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Elastic scattering of electrons by helium at intermediate and high energies
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A detailed study of the differential cross section for the elastic scattering of electrons by helium at intermediate and
high energies has been made. In this study a theoretical procedure, recently suggested by one of the authors (J.N.D.),
has been followed. The calculated differential cross sections in the energy range 100-200 eV appear to be in very
good agreement with experiment and better than the existing theoretical results. At higher energies, the present
results are also better except at very small angles where the eikonal-Born-series results of Byron and Joachain are
better. The scattering amplitudes obtained during this calculation have also been presented.

I. INTRODUCTION

For the theoretical computation of the differen-
tial cross sections for the elastic scattering of
electrons by atoms at intermediate and high en-
ergies there exist, at present, some methods' '
which are considered to be quite successful. Of
these methods the extended polarization potential
method of Labahn and Callaway' (LC) and the
eikonal Born series (EBS) method of Byron and
Joachain' are particularly noteworthy. Basically
the extended polarization potential method is a
variation of the method of polarized orbitals, which
was initiated as a low-energy method, and it ap-
plies best at low and intermediate energies. The
EBS method, on the contrary, is basically a high-
energy method. It projects an inverse power ser-
ies in energy. Calculation shows that for the elec-
tron-helium elastic scattering the EBS results are
very good for energies E &400 eV. The results for
200&E&400 eV are also good. But the results for
E&200 eV are not so good. For still lower energies
{for example, &100 eV} the results are very bad.
On the other hand the LC method gives quite good
results in the energy range 50-200 eV except at
large angles. At higher energies the results are
bad both at small and at large angles. The most
unfavorable point regarding this method is that it
is too complicated.

Recently a simple computational procedure has
been suggested by Das. ' It is.not more difficult
than the second Born calculation and yields very
good results for electron-helium elastic scattering
at 100 eV, an intermediate energy. It may be
noted in this connection that the success of a simi-
lar method for potential scattering was previously
observed by Das' [see also Figs. 1(a)-1(c) of this
paperj when calculations were done for some typi-
cal potentials for which exact results are known"

through other means. In this paper we propose to
study in detail the elastic scattering of electrons
by helium at various intermediate and high en-
ergies. This will help us in having an assessment
of the above computational method. It is also ex-
pected to give a broad view of the accuracy of
various experimental and theoretical results. In
Sec. II of this paper we include a brief description
of the theoretical method of Das, which is followed
in the present study. In Sec. III we present the
computed results. There we have also compared
our results with other theoretical and experimental
results in different tables and graphs. This is
followed by a discussion in Sec. IV. Finally in Sec.
V we have made some concluding remarks.

II. COMPUTATIONAL METHOD OF DAS

In this section we describe the computational
method of Das" in some more details. In Sec.
IIA we review the potential scattering problem
and in Sec. IIB we outline the corresponding
method for the scattering of electrons by atoms,
especially for the elastic collisions.

A. The potential scattering problem

%'e begin by pointing out that in the method of
Das one treats the problem in the momentum
space. This appears to be quite appropriate. In
momentum space one has a function f (p, k,.), the
off-shell "amplitude" which satisfies the Fred-
holm integral equation'

f(p, k, ) =f.(p-k, )

1 ftt(p —q)f (q, k,.), ( )q2

The scattering amplitude f(k&, k,.) is obtained from
f(p, k,.} by replacing p by k& .
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FIG. 1. Comparison of the differential cross sections (a.u. ) obtained by various calculational methods for scattering'
by the potential U=-2.365 e~/r, Das (Ref. 7), —.-.. —first Born, —-- second Born, ~ exact resutts (Ref. 17).
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Now to solve for the scattering amplitude one
has to solve E(l. (1) first. To do this one may
choose some trial function f,(p, k,.) in some suit-
able function space P for the right-hand side of
E(l. (1). The resultant value of the right-hand side
is considered as output. In general the input trial
function contains some parameters. These param-
eters are estimated by making the "distance" be-
tween the input and the output functions a mini-
mum. In defining the distance between two ele-
ments in the function space P one may use an L2
norm.

