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Theoretical estimates for the quadrupole polarizability u and the dynamical correlation factor P are.presented for
66 ions in the Li, Na, and Cu isoelectronic sequences. Unlike the dipole polarizability, the theoretical values for
these quantities do not agree with analogous empirical parameters deduced from spectroscopic data for the Be, Mg,
and Zn isoelectronic sequences using an unpenetrated deformable core model. However, modifications to this model
have been suggested which utilize these theoretical values in the prediction of transition wavelengths.

Accurate estimates of transition wavelengths
between high n and l states in two valence electron
ions are valuable, e.g. , in providing wavelength
calibration standards for fast ion beam spectro-
scopic sources. ' In these alkaline earthlike sys-
tems the quasi-hydrogenlike outer electron has
the hydrogenic degeneracy broken by the strong
polarizability of the alkalilike core, providing
easily distinguished and well separated families
of lines. Existing spectroscopic data for such
systems have been successfully parametrized
using a deformable core model, and Dalgarno and
Shorer' have recently proposed a semiempirical
method which utilizes theoretical polarizabilities
and non adiabatic corrections to predict unknown
transition wavelengths. The purpose of this note
is to provide a tabulation of theoretical quadrupole
polarizabilities and dynamical correlation factors
for one valence electron cores (two valence elec-
tron spectra) and to exa.mine some of the diffi-
culties which arise in their interpretation when
compared with empirical results.

Term values for states in which one electron has
n and l (principal and orbital angular momentum)
quantum numbers much higher than those of any
of the other electrons can often be accurately
represented by the formula'

T =T„+B,(r ') +B,(r~),
where T is the physical term value, T„, (r~),
and (r ') are hydrogenlike calculations for the
term value and radial expectation values for a
single electron orbiting a deformable core of
charge ge, and B4 and I3, are empirically deduced
constants. For ions in the alkalilike I I (Ref. 4)
and Na (Ref. 6) isoelectronic sequences, Eq. (1)

(2)

(3)

&4 =&~

B,=a, —6P,
where a~ and n, are the dipolar and quadrupolar
polarizabilities of the core, and P is a measure
of the inability of the core to follow the motion of
the outer electron. Here quantities are expressed
with 7.' and T„ in units of the Rydberg energy 8,
~ in units of the Bohr radius a„n„ in units of
a', , and n, and P units of a,'. (Since the radial
expectation''values are here defined in terms of
core charge scaled hydrogenlike wave functions,
they contain implicitly the appropriate powers
of f.) Empirical i'its of spectroscopic data to
Eq. (1) indicate that B, is well represented by
Eq. (2), but as will be seen below, B, is not ac-
curately represented by Eq. (3) unless there is
some reinterpretation of the quantities T„, (r~),

has been found to describe reasonably well all
states for which the orbital angular momentum of
the valence electron exceeds that of any of the
electrons in the inert gaslike core. For the alka-
line earthlike Be (Refs. 6 and 7) and Mg (Refs. 8-
11) isolectronic sequences, term values have also
been found to be described by Eq (1), .provided
the analysis is restricted to much higher angular
momenta I ~ 5. It has been suggested'" that this
formalism might also be applicable to k = 3 and 4
terms in alkaline earths if appropriate penetration
corrections were made to the radial expectation
values.

If Eq. (1) is compared with the theoretica. l
expression for a long range nonpenetrating elec-
tron-ion interaction" ' the B4 and B, values can
be associated with theoretically calculable quan-
tities. In this model
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and &r~).
The quantities c(, and P are proportional to

weighted sums of squares of the ground-state
transition moment &n,s

I
r

I
np), and can thus be

expressed as sums of the corresponding oscil-
lator strengths f„,„,weighted by reciprocal
powers of the appropriate differences between
the energy levels E„„and are given by"

=4R2
(E E )» (4)

P =4ft3 g """',. (5)
nano nP nos

Thus n~ and P can easily be obtained from any
comprehensive compilation of oscillator strengths.
For these two valence electron spectra the cores

are alkalilike, and these sums are dominated by
the strong &n =0 resonance transition. Uncer-
tainties due to truncations in these sums can also
be estimated ' by using f sum rules and limiting
series wavelengths, but these are generally very
small for alkalilike systems. The quantity n, is
proportional to the square of the ground-state
quadrupole matrix element &n,s Ir'I nd). This can
be calculated directly, but it can also be obtained
from sums of dipole matrix elements, by virtue of

&n,s Ir' Ind& =+ &n,s
I
r

I
n'p)&n'p

I
r

I
nd& (6)

and, therefore, n, can also be deduced from a
complilation of oscillator strengths. Using the
definitions of c(, (Ref. 14) and f„, „..., (Ref. 15)
it can be shown that

(7)

Here (-)~ is the relative sign of &n,s
I
r

I
n'p) and

&n'p
I
r

I
nd), which can be determined by a simple

graphical method" using effective quantum num-
bers and quantum defect theory (No.tice that for
n'y n the tabulated absorption oscillator strength
f„„„.~ must be multiplied by —r5to account for the
reversal of the degeneracies and sign of the en-
ergy difference. )

