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It has long been known that the cross section for the inelastic scattering of relativistic charged particles by atoms

rises logarithmically with increasing energy. I rederive this result without introducing the current-current

interaction (and hence without quantizing the electromagnetic field). This is done by working in the projectile frame

in which the projectile current vanishes. The advantage of using the projectile frame is emphasized. A rough

heuristic derivation of the logarithmic divergence is also given with the collision viewed in the projectile frame,

I, . INTRODUCTION

The differential and integrated cross sec-
tion for the inelastic scattering of relativistic
charged particles by atoms has been discussed in
considerable detail. ' For optically allowed
transitions the integrated cross section rises lo-
garithmically with increasing energy. In the lab-
oratory frame, in which the target atom is at
rest, the logarithmic rise is attributed to the in-
teraction between the current of the projectil. e
and the current generated by the orbital motion
of the electron. The current- current interaction
may be viewed as the emission (by, say, the pro-
jectile) and the reabsorption (by the electron) of
a transver se photon. In the Weizsacker-Williams
method of virtual quanta the projectile is replaced
by a pulse of electromagnetic radiation which op-
tically induces a transition in the target atom. '
It was recently suggested4 that the current-current
interaction must be taken into account to explain
the observed size of the cross sections for E-va-
cancy production by 4.88-GeV protons.

The purpose of this comment is to point out that
the relativistic rise in the cross section can be
derived without introducing the current-current
interaction. This is done by working in the pro-
jectile frame in which the projectile current, and

hence, the current-current interaction, vanish.
In this frame the perturbation is just the instan-
taneous Coulomb potential and thus it is unneces-
sary to quantize the electromagnetic field. It is
instructive to see how the relativistic rise is ob-
tained. Moreover, because the perturbation is
just the unretarded Coulomb potential, the calcu-
la,tion is rather simple, and the details are
straightforward to interpret. In particular, the
difference between the nonrelativistic and rela-
tivistic cross sections is illuminated very clearly
in the projectile frame —inspection of Egs. (15)
and (22) below reveals that (in the dipole approxi-
mation) the nonrelativistic and relativistic cross

sections differ kinematically only by the Lorentz
contraction of the longitudinal components of the
momentum transfer and atomic dipole.

The simplicity gained by working in the projec-
tile frame has also been exploited in the calcula-
tion of the first Born cross section for electron
capture by relativistic ions. ' Perhaps the pro-
jectile frame can be used to greatest advantage
in the calculation of the cross section for magnet-
ic monpoles to scatter inelastically from atoms.
(There is considerable interest in magnetic inono-
pole stopping powers. ') A vector potential for a
stxingless magnetic monopole gt zest has been
written down by Wu and Yang. ' This potential is
defined over all space as the sum of two terms,
with one or the other term vanishing outside a
given region. While the form of this potential
is not too complicated, the form of the 4-vector
potential of a moving magnetic monopole (obtained
from a Lorentz transformation) is presumably
very complicated. Therefore the calculation is
expected to be simplest in the projectile frame
where the monopole is at rest.

In the next section, a mathematical derivation
of the cross section for the inelastic scattering
of relativistic charged particles by atoms is given.
In Sec. III, a sough, heuristic derivation is given
by treating the problem as one of potential scat-
tering. The relativistic divergence of the cross
section is seen to be due to the long-range nature
of the effective potential.

II. DERIVATION

For simplicity I will consider the target atom
to be hydrogenlike and the projectile to be struc-
tureless. Let E and E' denote the laboratory and
projectile frames, respectively. In E the target
nucleus T is assumed to remain at rest and the
projectile P, which is incident with a very high
energy and is barely deflected during the collision,
is assume to move as a classical particle with
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0'(x'„) = SA(x„)

y+1&"' y-1)"'
(2)

where y =(1 —P') "', P = v/c, and o[ is the Dirac
velocity operator. The time dependence of Q(x„)
can be factored out:

4(x, ) = y(r)e-""", (3)

where [))(r) is a 4 spinor. With e and -Z~e the
charges of the electron and P, the interaction be-
tween P and the electron in E' is -Z~e'/lr' l.
The first Born amplitude for direct excitation in

constant velocity v = vv. In E' it is P which re-
mains at rest, and T moves as a classical par-
ticle with velocity -v. Let E and E' have the same
orientation but let their origins be at T and P, re-
spectively. If b is the impact parameter of P
relative to T, the relative position vector of P
and T is b+ vt, and the frame E' is obtained from
E by a Lorentz boost along v and a translation
along b. Let x„=(r,ict) andx„'=(r', ict') be the
coordinates of the electron in E and E', respec-
tively. Let Q.(x ) and Qt(x ) be the initial and
final wave functions, and let q,. and && be the in-
itial and final energies of the electron in E. In
E', the initial and final wave functions are QI(x'„)
and Q&(x„') where ' (occasionally dropping the sub-
scripti or f)

