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Radiative collisional quenching of metastable muonic hydrogen pp (2s j and the metastable
muonic helium ion ap (2gI
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Fully quantum-mechanical calculations have been performed to determine the radiative collisional cross sections
for quenching of metastable muonic hydrogen pp (2s) by normal hydrogen atoms and for quenching of the
metastable muonic helium ion ap (2s) by normal helium atoms. The interatomic potential curves and the radiative
transition rates for the mixed electronic-muonic systems are calculated using molecular-structure methods. The
nuclear motion is treated as adiabatic and the interaction is written in terms of a complex potential. The cross
sections are evaluated by direct numerical integration of the Schrodinger equation. The two-body thermal (300 K)
quenching rate constants obtained are 3.7 X 10 "cm'/sec for pp and 6.0p 10 "cm'/sec for ap

I. INTRODUCTION

The metastable muonic helium positive ion
o.is, (2s) has been obtained experimentally by
stopping negative muons in gaseous helium. '
There is also considerable interest in forming
the 28 metastable state of muonic hydrogen, as
yet unobserved. ' Precise measurements on the
n =2 states by laser spectroscopy can provide
important tests of quantum electrodynamics, '
nuclear structure, 4 and possibly weak neutral-
current effects. ' Once formed, an isolated metas-
table muonic atom (or ion) lasts until destroyed
by free-muon decay, two-photon radiation, or,
much less likely, nuclear capture. . The exper-
iments are usually done in a dense gas however,
so other deexcitation channels are available,
mainly collision-induced radiation (Stark effect)
and Auger ionization of an electron from another
atom." If these eollisional quenching processes
reduce the lifetime of the metastable species
much below j. p. sec, laser spectroscopy becomes
considerably more difficult. ' In fact, experi-
ments with muonic helium have shown very little
pressure dependence of the metastable lifetime
at pressures between 7 and 50 atm (Ref. 1). The-
ory is in agreement that the external Auger pro-
cess is unlikely, ' but has predicted radiative
quenching rates much faster than the experi-
mental upper limit for muonic helium.

Mueller et a3.' attributed this discrepancy to
uncertainties in the values of the interatomic po-
tential used in the calculations. The previous
theoretical treatments, by Mueller et al. and

Carboni and Pitzurra, 9 of radiative quenching of
ctp (2s) in collisions with He have relied on the
fact that the small muonic helium ion interacts
with the electronic helium atom much as does a
proton. The interatomic potential was thus taken
to be the same as for the HeH' molecule and ex-
trapolated by a Morse potential. In addition, they
treated the adiabatic interaction perturbatively
as linear Stark mixing between the 2s and 2P
muonic atomic states; the effective electric fiel.d
was determined by applying the Hellmann-Feyn-
man theorem" with the HeH' interatomic poten-
tial. The above approximations seem reasonable,
but we decided to eliminate them by determining
the quasimol. ecular structure more directly since,
as observed in both theoretical. papers, the
quenching rate is strongly dependent on the
short-range interaction between the muonic hei. ium
ion and the. helium atom.

As demonstrated by Muell. er zP a$. ,
' the adiabatic

description of thermal-energy collisions of np.
with He or Pp, with H is well justified. We de-
termine the wave functions and potential energies
in the Born-Oppenheimer approximation by de-
scribing the muon and electrons with basis set
expansions and performing variational. calcula-
tions. The transition moment as a function of
internuclear distance is calculated with these
wave functions. Using these results a compl. ex
potential is formed and the cross sections are
evaluated quantum mechanical. ly. The resulting
rate for quenching of ctp(2s) in therma, l collis-
ions with the He atom is still. much larger than
that observed experimentally. We feel that this
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strongly indicates that two-body collisions be-
tween the muonic helium ion and helium atoms
are somehow precluded under the experimental
conditions. Possible mechanisms for shielding
muonic helium are mentioned in Sec. IV. It is
important to observe that these mechanisms do
not apply to the muonic hydrogen atom.