Thus the distance

Two very interesting properties of the functions
f~& are'

sian potential the results seem to be very good.
In the calculation of Das of Ref. 7 only three points
were used in the sum corresponding to the integral
(5). With the use of additional points the results
improve a little bit more. Results of such a cal-
culation with 18 points for the sum are presented
here in Figs. 1(a)-1(c) for the potential U(x)
=-2.365e "/)'. The figures are for three typical
values of the momentum 4=0.663, k =1.816, and
k =3.0, representing a small, medium, and a high
value and for which exact results are known. "
Comparison with the first and second Born. results
and the exact results show that our results for the
differential cross sections are really good and
much better than the second Born results, partic-
ularly for the intermediate momentum value k
= 1.816.

The calculation may still be improved by taking
a more general expression for the input trial func-
tion

f(p, k;) c(k)fa(p -k;) f, (p, k,.) =(a+ib) f (p-k,.}

+Q o,„q&„(p,k,.), (6)

f (p, k,.) —d(u)f, (k,.), (3b)

where c(k} and d(k) are some energy-dependent
complex quantities.

All these suggest that for the simplest compu-
tation following Das one may choose

f (p, k;)-=f' '(p, k;)
= Ia(i ) +if (u)]f, (p -k,.) . (4)

X/2-f' '(k„k,) I'«,
I

The calculation may further be simplified by
replacing the integral in (5}by suitable sums.
This procedure has been followed in calculating
the scattering amplitude in Ref. 7 for two particu-
lar potentials. One of these is the Yukawa poten-
tial -2.365e "/r and the other is the Gaussian po-
tential -e " . The results obtained appear to be
highly encouraging. For the shorter-range Gaus-

At this point another simplification is in order.
Both the input and the output functions vanish as
fast as fa(p) does when P-~ and that we are ul-
timately interested in the mass-shell values of the
output function (e.g., for p =kz). So as a measure
of the distance between the input and the output
functions one may fix p =k& and integrate over the
directions of kz only Thus in place of (2) one may
choose as an approximation for the norm the fol-
lowing:

where a„=a„+ib„anda+ib are complex energy-
dependent parameters and cp„'sare suitable known
functions. The parameters may again be estimated
by minimizing the distance between the input and
the output functions. Finally, the output function
with the above estimated parameters is to be taken
to represent the scattering amplitude.

fq =27( T(q),

where

r„,&e, I
vl=e', ), (8)

and where I4&) is the free wave function for the
final state, V is the interaction potential, and

I4;) is the scattering-state wave function which

B. The electron-atom collision problem

The scattering of electrons by an atom may be
described in terms of two scattering amplitudes.
One of these is the direct scattering amplitude f„
and the other is the exchange amplitude f,„.Now

for scattering at high or intermediate energies
the effect of exchange is small. The exchange
amplitude is usually calculated in the Ochkur ap-
proximation. ' The problem of determining ac-
curately the cross sections then reduces to obtain
the direct amplitude with reasonable accuracy.
This may be simply obtained following the method
of Das. %e now outline the method of Das for this
case.

The direct scattering amplitude may be written
as
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approaches asymptotically the free wave function
of the initial state. The scattering state I0"{)sat-
isfies the integral equation

From this it follows that

1
T (d)ng ~ (d)ni ~ d Pl ~ (d)nI g E ~ T(d)g g yI +2 g

Now multiplying this equation by V from the left
and then taking the scalar product with I4)„),an
arbitrary state of H„weget

(10)

where T«&„stands in general for the off-shell
T-matrix element for the transition (direct) from
the state "m" to the state "n" and T«&„,the cor-
responding Born term. Equation (11) is an infinite
set of coupled integral equations for the relevant
T-matrix elements. Writing I p„,((„)to designate
the state n more explicitly in which p„stands for
the momentum of the free electron and $„stands
for the bound-state energy of the atom, we have

T g) (P P 5 $ ) +(d) '(P P

pl +(d) I(np n PI i ~n & ~I} E 2 /2 T{l)l((PI p& & (I t ~&) '
r E —pr I — I+i (12)

Equation (12}is the generalization, for the elec-
tron-atom collision, of Eq. (1) of the potential
scattering case. En this case also one may try to
solve the equation approximately following a pro-
cedure similar to the one described in Sec. IIA.
Thus one may start by choosing a trial set of T-
matrix elements in some suitable function space

With these trial input functions one then cal-
culates the output functions from the right-hand
side of Eq. (12}. As usual the trial input functions
contain some variational parameters. These are
then estimated by minimizing the distance between
the input T-matrix elements and the output T-
matrix elements, where by distance we may mean
the I., norm