E' is,~ with d x =cd'ddt,

~=iz n~Of (4)

where o[=e'/hc. The cross section o (which is
invariant under a Lorentz boost from E to E') is
obtained by integrating over all impact paramet-
ers:

0= d'5 4 (5)

Writing

P(e) =(2v) "'f d'22(e)ee''

('(u) =Sf(u),

1 1 d'k
2v' J k'

(6)

(7)

(8)

and using the Lorentz transformation of coordin-
ates, that is,

ct = y(ct'+ p r'),

r„=yr'„+ yvt',

(9a)

(9b)

r~=r~+b ~ (9c)

where the subscripts () and J. indicate components
parallel to and perpendicular to v, respectively,
Eq. (4) becomes

3
A =i2x e(2v) ' fd'x' f d'p fd sp)('p)'il'(s) exp[i(-p +s ) e] exp[i(sv —e,. —liv p+ ps v)vt /li]'

zZ~& ( d kJ,.„.b
( )

gyp

x exp (i[y(e t —e,.)p/( Rc) -p + s, + y( —p„+ s „)+ k] ~ r'}

(10)

where in Eq. (10)

1(k,) = d'spy(g+Q) q,'(s),

becomes

Note that (f) c[)' =1 and hence

S'S=r r(P ~). -

(17)

q, = k„q„=ne/(hu),

+& =Ey —6; ]

k„=Ae/(rh'v) =(1/y)q„.

(12)

(13)

(14)

(15)

Itk, ) =f d've"'p](p) '2',.(e), (16)

where g'(r) =Sgr). In bracket notation, Eq. (16)

Note that the momentum transfer to the target
atom is fq in E and hk in E', with q and k defined
by Eqs. (12) and (15).

Transforming back to coordinate space,

It follows that

(18)

&(k,) =r&fle"'li) r&fle"'(—p n) li) (19)

f(k,) will now be reduced to a simple form which
is valid in the "long-wavelength limit", qg«1,
where g is either the initial or final characteristic
radius of the target atom, whichever is the smal-
ler. Note that qz«1 is equivalent to k,z«1. In
the l.ong-wavelength limit, e"' can be replaced by
1+iq - r in the first term on the right-hand side of
Eq. (19) and by 1 in the second term. In this ap-
proximation one has
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&y(.»'
[i& =iq ~ &y]r )i&,

and, using n =(i/hc) [H, r], where H is the Ham-
iltonian of the target atom,

(f(e"'(p c») ~i& =(iAe/hc) p ~ (f~r ~i&.

(20a)

(20b)

Combining Eqs. (12), (15), (19), and (20) yields

f(k,) =iyk, (f (r ~i&+ik„~ (f~r„~i& . (21)

The first term on the right-hand side of Eq. (21)
represents the excitation of a transverse dipole
(perpendicular to v); the second term represents
the excitation of a longitudinal dipole (parallel to
v). Inserting A from Eq. (10) into Eq. (5) and us-
ing Eq. (21) yields

+
1)-

(22)

noting that the interference between the trans-
verse and longitudinal dipole terms in Eq. (21)
vanishes upon integration over k, .' The factor
(1/y) in the longitudinal dipole term in Eq. (22)
accounts for the Lorentz contraction of the longi-
tudinal dipole in F'. Performing the integration
gives

~=4 ( ")I
&~I

' -) - l l(f I"I» I'

+(&- »'&I (& l(~„& I*& &*I, (23)

where I have placed an upper limit of I/g rather
than ~ on 0, in the integral that gives rise to the
logarithmic term since otherwise this integral
would diverge. (Recall that the long-wavelength
approximation is valid only for k, »»«1.) Note
that the logarithmic term, which diverges as y- ~, arises from the term in (f

~
r, ~i& in Eq. (22),

that is, from the excitation of the transverse di-
pole moment. It is, in fact, the excitation of the
transverse moment at small momentum transfers
(i.e., k, =q, -0) that leads to the logarithmic
term. Note that as q, - 0 the momentum transfer
becomes parallel to v and in this limit "transverse.
to v" means the same as "transverse to q." Sum-
ming and averaging over magnetic quantum num-
bers, )(f(r (i& )

is the same for all directions,
and will be indicated as x2«, and Eq. (23) becomes

o = 4»»(Z ~»&.'/P)'x~2» [ln(yS v/aae)' —p'] . (24)

