.60
8.60
8.60

17.26
12.16
10.47
8.60
7.94
7.27

14.19
11.67
11.01
10.56
10,.01
9.47

5.59
5.59
5.59
5.59
5.16
4.72

Set I pertains to the energy hypersurface calculations plotted in Fig. 2. Set II pertains to
the spin-density calculations.

Normal mode displacements defined in Eq. (5) as functions of the bond-length increments
The Q, = Q~= Q„=0 structure is defined as the equilateral configuration with a bond

length of R~=8.60 a.u.
'The R&& represent the bond lengths in a.u. for each structure, with i= 1 denoting the apex

(nonequivalent) atom.
Included angle at the apex.

'The HS(n) represent the muffin-tin sphere radii, with n= 0 denoting the outer sphere.
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present the normal mode distortions
1

@ = 3(rn+r2s+r|s)
1

Q„=~6 (2r„—r„—r„), (5)

indicates that our muffin-tin approximation will
dominate the behavior of the curve for acute" dis-
tortions as well as for the obtuse configurations
discussed above.

1
QX ~ (r13 12) lv'2

from the equilateral configurations with bond

length R~. The &&, represents the increments in
the distances hetween atoms i and j, with atom 1

designated as the apex of the triangle. The results
for the relative total energies are shown plotted in

Fig. 2. The total energy curve for equilateral K,
in Fig. 2(a) exhibits a minimum at R~ = 8.6 a.u. ,
which we take as the equilibrium spacing. This
value for R~ is quite close to an estimate obtained
by linear scaling using the known bond lengths"
for K, (R~ = 7.4 a.u. ) and Na, (R~ = 5.8 a.u. ) along
with Martin and Davidson's theoretical value" of

for Na3 The b ehav ior of the total energy as
shown in Fig. 2(a) was calculated by uniform co-
expansion of both the bond lengths and muffin-tin
spheres, so that the percentage overlap of the
spheres remains constant for the different con-
figurations. Figure 2(b) shows an attempt to
locate a Jahn-Teller minimum in total energy
resulting from a symmetry-breaking Q, distortion.
No such minimum was found for the Q„&0 case,
in which the distortions could not be represented
as uniform co-expansions in contrast with the cal-
culations of Fig. 2(a). The absence of such a min-
imum is believed to reflect the inaccuracies asso-
ciated with the muffin-tin approximation.

While it is clear from Table I that some workers
have found critical points in the behavior of the
total energy for Q„(0 and Q„&0, our experience

III. PREDICTED HYPERFINE STRUCTURE FOR K3

For a multinuclear system we write the magnetic
Hamiltonian, for an external Zeeman field H„as'

Xg =-g)U S H —j l] H
t

+ a„&S„.I, ++ (6)

where n is the occupation of spin orbital e. If
we define the quantities $&'.

(8)

we can rewrite X~ in the high-field (Paschen-
Bach) limit, where m, and mi are good quantum
numbers, as

where g„represents a sum over electronic-spin
orbitals in the contact hyperfine coupling term,
and Q; is a sum over nuclei. We consider here
only the case g; = p, », I, =I»= 2, since 80% of the
trimers formed from potassium bulk will be total-
ly "K,. The term X,„;,is the anisotropic hyper-
fine coupling due to the non-s contributions to the
electronic wave functions; this term is small and
contributes only to the widths, not to the mean
positions of the lines. The a; are the electron-
nuclear contact-coupling constants

a q
= —

8
' lg„(r, = )0l'n„,

16% pop g

(b)

20— 400

15—

C)

a: 300
O

M 10
K

. UJ

~ 2QQ
LLI

1QQ

(

1

2.0
0 I Q l 1 I

8 9 0 Q. 5 1.0 1.5 2.5
Rq (a.u3

Qy (au)
FIG. 2. Spin-restricted total energies for distorted K3. We have examined a sma11 cross section of the energy

hypersurface of K3 using the XASW routine. In (A) we examine the energy about the Q, minimum (with Q„=Q„=O);
(B) shows the result of a distortion in Q (with Q = @„=0). These modes are defined in Eq. (5).
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s gP pms Hp ~ 1Pll fIIpI;

8
+

9 ~Ill hi +canis
39

The mean resonant fields && for the dl. ectronic-
spin transitions in which Ibm~ i=1 are given by

(9)
jii t

eA I80

I I I I

TABLE III. Structure dependence of nuclear-spin
densities for K3. Values for the parameters $z and $z,
defined in the text, are given here for the structures
described in Set II of Table II. The subscripts A and B
refer to the apex (nonequivalent) atom and the base
atoms, respectively. Some of these values are used in
the generation of the model hyperfine spectra of Fig. 3.

$~ (a.u.) $~ (a.u.)+

180
90
75
60
55
50

-0.125
-0.104
-0.101

0.338
0.885
1.02

0.357
0.383
0.405
0.338
0.148
0.050

8'V o 3g' I39 a

(10)

Here II&~ is, for an rf transition fiel.d of angular
frequency &„ the resonant field for a free-elec-
tron-spin transition; &&„is the effective local
field seen by the odd electron as a function of nu-
clear orientation. We have neglected in expression
(10) both the shift in the free-electron gyromagne-
tic ratio and the second-order shift in the reso-
nance field due to the electron-nuclear coupling,
which vanishes for sufficiently large IIp. The
positions of the spin resonances in the high-field
limit depend on the parameters $; which we have
calculated, using the XASW wave functions, for
several different configurations of K, in which the
distance between the apex and base atoms is kept
at ~~=8.6 a.u. , while the apex angle 6„ is varied.
The geometrical. parameters for these calcula-
tions are given in Table II under set II; the spin-
unrestricted results for the $; are displayed in
Table III.