( 1/2

II
T"""—T(p)'ll =

I I
T"""—TIg")' I'd'p

& n

(13)
Let us now consider the electron-helium elastic-

scattering problem as an application. The asymp-
totic behavior of the relevant T-matrix element
may be obtained by making p„very large and noting
that

T&u& r(P Pzi ~ 4)

Thus the simplest input trial functions one may
choose are

T(u&n& =I:&)(+)+@(+}lT&e)n& ~

f&u&'=&fs, ++fs, ~ (16a)

f (u)
' =(fs, +&fs, &&

—f)fs, l)

+z(ass, +f&f, „), (leb)

where fs, is the first Born (direct} and fs +fs
is the second Born (direct) on-shell amplitudes,

fs, s and fs „b'eing the real and imaginary parts
offs, .

As in the case of potential scattering we may
take as an approximate measure of the distance
between the input and the output functions the quan-
tity

With this choice of the input T-matrix elements,
one obtains the input and the output scattering amp-
litudes as

vanishes faster than

~(l)n((pn Pj i 5n s 5&}

for all lti. One obtains in this way

T& &.;(P.-P;; 5. , 5;) -[&)'Ã }+ff&IH T( &.

where
(14a)

in which the integration is taken over the scatter-
ing angles. To make the calculation still simpler
one may replace the integral by a sum and put the
minimization problem as

»»& If""' f{& Ie=e ™n.-8= 8g

After solving this minimization problem one ob-
tains the minimizing values of a and Q Which we
denote by a~ and 5~. One may then take
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fd (fB ~fB R ~mjnfB I)

+~(a fe.,, +b . f...)

as the final result for the direct scattering amp-
litude. The differential cross section is then

l f~ f,„—l'. The calculation may be further im-
proved by making a better choice of the initial
trial function. An order of accuracy of the cal-
culation is also obtained from the minimized value
o& II f""" fg"-' ll'.

Similar steps may be followed in the inelastic
collision cases and suitable initial trial functions
may be obtained from the asymptotic behavior of
the equations corresponding to Eq. (12).

III. NUMERICAL COMPUTATION: RESULTS

In a computation in electron-helium elastic scat-
tering, which follows the method of Das, the first
thing to be done is to obtain the first and second
Born results in simple forms. So we use for the
wave function of the ground state of the helium
atom the same simple form as was used by Byron
and Joachain, ' together with their chosen value for
6 (the mean excitation energy), viz. , 6 =1.3 a.u.
We also take for the exchange amplitude the Ochkur
approximation result. Consequently our first Born
and the simplified second Born results for the di-
rect scattering amplitude and the result for the ex-
change amplitude are the same as those of Byron
and Joachain. ' We prefer again with Byron and
Joachain, ' to compute the second-order terms by
reducing these to integrals over single Feynman
parameters and finally evaluating these integrals
numerically. We used 64-point Gauss quadrature
for this purpose. We have compared the results
for integrals with those of Byron and Joachain for
300 eV and find good agreement in general. The
small differences which are observed are esti-
mated not to be significant. In our present study
we consider an energy range of 50-.700 eV and an
angular range of 0-180'. We have estimated the
variational parameters a and b from Eq. (17), the
summation having been evaluated for angles rang- .

ing from 0 to 180' at 5 intervals. It was esti-
mated that if one uses more points, the results
will not significantly change. With these esti-
mated values of the parameters, the direct part of
the scattering amplitude is evaluated from Eq. (18).
The calculated results for the differential cross
sections are presented in Tables I and II, and Figs.
2 and 3. In Table Iwe present the differential cross
sections for energies of 100, 200, 300, and 500
eV and for several scattering angles. In Table II
we compare our results with various theoretical
and experimental results. We have also included
in this table the results for first Born, first Born

TABLE I. Differential cross sections (10 ~ cm /sr)
for the elastic scattering of electrons by helium in the
energy range 100-500 eV.