This last result is identical to the result ob-
tained earlier by Bethe, ' Fano, ' and others [see
Eq. (7) of the first paper of Ref. 1], but the deriva-

III. HEURISTIC DERIVATION.

In order to gain more physical insight into the
origin of the logarithmic divergence of 0, when
the collision is viewed in the projectile frame
F', I will simplify (in a very heuristic fashion)
the problem of the excitation of an atom to that
of potential scattering. Thus, working throughout
in F', the target atom during the collision is
equivalent to an electric dipole oscillating with
period Z(h/n&) and moving with velocity -v, pro-
vided multipoles higher than dipoles are neglected.
The factor y in the period of oscillation accounts
for time dilation. The collision time is roughly
b/v [It i.s interesting to note that the collision
time in F is b/(yv). The reduction by a factor of
I/y accounts for the contraction of the electric
field in F generated by the moving point charge
P. The electric field in F' generated by the mov-
ing atomic dipole is not contracted. ] Therefore
if b/v «y( I»/A&), the oscillation of the atomic di-
pole is negligible during the collision and the
effective interaction between the atom and the
projectile is that between a static dipole e p, and
a stationary point charge -Z~e. This interaction
vanishes when averaged over all directions of p, .
However, the root mean square of this interaction
averaged over all directions of p, does not vanish
and is"

U(r) =- (Z ~e'»»/3" 'r'), (25)

where»», =
~

&u ~. Guided by intuition I now assume,
without proof, that the cross section for excitation
of an atom by a relativistic charged particle is
the same (to within a factor of order unity) as the
cross section for potential scattering where the
potential is U(r) in the range r,„& r& r, where

+mgn

r =yhv/ae .
(26)

For z& z,„, multipoles higher than dipoles are
important. For r &x, the interaction time av-
erages to zero over a collision duration of order
r/v.

The scattering phase shifts 5, may be calculated
directly from the Klein-Gordon equation using the
potential U of Eq. (25). However, as pointed out
to be by L, . Spruch, the calculation is simplified
by noting that the Klein-Gordon equation can be
reduced to the form of the Schrodinger equation"
fc)r the scattering of a particle of momentum p
= ymv from an energy-dependent potential

tion is entirely different. 'o Note from Eq. (23) that
the contribution to 0 from the transverse dipole
is larger than the contribution from the longitudin-
al dipole by a factor of order y'lny.
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yU+ (U '/2mc') .
Since y»U(r)/mc' for the y and x of interest, the
term in U' can be dropped and the energy-depen-
dent potential is yU. In the SchrMinger frame-
work, the cross section is

g= 2 Z (2l+1) sin'5, ,
4~ ~

l=o
(27)

where k =p/k and where, in the Born approxima-
tion (noting 5, «1),

sin5, = dr[yU(x)]j ',(kr),=2m
NP

with j,(r} denoting the Riccati-Besser function.
The contribution to the integral of Eq. (28) from
the region xs I/k is small, and will be neglected,
since in this region j ',(kr) behaves like r'"' In.
the region x& I/k the asymptotic form 1,(kr)
-sin(kr —~ lv) is valid and j,(kr) will be approxi-
mated by ~ in this region. Thus taking the lower
limit of the integral of Eq. (28) to be I/O,

(28)

Z~& p, ksin5, = (29)

Substituting into Eq. (27), and replacing the sum
over l by an integral since the major contribution
to o comes from values of l»1, gives

Sell Z~cl(' ~ df

E3& P &

(30)

a =(4v/3)(Zzn/p)'p'ln(y@v/, an@)'. (31)

The right-hand side of this last equation is iden-
tical to the logarithmic term in Eq. (24) if p,

2 is
set equal to 3@2&, However, I stress that while
the result just obtained is correct, this heuristic
derivation is merely suggestive since it rests on

an assumption that has been given little, if any,
justification, namely, - that the cross section for
excitation of an atom by a relativistic charged
particle is the same as.that for scattering from