II. INTERATOMIC INTERACTIONS

A. Method
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The quasimolecular structure calculations are
done using a configuration-interaction code based
on Slater-orbital nonorthogonal valence-bond con-
figurations. To treat the muon consistently with
the electrons, we modified the standard elec-
tronic-structure code" as follows: (i) The ap-
propriate kinetic-energy operators are divided
by the reduced mass of the muon (185.9m, for
Pp, and 201.1m, for np), (ii) , a new block for the
muon is included in the Slater determinant, "and
(iii) the Lamb shift is taken into account by a
one-particle effective operator. In addition to
these fundamental changes, care has to be ex-
ercised in the evaluation of integrals involving
both muonic and el.ectronic orbitals since the size
of these orbitals typically differ enormously.

It will be noticed that in both the interactions of
concern here, pp. with H and np. with He, the
nuclei of the interacting atoms are identical. In
principle, this implies that the wave functions
should be required to have inversion symmetry.
However, since the overlap of a muonic orbital
on one nucleus with a similar orbital on the other
nucleus is negligible at internuclear distances R
of the order of la„ the effect of this symmetry on
the wave function is also negligible except at
very small R. In thermal collisions between up.
and He such close approaches are prevented by
the Coulomb barrier. On the other hand, since
P p. is neutral. , muonic hydrogen can approach a
hydrogen nucleus to within a distance of a few
a„(la„=0.005ao), where inversion symmetry
does play a significant role. Nevertheless the
effect on the radiative collision cross section is
very small. .

B. Interaction of pp with 8

A schematic diagram of the energy levels of
muonic hydrogen is given in Fig. 1. In the cal-
culations the fine and hyperfine structure splitt-
ings are ignored, leaving the average shift of the
2s level relative to the 2p level, taken as -0.0075
a.u. This splitting is introduced by an effective
operator which gives zero except when acting on
muonic s orbitals. The wave function consists

2
I/2

FIG. 1. Schematic diagram of energy levels. In
muonie hydrogen (pp ), Sq=0. 21 eV, S2 ——0. 22 eV, and
68=1.9 keV. For the muonic helium ion (e p-), S&

=1.38 eV, ~2=1.53 eV, and bE= 8.2 keV. The hyper-
fine structure is not shown. [See V. W. Hughes and
T. Kinoshita, in Muon Physics, edited by V. W. Hughes
and C. S. Wu (Academic, New York, 1977), Vol. I,
pp. 124-127.j

of fOur terms: 1Sea1S@by 1Seals pb~ 1Sea2Seby

1s„2p», where a or 5 designates the nuclear
center, e or p, designates electronic or muonic,
and a prime distinguishes a second orbital of the
same quantum numbers but different exponents.
Trial calculations were performed in which the
orbital exponents were optimized, additional
electronic orbitals were added, or inversion sym-
metry was enforced. These tests showed that the
four-term wave function with hydrogenic orbitals
is adequate for R ~ 0.2a, .

The second lowest eigenvalue in the variational
calculation corresponds to the adiabatic inter-
action of Pp (2s) with H. The electric-dipole
transition moment p. (R) connecting this state with
the adiabatic ground state was calculated using
the variationa1 wave functions. The transition
moments computed in the length and velocity
formulations agree to 3 or 4 significant figures.
The results for the interatomic potential energy
V, the energy difference &E between the two
adiabatic states, and the transition moment p, are
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given as a function of R in Table I. In addition,
the transition rate at fixed R, which is given by
the Einstein A coefficient

&(&)= 8,, [«(&)]'I ~(&)I ',

where c is the velocity of light and the degeneracy
g is 1 here, is listed. The potential curve and
transition rate are plotted in Fig. 2. At R ~2a„
the values of p, and A decrease nearly exponen-
tially with R, as the charge of the hydrogen nu-
cleus becomes better shielded by the electronic
charge cloud.

At R &0.1a, the potential was taken as the aver-
age of those obtained enforcing gerade and un-
gerade inversion symmetry (the resulting curve
has a minimum at R = 0.08a,). The cross section
is insensiti:ve to the potential at such small R so
this approximation is quite adequate.