(de eV) 100 200 300 500

5
10
20
30
40
50
60
70
80
90

120
150
180

0.589
0.421
0.225
0.141
0.0966
0.0675
0.0475
0.0341
0.0251
0.0192
0.0106
0.0077
0.0070

0.354
0.225
0.124
0.0748
0.0441
0.0263
0.0164
0.0108
0.0076
0.0056
0.0029
0.0021
0.0019

0.266
0.171
0.093 3
0.048 9
0.025 4
0.013 9
0.008 25
0.005 25
0.003 60
0.002 63
0.001 35
0.000 95
0.000 85

0.197
0.134
0.061 1
0.025 7
0.011 5
0.005 82
0.003 29
0.002 05
0.001 38
0.000 99
0.000 50
0.000 34
0.000 30

IV. COMPARISON WITH AVAILABLE RESULTS

The comparison that is made in Table II and Fig.
2 between our computed differential cross section
for the electron-helium elastic scattering and those
of other theories and experiments shows that our
results are quite good over the whole energy range

with exchange included, and the second Born (sim-
plified) results to give an idea how the present
scheme improves upon these first and second
Born results at different energies. Accuracy of
the differential cross section does not necessarily
imply accuracy of the scattering amplitude, so we
have presented our computed scattering amplitude
'and compared it with those of first and second
Born calculations in Table III. These results may
be useful to other workers in many connections.
In this table we have also included the exchange
amplitude to present a detailed idea about the im-
portance of exchange effects at different energies
and different scattering angles. We have also
studied the effect of the small variation of the mean
excitation energy 6 about the adopted value 1.3 a.u.
and find only a very few percents variation as is
evident from Table IV. In Table V, the dependence
of a . and b . on energy E is displayed. We have
also compared our results with various theoretical
and experimental results in several graphs. In
Fig. 2, the variation of the differential cross sec-
tion with angles has been compared for several
energies ranging from 100 to 500 eV. Finally,
dependence of the differential cross sections on
energy, for fixed scattering angles, has been com-
pared in Figs. 3(a)-3(c).
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FIG. 3. Variation of the calculated and observed differential cross section (10 6 cm jsr) with energy for the elastic
scattering of electrons by helium. For identification. of the theoretical curves and the experimental points see the fig-
ure caption under Fig. 2.

considered, viz. , 50-700 eV. Now the energy
range 50-200 eV may be considered as an inter-
mediate-energy range and the range 200-700 eV
may be considered as a high-energy range.

In the intermediate-energy range, defined as
above, our results are excellent except at the
lower end, e.g., 50 eV, where small discrepan-

cies are observed between our results and those of
the theoretical results of Labahn and Callaway and
the experimental results of McConkey and Pres-
ton. W'e do not expect our results for the differ-
ential cross section for such a low energy as 50
eV to be very good. Because at this energy the
exchange effect is quite considerable, and the
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TABLE HI. The scattering amplitude (in a.u.) for the elastic scattering of electrons by helium for intermidiate and

high energies.

(deg)

First
Born

(direct) Exchange

fai fex

100 eV

Second Born
(direct)

fB, +fB,
Present
(direct)

First
Born

(direct) Exchange

fB~ fex

300 eV

Second Born
(direct)
fB) +fB2

Present
(direct)

5 0.7849 -0.2691 1.6683 + 0.9127i
10 0.7637 -0.2605 1.442 + 0.8322i
20 0,6900, -0.2305 1.084 + 0.6161i
30 0.5950 -0.1924 0.8510 + 0.4372i
50 0.4170 -0.1231 0.5822 + 0.2629i
70 0.2948 -0.0781 0,4288 + 0.2070i
90 0.2199 -0.0522 0.3332 + 0.1833i

120 0.1595 -0.0329 0.2514+ 0.1635i
150 0.1325 -0.0249 0.2129 + 0.1526i

0.7374 + 1.249i
0.6675 + 1.029i
0.5937 + 0.6686i
0.5456+ 0,4542i
0.4014 + 0.2828i
0.2658 + 0.2261i
0.1743 + 0.1955i
0.1003 + 0.1666i
0.0686 + 0.1508i

0.7706
0.7125
0.5455
0.3931
0.2037
0.1261
0.0864
0.0590
0.0478

-0.0878
-0.0799
-0.0577
-0.0380
-0.0162
-0.0077
-0.0043
-0.0023
-0.0016

1.0493 + 0.6492i
0.8555 + 0.4516i
0.6233 + 0.2448i
0.4546+ 0.1732i
0.2451 + 0.1244i
0.1543 + 0.0990i
0.1068 + 0.0817i
0.0734 + 0.0658i
0.0596 + 0.0578i