We have earlier" used Eq. (4) and the oscillator
strength compilations of Ref. 15 to estimate ~,
for the Li, Na, and Cu core sequences, which
were found to predict values of 84 which were
systematically about 10% higher than available
empirical values for the Be and Mg spectral
sequences. Similar calculations for a, and P are
presented in Table I, obtained using Eqs. (7) and
(5) and the oscillator strength compilations of
Refs 15 and 18. . (For c(, the n sum was truncated
in cases where the tabulations of Ref. 15 went
to very high n, since these contributions can be
strongly affected by neglected contributions of
very high n'. ) These compilations are based on
the numerical Coulomb approximation, and were
selected for use here because they provide a com-
prehensive set of values up to high stages of ion-
ization for all three of these isoelectronic se-
quences. Compilations of nonrelativistic Hartree-
Fock calculations up to fairly high stages of ion-
ization are also available for the Li (Ref. 19) and
Na (Ref. 20) isoelectronic sequences, and rela-
tivistic Hartree-Fock calculations" are available
for many ions in the Cu sequence. A comparison
indicates that the numerical Coulomb and Hartree-
Fock compilations yield essentially equivalent
results for cl., and P for the Li sequence and for
the higher ionization stages of the Na and Cu se-

I

quences, while for few times ionized members
of the Na and Cu sequences the numerical Coulomb
method yields slightly lower values than the other
methods. For the ions Be"-Al' ' and Mg"-8"
direct Hartree-Fock calculations for o(, (Refs.
22 and 23) are available, and these results can
be duplicated and extended by inserting the
Hartree-Fock oscillator strengths" "into Eq.
(7). Quadrupole polarizabilities for the Li and
Na isoelectronic sequences have been estimated
recently by Kastner and Wolf'4 using an extra-
polation method. Their values for Li are in rea-
sonable agreement with the values in Table I and
Hefs. 22 and 23, but their values for the Na se-
quence differ substantially from other available
results.

Table I also lists values for a, —6P, juxtiposed
with all published values for B,. lt is clear that
a, -6P is dominated by P, and is negative for all
ions in all three sequences, in marked contrast
to the empirical values for J3,. Penetration ef-
fects have been cited" as a possible cause for
this disagreement, although there are many other
interactions which could lead to an incomplete
separation of the active electrons from the core.
Dalgarno and Shorer' have suggested an alter-
native empirical approach to Eq. (1) in which
penetration corrections to T~ are made using a
Dirac-Hartree-Fock representation of the core
orbitals, and the termination of the polarization
interaction within the core is represented by an
empirically determined small-x cutoff radius in
each of the expectation values &r~) and &r~) This.
model utilizes theoretical values for n„n„and
p, as given in Ref. 17 and Table I, with the pa-
rametrization residing entirely in the empirical
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cut-off radii.
Although term value measurements for high n

and E states are presently sparse, such states
are copiously produced in low-density light
sources such as beam-foil excitation. The results

in Table I can thus be used to test polarization
models such as the one proposed by Dalgarno and
Shorer' when measurements for higher ionization
stages in these sequences become available.

H. G. Berry, R. De Serio, and A. E. Livingston, Phys.
Rev. Lett. 41, 1652 (1979).

A. Dalgarno and P. Shorer, Phys. Rev. A 20, 1307
(1979).

38. Edlen, in Handbuch der Physik, edited by S. Fliigge
(Springer, Berlin, 1964), Vol. XXVII, pp. 125-129.

4B. Edlen, Phys. Scr. 19, 255 (1979).
B.Edlen, Phys. Scr. 17, 565 (1978).

6R. Hallin, Ark. Fys. 32, 201 (1966).
YK. Bockasten and K. B. Johansson, Ark. Fys. 38, 563

(1968).
Y. G. Toresson, Ark. Fys. 18, 389 (1960).

9P. O. Zetterberg and C. E. Magnusson, Phys. Scr, 15,
189 (1977).
B. I. Dynefors and I. Martinson, Phys. Scr. 17, 123
(1978).

~~S. Bashkin, S. Bromander, J. A. Leavitt, and I. Mart-
inson, Phys. Scr. 8, 285 (1973).
P. Vogel, Nucl. Instrum. Methods 110, 241 (1973).

i3H. Eissa and U. Opik, Proc. Phys, Soc. London 92,
556 (1967).

' C. J.Kleinman, Y. Hahn, and L. Spruch, Phys. Rev.

165, 53 (1968).
~~A. Lindgard and S. E. Nielsen, At. Data Nucl. Data

Tables 19, 533 (1977).
L. J. Curtis and D. G. Ellis, J. Phys. B 11, L543
(1978).
L. J. Curtis, Phys. Scr. 21, 162 (1980).

' A. Lindgard, L. J. Curtis, I. Martinson, and S. E.
Nielsen, Phys. Scr. 21, 47 (1980).

SE. Biemont, Astron. Astrophys. Suppl. Ser. 27, 489
(1977).
E. Biemont, J. Quant. Spectrosc. Radiat. Transfer 15,
531 (1975); Astron. Astrophys. Suppl. Ser. 31, 285
(1978).

'K.—T. Cheng and Y.-K. Kim, At. Data Nucl. Data
Tables 22, 547 (1978).
P. W. Langhoff and R. P. Hurst, Phys. Rev. 139,
A1415 (1965).
S. I. Easa and G. C. Shukla, J. Phys. (Paris) 40, 137
(1979).

24S. O. Kastner and M. L. Wolf, J. Opt. Soc. Am. 69,
1279 (1979).