TABLE I. Interaction ofp p with H.

g(ap) P(a.u.) Q E(a.u.) p. (a.u ) c A(a.u.)

0.1
0.2
0.4
0.6
0.8
1.0
1.2
1.4
1.6
1.8
2.0
2.5
3.0

-1.790 756
-0.419039
-0.095 342
-0.036 781
-0.016 760
-0.007 999
-0.003 763
-0.001 697
-0.000 736
-0.000 315
-0.000 136
-0.000 019
-0.000 004

67.92
69.29
69.62
69.68
69.70
69.70
69.71
69.71
69.71
69.71
69.71
69.71
69.71

3.042 x10
2.912 x10 3

2.821 x 10 3

2.725 x10
2.578xlp 3

2.347x10 3

2.005 x10
1.571 x10 3

1.129x 10 3

7.639 xlp 4

5.023x10 4

1.717x10 4

5,939x10 5

1.50xlp 6

1.46xlp 8

1.39x10 8

1.30 x 10
1.17x10 6

9.66 x10
7,06 x 1P
4.33xlp ~

2.24x10 7

1.02 x10 ~

4.43 x 10
5.17x10 '
6.19x10 "

' 1ap —p.529 18 x1p cm.
1 a.u. =27.212 eV.

'1 a.u. (electric dipole moment) =2.542 D.

C. Interaction of np- with He

To a good first approximation the interatomic
potential of O, p, +He is just that of HeH' in the
thermally accessible region. Hence the first
step was to obtain a good small wave function for
this simple molecule. The HeH' wave function
chosen consists of nine terms of 'Z symmetry,

g(HeH') =c,(ls„,)'+c,(2s„,)'+c,(ls„,2s„,)
+ c,(2p'„, )'+c,(2p„', )'+c,(is/, 2p'„, )

+ c,(ls„', ls„)+ c,(ls „' 2s „)+ c,(lsse 2p se) .

(2)

The orbital. exponents were optimized at each
internuclear distance considered. Near the
minimum R, of the potential curve, the values
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FIG. 2. Potential energy and radiative transition rate
for pp (2s)+ H as a function of internuclear distance.

1 dV(ft)
e dR

The transition rate is so small at R ~R, that the
change of sign is of only academic interest. The
potential curve and transition rate are plotted in
Fig. 3. At a given internuclear distance the ma-

of the exponents are n(isa, ) = 2.43, n(isa, ) = 1.94,
n(2ss, ) =1.98, n(2PH, ) =2.77, n(2Ps. ) =2.58,
n(isa} =1.19, n(2ss) =1.19, and n(2Ps} =1.86.
The dissociation energy obtained is 1.995 eV, to
be compared with the very accurate theoretical
value' 2.04 eV and the experimental value"
2.0+ 0.1 eV. The potential curve was found to
be attractive at all R&R, . -

The relevant energy levels of the muonic helium
ion are given in Fig. 1. The average 2s-2P
splitting, 0.054 a.u. , is taken into account in the
same manner as for muonic hydrogen. A 36-term
wave function for P p, +He is formed by replacing
the hydrogen nucleus in HeH' by a helium nucleus
with a muonic orbital, 1s„, 1s„', 2s„, or 2p„.
As before, the muonic orbital. exponents are taken
as hydrogenic (with Z =2 here). The adiabatic
interaction between np, (2s) and He is given by the
tenth eigenvalue in the variational calculation.
The dipole transition moment between this state
and the ground state was calculated in the length
and velocity formulations and the two are in good
agreement as in the case of P p. +H. The results
for V, 4E, p. , and A are given in Table II. It
may be observed that the dipole transition matrix
el.ement changes sign near the minimum of the
potential curve. This behavior can be interpreted
as a result of the Stark electric field changing
direction; for examjle, if the Hellmann-Feynman
theorem' is assumed then the electric field along
the internuclear axis is
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TABLE II. Interaction of np, with He.

a(a()

0.1
Q.3
0.5
Q.7
0.9
1.0
1.1
1.2
1.3
1.4
1.4632
1.5

&(a.u. )

14.241 38
2.917 31

0.942 95
0.30421
0.059.90
0.000 95

-0.035 21
-0.056 43
-0,067 78
-0.072 65
-O.Q73 43
-0.07328

AZ(a. u.)