I

0.7102 + 0.6671i
0.6494 + 0.4354i
0.5270 + 0.236li
0.3815 + 0.1707i
0.1870+0.1211i
0.1000 + 0.0937i
0.0605 + 0.0757i
0.0354 + 0.0598i
0.0259 + 0.0521i

(deg)

First
Born

(direct) Exchange

f8g ' fex

500 eV
Second Born

(direct)
fBg +f82

Present
(direct)

5 0.7569
10 0.6674
20 0.4510
30 0.2914
50 0.1376
70 0.0793
90 0.0533

120 0.0354
150 0.0290

-0.0515
-0.0443
-0.0272
-0.0154
-0.0053
-0.0022
-0.0012
-0.0006
-0.0004

0.8855 + 0.4710i
0.7311+0.2885i
0.4924 + 0.1559i
0.3233 + 0.1169i
0.1561+ 0.0822i
0.0908+ 0.0617i
0.0612 + 0.0487i
0.0408 + 0.0378i
0.0334+ 0.0326i

0.7020 + 0.4605i
0.6338 + 0.2752i
0.4420 + 0.1519i
0.2804 + 0.1144i
0.1209 + 0.0786i
0.0631 + 0.0578i
0.0389 + 0.0452i
0.0238 + 0.0347i
0.0181 + 0.0299i

TABLE IV. Dependence of the differential cross sec-
tion {a20/sr) on &, the mean excitation energy (E= 200
eV).

8

(deg. )

&=1.2
(a.u.)

&= 1.3
{a.u.)

Ochkur approximation result is not expected to
be very good (however, we expect our results for
the direct scattering amplitude to be sufficiently
accurate}. At 50-eV energy the exchange ampli-
tude is l 2 to 4 times. larger in magnitude (but op-
posite in sign) compared to the real part of our
computed direct amplitude but 12 to 3 times
smaller in magnitude compared to the imaginary
parts over the angular range considered. As a
result we have the observed small discrepancies
over the whole angular range. As the energy in-
creases the exchange amplitude quickly falls off.

So that at 80-eV energy, the exchange amplitude
becomes less in magnitude everywhere than the
real part of the computed direct amplitude and be-
comes 2& to 4 times smaller in magnitude com-
pared to the imaginary part. Consequently the re-
sults for the differential cross sections become
excellent at 80 eV and for hi.gher energies as well.
Now in this intermediate-energy range our results
agree closely with the theoretical results of Labahn
and Callaway except at large angles. At large
angles their results tend toward inaccuracy.

Let us next consider the behavior of our results
for the differential cross section at high energies.
Again comparison shows that in the high-energy
range 200-700 eV our results agree nicely with the
EBS results of Byron and Joachain, ' except at very
small angles. In this energy range the agreement
of our results with the experimental results is

TABLZ V. Dependence of vatiational parameters a i,
and bmin on energy.

10
30
50
90

120

0.7784
0.2661
0.0932
0.0197
0.0103

0.8054
0.2675
0.0940
0.0200
0.0105

amin

&min

0.5334
0.8632

0.7145
0.6627

0.7850
0.5652

100 eV 200 eV 300 eV 500 eV

0.8527
0.4586
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again excellent except at small angles. Ai small
angles our results are several precepts less and
the EBS results are several percents greater com-
pared to the experimental results. At the upper
end of this energy range the EBS results are better
at small angles compared to ours but at large
angles our results appear to be better. Regarding
the accuracies of the various experimental results
we have the feeling that the following groups of
experimental results are likely to be most reli-
able: (i) all the results of Zansen et al. ,

" (ii} the
results of Mct. onkey and Preston, ' except their
large angle results for 100-eV energy, (iii) the
results of Br'omberg, "and of (iv) Chamberla, in
et al. ,

" (v) the large-angle results of boost et al."
and of (vi) Crooks and Rudd, " (vii) the large-angle
results of Kurepa and Vuskovic except their 100-
eV results, (viii) the high-energy results of Oda

et al."and of (ix) Sethuraman et al. ,
"and the most

recent measurements of Register et a/. "for 100-
eV energy. Some of the other experimental re-
sults, perhaps, have large errors.