Expression (10), in conjunction with numerical
values for $„can be used to generate model ESR
spectra for K,. In Fig. 3 we display four such
representative patterns representing the expected
high-field spectra for stable linear, obtuse,
equilateral, and acute structures. Plotted also
for reference are the resonance positions for K
atoms. In the K, spectra, each line corresponds
to a set of nuclear-spin configurations in the
cluster; the heights are proportional to the de-
generacy of the nuclear state with respect to

e *e 60'

e, *ss'

"I.O 0
x g, (0) m., (a.u. )

K K

I I

IOO

K@I K K K

I I I

50 0
"Ioc&0&

K K&9 K~I K
0 K

( I I ~ Jj.
50 I00

FIG. 3. Model hyperfine spectra K3. 'Ia.o XAS& c-..l-
culations of g& in Table III are used here to predict the
appearance of the K3 E~R spectra for several different
geometries. 0& is the included angle at the nonequival-
ent (apex) atom; 0& is!.'.e included angle at the two base
atoms.

M =Pm, i, where the sum is over equivalent nu-
clei. The horizonta1. axis is the effective local.
field 8&,„due to tie.:- nuclei, with JI&„=0 at the
free-electron i ra;=""ition field.

The division of the pattern for the obtuse and
linear structures into seven groups of four lines
each reflects the 5, symmetry of the orbital oc-
cupied by the unpaired majority spin, which is
characterized by a node at the apex nucleus. The
splitting in each of the seven groups is thus a
direct result of the core pol. arization of the re-
maining electrons of l.argely s character via their
exc»ange interaction with the unpaired majority
spin. The difference in sign of the spin densities
for the apex and base atoms obtained here fox the
linear case are in agr ement with the HHF+CI
result of Kendrick" for linear Li» but we find
this difference .*n sign occurring even for obtuse
F', structures, in contrast to the corresponding
calculations for Li,. The four major features of
the model spectrum of Fig. 3 for the acute con-
figuration correspond to the possible orientations
of the apex nucleus, at which we find considerable
spin pile up, al.so consistent with Kendrick's re-
sult" for Li, . The valence wave functions for the
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acute case are all of a, character, so that the en-
hancement of the apex spin density is the result of
the proximity of the two equivalent base atoms
assumed for this calculation, rather than any
nodal features imposed by symmetry on the va-
lence spin orbitals. It is interesting to note in
this connection that the most obtuse of the calcu-
lated structures exhibits nuclear-spin densities
quite close to the dimer+ atom limit, as is evident
from the values of g in Table III. As the two base
atoms approach each other, the net spin density
at the nucleus approaches the dimer limit of 4
=0, while for the apex atom, $„approaches the
value g«, m-—1.11 (a.u. )

' inferred from the zero-
field splitting measurements of Kusch and

Hughes" on K atoms.
Both the anisotropic hyperfine interaction X,~,

and the contribution to the electron g value from
spin-orbit coupling are estimated to be of little
importance compared to the isotropic interaction
o"' Eq. (6) in the determination of the appearance

' the ESR spectrum of K,. The interactionX, -,

as the form

and appears as'a broadening of the ESR spectral
lines for a randomly oriented (powder) sample.
The contribution arises from the non-s component
of the electronic wave function with respect to the
individual nuclei. For K, we estimate from our
XASW wave functions that K, 3 contributes a width
corresponding to (4&a), 3 G to the line corre-
sponding to maximum M, for which the effect is
expected to be largest. Similarly, an estimate of
the effect of spin-orbit (1. 5) coupling arising from
admixture of non-s character into the orbitals
predicts a g shift of bg„/g-3 x 10 '.

IV. CONCLUSIONS

The model ESR spectra for K, given here are
suitable for comparison with high-field measure-
ments on this species in the determination of its
molecular structure. The calculation is based on
the assumptions of (1) a stabilized geometrical
configuration for the trimer and (2) an interac-
tionless environment. While assumption (1) may
be justified for the matrix ESR measurements of
Lindsay et al. ,""their observed dependence of
the atomic hyperfine coupling and g shift on the

matrix trapping-site environment suggests that
care should be taken in any direct quantitative
comparison with theory. The study of such site
interactions is, however, interesting in itself and
is a natural extension of the current work.

The measured contact interaction for K atoms
varies by about 6% from site to site, ' and so a
qualitative comparison with the current calcula-
tions is not precluded. Of the K, structures we
have studied, the obtuse configurations yielded the
spin densities in closest agreement with the matrix
observations of Lindsay eE al. ' The core-polariza-
tion spin density for the apex nucleus inferred
from their data is 63% of our theoretical result
for obtuse K„while our calculated contact spin
density for the equivalent base atoms, is only I7%
of their measured value. These discrepancies
could quite possibly reflect our assumed bond
lengths.

In contrast to the situation for low-temperature
matrix measurements, molecular-beam measure-
ments may afford a good basi. s for comparison
with the above model spectra if, in fact, the in-
ternal temperature of the aggregate can be lowered
sufficiently so that a stabilized configuration can
be observed. While the work of Gerber and
Schumacher" on Li, strongly suggests that this
last requirement cannot be met in this species
due to the flatness of its energy hypersurface
compared to the zero-point vibrational. energies,
calculations such as those of Martin and Davidson'4
for Na„on the other hand, indicate that stabilized
configurations may in fact exist for the heavier
alkali trimers, making possible the comparison
of ESR measurements with model spectra such as
those of Fig. 3.
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