300.12
301.53
301.63
301.65
301.65
301.65
301.65
301.65
301.65
301.65
301.65
301.65

p, (a.u.)

1.337 x 10
1.193x 10
8.712 x 10
4.490 x 10
1.895 x 10
1.188 x10
7.192 x10
4,088 x10
2.048 x10
6.973x10 '
9.361x 10

-1.822 x 10

A(a.u.)

2.50 x 10 ~

2.02x10 '
1 08 x10
2.87 x 10

11x10
2.01 x10
7.36 x10
2 38 x10
5 96 x10
6.91x10 ~0

1.25 x10
4 72x]0-ii

dQ (a.u.)

-1.526 15
—0.122 09
-Q.026 31
-0.00428
-0.00100
-0.000 56
—0.000 36
-0.000 26
-Q.QQO 19
-0.00016
-0.000 14
-0.000 13

'Ay=@(IIe+ ep, )-V|,He+ H').

trix el.ement p, tends to be smaller for helium
than for hydrogen, mainly because of the larger
Lamb shift in helium; this effect is opposed in
the transition rate A. by the larger transition
energy &E of muonic helium. The difference &V
between the interatomic potential energies of
He+ o.p, (2s) and He+8' is also given in Table H.
In the thermally accessibl. e region the potential
curve of HeH' approximates that of He+ ag to
within about 0.02 eV.

1.2

~ 0.8-
C0

I

O
0.4—

t l

ap. (2s)+ He

0
0.08

0.04—

-0.04-

-0.08
0.5 l.O l.5 2.0 2.5 3.0

R(a )

FIG. 3. Potential energy and radiative transition rate
for a.p-(2s) +He as a function of internuclear distance.

III. RADIATIVE COLLISIONAL CROSS SECTIONS

The radiative decay of the adiabatic state formed
in the interaction of the metastable muonic atom
(or ion) with the normal atom can be described
quantum mechanically by a complex potential"

lV(R) = V(R) —;i%4(R).

Scattering by this potential results in complex

partial. -wave phase shifts

Ol + 27]i 'R

The cross section for a radiative transition is
then given by

7r Io= —,Q(2l+1)(l —e '"')

(5)

in mhich k is the wave number corresponding to
the relative motion of the nuclei. The sum ex-
tends over all integral values of l since we have
ignored 'nuclear symmetry. The phase shifts
were evaluated both in the JWKB approximation
and by direct numerical integration of the partial-
wave equations

For collisions of o.p, with He the semiclassical
approximation is adequate. However, for col.-
lisions of pu with H the fully quantum-mechanical
treatment is preferable since orbiting resonances
contribute significantly to the lorn-energy scatter-
ing.

The radiative transition cross sections are
shown in Figs. 4 and 5 for P p. and np, , respec-
tively. The structure exhibited by the cross sec-
tions at low collision energy is due principally to
the effects of the centrifugal barriers and a given
peak can general. ly be associated with a single
partial wave. Of particular importance are the
prominent orbiting resonances in the cross sec-
tions for P p, +H, which may be expected to dom-
inate thermal scattering.