Since the form of U in Eq. (25) is valid only for
, and since this form was assumed

for x= I/O in arriving at Eq. (29), the upper and
lower limits of the integral over I in Eq. (30) are

and kx „, respectively. Performing the in-
tegration over l yields

the potential U(x), r „4x~ r
The connection indicated above between the rela-

tivistic rise in o and the relativistic rise in x
has been known for a l.ong time. Indeed, this con-
nection was established by Bohr" in 1915. Within
the framework of classical mechanics, Bohr cal-
culated the energy transferred to an electron, in-
itially free and at rest in j', in a Coulomb collision
with a fast charged projectile passing at an impact
parameter b. Bohr noted that an electron bound in
an atom can be regarded as free only if the atomic
period, 1/v in F, is larger than the collision
time, b/(yv) in F. Putting 1/v = fi/n, E, this con-
dition becomes 5 & r . A s Bohr noted, for 5

the electron behaves as if it is rigidly bound,
and therefore energy can be effectively transferred
to the electron only for 5 &x . He found that the
energy transfer increases logarithmically as z
increases. Later Bloch" rederived (in frame F)
Bohr's result by treating the electron quantum
mechanically, and he demonstrated that Bohr's
classical analysis is valid for the distant col-
lisions. The heuristic derivation given here dif-
fers from Bloch's work in that here (i} the prob-
lem is approximately treated as one of potential
scattering, and (ii) the frame F is used, which
results in a simplification of the effective poten-
tial. By viewing the problem within the framework
of potential scattering, one sees rather directly
that the relativistic logarithmic divergence of the
cross section is due to the long-range nature of
the effective 1/r' potential, and is not an artifact
of perturbation theory or the dipole approximation.

A&KNOVf LEDGMENTS

I thank Professor J. Macek and Professor
L. Rosenberg for their criticism. I especially
thank Professor L. Spruch for showing me how to
derive Eq. (29) in the Schrodinger framework.
This work was supported by the Center for Energy
and Mineral Resources at Texas A 5, M University
and by the National Science Foundation under
Grant No. PHYV9-09954. I gratefully acknowledge
the hospitality provided by L. Spruch, L. Rosen-
berg, and other members of the physics depart-
ment at New York University, where this manu-
script was completed.

*On leave of absence at New York University from Tex-
as A@M.

U. Fano, Phys. Rev. 102, 385 (1956) and Annu. Rev.
Nucl. Sci. 13, 1 (1963).

2For a lucid and comprehensive review of the theoreti-
cal and experimental aspects of the inelastic scatter-

ing of relativistic particles, including magnetic mono-
poles, see S. P. Ahlen, Rev. Mod. Phys. 52, 121
(1980).

3See, e.g. , H. Kolbenstvedt, J. Appl. Phys. 38, 4785
(1967).

R. Anholt, S. Nagamiya, J. O. Rasmussen, H. Bow-



COMMENTS

man, J. G. Ioannou- Yannou, and E. Rauscher, Phys.
Rev. A 14, 2103 (1976).

W. Shakeshaft, Phys. Rev. A 20, 779 (1979). For the
calculation in the target frame see B.L. Moiseiwitsch
and S. G. Stockman, J. Phys. 8 12, L591 (1979).
Admittedly, the advantage of the projectile frame over
the target frame is rather slight.

6T.T.Wu and C.N. Yang, Nucl. Phys. B107, 365 (1976).
This vector potential was later used to calculate the
relativistic scattering of an electron by a stationary
magnetic monopole; see Y. Kazama, C. ¹ Yang, and
A. S. Goldhaber, Phys. Rev. D 15, 2287 (1977).

See, e.g. , J.J. Sakurai, Advanced Quantum Mechanics
(Addison-Wesley, Heading, Mass. , 1967).

In I" the cross section is also a sum of two contribu-
tions, but with one arising from the static unretarded
Coulomb interaction and the other from the current-

current interaction. There is no interference term,
and this is traced in Ref, 1 to a parity effect (without
reference to cancellation in integrals).

9H. A. Bethe, Z. Phys. 76, 293 (1932).
Numerical calculations in which the dipole approxima-
tion is not made yield results in good agreement with
Eq. (24). See Y-K. Kim in Abstracts of the 7th Inter-
national Conference on Atomic Physics (MIT, Cam-
bridge, 1980), p. 111.
The error of neglecting the Lorentz contraction of the
longitudinal component of p is not serious since it is
the transverse component which gives rise to the log-
arithmic term.

' See, e.g. , L. Spruch, Phys. Hev. Lett. 16, 1137 (1966).
'3N. Bohr, Philos. Mag. 30, 581 (1915).

F. Bloch, Ann. Phys. (Leipzig) 16, 285 (1933); see
also Ref. 2 above.