We now consider the curves in Fig. 3 which rep-
resent the variation of the cross section with en-
ergy for fixed scattering angle and show that the
results of Byron-and Soachain are expected to be
very poor for energy less than 100 eV. The re-
sults of Labahn and Callaway, on the other hand,
appear to be poor only at high energies (say for
energy &300 eV}. Our results appear to be good
both at very high energies (say for energy &500

eV) and for intermediate energies (say &150 eV).
In between these ranges our 10 results are poor.
The curves, representing large angle (say & 50'}
scattering cross sections, show that our results
are excellent for all energies &50 eV. At lower
energies there are some errors. For these large
scattering angles the results-of Byron and Joachain
are bad for E =100 eV and expected to be very bad
for E&100 eV, where as the results of Labahn and
Callaway are bad only for high energies.

In the present context let us see the behavior of
the first and second Born (simplified} results for
different energies. Comparison shows that the
first Born differential cross sections are bad even
at 300 eV, especially at small angles. Inclusion
of exchange improves the results very much. In
fact, the first Born results with exchange included
are very good for energies E&200 eV, except at
small angles. The second Born (simplified} differ-
ential cross sections are bad even at 500 eV. How-
ever, the second Born results systematically im-
prove as the energy increases. The behavior of
the present computed results in relation to first
Born and second Born results are more or less
the same as previously observed by Das' for poten-
tial scattering. The main difference is in the value

of wave number k for which results behave simi-
larly regarding accuracies (compare Table II of
Ref. 7 with Table IlI of the present article}.

Now we look at Table III for the scattering amp-
litude. For energies of 50 or 100 eV, the present
results differ widely from the first Born and sec-
ond Born amplitudes. For example, at a scatter-
ing angle of 5 and energy 100 eV, the direct scat-
tering amplitude for the first Born, second Born,
and the, present calculations are 0.785, 1.67
+0.913i, and 0.737+1.25i a.u. , respectively. So
the real part of the present result is approximate-
ly the same as the first Born result but less than
half of the real part of the second Born result.
The imaginary part of our result is approximate-
ly one and half times that of the second Born re-
sult. For larger angles the same is nearly true
for the real parts, but for imaginary parts the
differences between our results and those of sec-
ond Born results become smaller. At higher en-
ergies, say 300 eV, the first Born and second Born
'amplitudes still appear to be very inaccurate. At
these energies the present results differ from the
corresponding first Born results by phases larger
than &m and from the corresponding second Born
results, moduli larger than 50%. Even at an en-
ergy of 500 eV, the present results differ. from
first Born results by as large as &w phases. At
this energy our results and second Born results
are quite close. The degree of closeness of our
computed amplitudes and the second Born amp1. i-
tude may be represented by the estimated values
of the variational parameters a~ and b~. The
values of a~ and 5~ are presented in Table V.
For lower energies the estimated values of a are
observed to be small (nearer to 0} and those of 5
are large (nearer to 1). Thus at E =50 eV, a~
= 0.1 and 5~= 1. As energy increases a~ contin-
uously increases to the value 1 and b~ continu-
ously diminishes to the value 0. So in the limit
our results approach the second Born results.
That the second Born results are not accurate
even at 300 eV is simply reQected from the esti-
mates a~=0.7850 and g . =0.5652 at this energy.
Minimum value of Ilf """-f '"

ll

' also gives a
measure of accuracy of the computation. We have
checked that in general these minimum values are
within 5-10% of )) f ))' reflecting that our results
are generally within 5-10% in error.

V. CONCLUDING REMARKS

The present study clearly indicates that the
theoretical procedure suggested by Das is as
successful in treating the problem of elastic scat-
tering of electrons by a helium atom as it is in the
case of potential scattering at intermediate and
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high energies. The procedure is especially suit-
able for intermediate energies. The same suc-
cess may be expected in cases of elastic or in-
elastic scattering of electrons by other atoms.
The method may be applied in many other problems
of atomic or nuclear physics. In problems where
there are no exchange effects, such as positron-
hebum or proton-helium scattering, the method
is expected not only to yield very accurate results
at intermediate energies but is expected to yield
good results for low energies. as well. In prob-
lems where there are exchange effects, accurate
results may possibly be obtained for low energies

by computing both the direct and the exchange
amplitude following the procedure. Explicit cal-
culations to verify these expectations are in pro-
gress.
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