The collisions of Pp. with 8 and o.p. with He
are qualitatively different in one respect. As can
be observed from Fig. 2, very. close collisions
between P p, and H can occur even near zero en-
ergy, so that the quenching occurs in the region
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FlG. 4. Hadiative quenching cross section for colli-
sions of pp (2s} with H as a function of center-of-mass
energy. The' peaks due to E= 0 to 5 are labeled.
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FIG. 5. Radiative quenching cross section for colli-
sions of o.p "(2s}with He as a function of center-of-mass
energy.

where the transition rate A. is not a strong func-
tion of B. Consequently, except near energies
where orbiting can occur, the cross section tends
to decrease with increasing coll. ision energy simply
because the system spends less time in the strong
transition region. On the other hand, it may be
observed from Fig. 3 that the nuclear repulsion
between +AU. and He requires quenching of ap. in
thermal coBisions to occur at distances where the
transition rate decreases rapidly as R increases,
i.e., at distances where the nucleus of He is still
significantly shielded by its electrons. Conse-
quently, the quenching occurs almost completely
near the classical turning point. This distance is
small enough that radiation still occurs in low-
energy collisions and the low-energy behavior of
the cross section is similar to that for Pp, +H.
However, at E= 2 eV the cross section begins
slowly to rise again as the ion penetrates to dis-

tances where the transition rate is considerably
larger (it peaks at E= 60 eV). Of course, this
behavior may not actually be seen since in all of
the present calculations we have ignored inelas-
tic channels. The 2s - 2p inelastic excitation"
becomes energetically possible at a center-of-
mass col.lision energy of 0.2 eV for p p, +H and
1.4 eV for np. +He. Under experimental. condi-
tions it appears that energy loss is fast enough
to slow a significant fraction of the muonic atoms
to kinetic energies below the inelastic threshold"
even in the case of p p,

IV. DISCUSSION

Our cross section for pp. (2s)+H is somewhat
larger than that obtained by Mueller et al. ' We
found that the fully quantum-mechanical treat-
ment is required in order to treat accurately the
shape resonances which dominate thermal-energy
scattering in hydrogen. For np, (2s)+He our
quantal and semiclassical results are in close
agreement. However, the cross section is about
an order of magnitude larger than the "quantum-
mechanical" result of Muel. ler et al. and about a
factor of 3 larger than their "classical-path" re-
sult. We do not know the source of either the
large discrepancy with our calculation or the
large difference between the two results -of

Mueller et al. , but we suspect numerical errors
in their work.

The radiative collisional. cross sections pre-
sented in Sec. III imply thermal (300 K) rate con-
stants of 3.7 && 10 " cm'/sec for quenching of

p p. (2s) by H and 6.0 x 10 "cm'/sec for quench-
ing of o.p, (2s) by He (the corresponding average
cross sections are 1.1~10 "and 3.4~ 10 "cm',
respectively). In principle, these rates should
be lower limits on the total. quenching rates for
the two-body collisions. Additional quenching
may occur via formation of a bound molecule, '"
(Heo. p )' or Hpg . However, the rate obtained
here for quenching of o.p, (2s) in collisions with
helium atoms is already much larger than the ex-
perimentally placed upper limit. ' Since we have
avoided approximations made in previous calcula-
tions and still obtain a quenching rate much larger
than. observed, we conclude that two-body col-
l.isions between np and He must not freely occur
under the experimental conditions (pressures be-
tween 7 and 50 atm). One mechanism for pre-
venting radiative collisions would be neutraliza-
tion of the muonic helium ion by addition of an elec-
tron. The interatomic potential curve would then
be like that of HeH which is repulsive, except for
a long-range van der Waals wel. l, and the Stark
mixing at the distance of closest approach would
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be extremely small. However, there are two
problems with this mechanism: (i) The electron
is not readily available since the ionization po-
tential of He is greater than that of up, e, and
(ii) the internal Auger process would occur at a
rate 1.70 x 10'jsec (obtained using the theory of
Burbidge and de Borde"). This is slow for an
internal Auger rate but still much faster than the
observed quenching rate. A more likely mechan-
ism for preventing radiative collisions is by
formation of a cluster of helium atoms about the
muonic helium ion as discussed by Bertin e~ a~.'

If the atoms are symmetrically placed about the
ion, there is no net Stark mixing in first order.
Note that neither of these mechanisms would

apply to muonic hydrogen since pp is a neutral
species. Experiments with P p, (2s) at high pres-
sures may still have to contend with the theo-
retically predicted short lifetime.
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