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Induced bremsstrahlung of Langmuir waves from interaction between ion-wave turbulence and
electrons
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An induced bremsstrahlung process is found to originate from electrons resonating with the ion-wave turbulence.
The growth rate due to this process gives the same order of magnitude as those of decay and nonlinear scattering.

I. INTRODUCTION

According to the conventional weak turbulence
theory, ' the lowest-order mode couplings are
composed of two parts. The first one is the well
known three-wave decay interaction, and the
other one is the nonlinear scattering. These
processes are responsible for the generation of
I angmuir waves in the presence of ion-density
fluctuations and drifting electrons. Owing to the
growth of long-wavelength plasma, oscillations or
electromagnetic mode, the idea of a plasma laser
was conside. red.

In this paper, we discuss a new possibility of
Langmuir-wave excitation in a turbulent plasma
consisting of ion-wave turbulence. This process
arises from those electrons which resonate with

the ion waves in a plasma. Specifically, in the
presence of the ion-wave turbulence, the resonant
electrons feel a strong acceleration. ' Conse-
quently, the free energy of the electrons is lib-
erated in form of the induced bremsstrahlung
radiation. The resonant electrons can emit and
absorb the Langmuir waves. The difference of
the emission and the absorption processes gives
rise to the growth (or damping) of the Langmuir
waves. Correspondingly, it turns out that the
increment rate crucially depends on the slope of
the electron distribution function computed at the
resonant velocity between electrons and the ion
waves. Here we shall emphasize the importance
of this third process which, to the author's best
knowledge, was not considered earlier.

The organization of our paper is as follows. In
Sec. II, the unperturbed steady-ion-wave turbu-
lent state is determined. The effective dielectric
constant of the Langmuir waves in the presence
of the ion-wave turbulence is obtained in Sec. DI.

I

Induced bremsstrahlung of Langmuir waves by
electrons scattered on ion waves is investigated
in Sec. IV. The fully developed turbulent state
is proposed in Sec. V. The three mode couplings
are discussed in Sec. VI. Discussions and con-
clusions are contained in Sec. VII.

where E, is the electrostatic field of the ion
waves. Introducing Fourier transforms in space
and time for various quantities according to

A(x, t) =g A(k, &u) exp(ikx —i(dt), (3)
ky 40

we obtain the following equation for f1,.
(e/m)E((k, (o)(s/sv)fo,

(e i((d -kv)
where k, co are the wave number and the frequency
of the ion-wave fields.

In a straightforward manner, we also obtain the
higher-order contributions from the turbulent fields:

(4)

II. BASIC EQUATIONS

A relative drift between the electrons and the
ions causes ion waves to become unstable. ' Non-
linear interaction between the fields and particles
leads to a steady turbulent state. Expanding the
electron distribution function (f) in powers of the
ion-wave amplitude, we have

f=foe+ ef(e+ e As + ' ' '
~ (1)

where fo, =(m/2xT, )'~ exp[-m(v- vo) /2T, ] is the
initial distribution function, a is a small new

parameter which can be associated with the am-
plitude of the ion-wave turbulence, and v, [vo«v,
=(2T,/m) ~ ] is the electron drift velocity. The
other notation is standard.

To order in a, the Vlasov equation becomes

(2)

2

f„(k,w)=(—) Lz, ((,"(— ' ' sv " ((w —av),

i[((1 —((1 —(k —k )v]

f„(k, ~) =g —E,(k') —f„(k—k', (d —~')/i(&u —kv),
V?
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We note that all of the contributions (f„,f2,, . . . )
show the change of the electron distribution func-
tion from the initial value fo, . To obtain the
quasilinear plateau solution, we should sum up
all the contributions (fo, +f„+f2,+f3, + ~ ).
However, within a weak-turbulence model, the
dominant change of the distribution comes from
f„. Hence, we shall retain only f„in the follow-
ing.

III. FORMULATION

To investigate the problem of induced brems-
strahlung, we apply an external high-frequency
small perturbation field (g5E», e» p) to the sys.-
tem. Then the coupling between the perturbation
field ( p5E») and the (luasisteady finite-amplitude
turbulent field (eE,) would occur through the
mode-coupling processes.

Following the notion of a weak-turbulence
theory, we represent the perturbed, electric field
and the perturbed number density of the electrons
as

5f= p, 5f»+ pe5f, „,
where 5E» is the mixed-mode perturbation field
and 5f+ is the mixed-mode number-density per-
turbation.

By means of the standard formulation, to order
in p,e, the Vlasov equation can be written as

+vvI5f„=- —
I

E, 5f)„—- I' 15'» fo.
(s 3 e) s , e) s

—
( l(()~u f,.) (8)

—+ vV 15f,» s. ~
&

s

(el a
(g)

where the angular brackets indicate the time aver-
age corresponding to the low-frequency wave.
To order in p, a, we obtain from the Vlasov equa-
tion

5E= p, 5E„+p, &5E» (8)

Using the representation (8) and Eq. (2), we have

5f,„(k, (())=:—+5E»(E, il) —f„(k-E, (() - &) + 5E,»(k, (—d) fo, —1 e 8 e 8

l (0- kv

+—g E,(k —E, (d —0)—5f„(E,il)
I
. (10)

From Eg. (8), we also obtain

(—iQ+(Ku)ltf„(lC, ()) = — ()Z„(Ã, ()) f&, — Ql!E~„(Ã» ii Ql) fg (» +))
e 8 e 9

k

E, k, (d —5,„E- Q, 0 - (d

Making use of the above equations and the Poisson equation we obtain, after a lengthy but straightforward
calculation, the effective dielectric constant of the Langmuir wave [a»(E, &)] in the presence of the ion-
wave turbulence. The result is

2
&»(E 'l)-1+I E I Iz,.E fo.dv+ —

I

—'I Z Lr,.k —, . I-„„(E k),]E,„(„k„)k,„fo.lC'i(k ~)
l

dv
k

p~l . 2 8 1 8, 8

) I
Qd L v'rl4o, (k, (o)l k —I. ( ) ]k I '„E f0, —

+ ~~') e'l ~& q k IO)(k, u)l s 1 + 1 e

E&l m) ~ r "(E-k) eo(E-k, 0-(d) sv (d-kv il —&o —(E-k)v sv

x kE— + . f dv-COpe 8( 1 1 8

Iil- (o —(E- k)v] svl~kv —(d &-Ev sv 0' (12)

where
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and
~
C, (k, &u)

~
is the turbulent potential fluctuation of the ion waves. zo(E —k, 0 —u&) is the linear dielec-

tric function of the electrostatic waves.

IV. TURBULENT BREMSSTRAHLUNG OF LANGMUIR WAVES

The third and fourth terms in Eq. (12) a,re summarized as

(
8 &~, ~ I4,(k, (o)I 9 1 8 1 9 9 1 9

rn K ~ (& —Ev) Sv [&- (o- (K —k)v] Sv ((o-kv) sv sv (& E-v) &v
~~dv ' '

k — E —k —-k— E f— (14)

Bearing in mind the fact that Langmuir-wave
resonances are not important for our problem,
we can neglect the last term in Eq. (14), and re-
place (ar —kv) '

by -aid(&u- kv) in order to find
the imaginary part of Eq. (14). Partial integration
of Eq. (14) then leads to

dv 4 Ms& -kE k—

In deriving Eq. (15), we have replaced (0-Ev) 4

by cope.

Equation (15) can be written as

kE(3E —kE)
E& m

| —kVO

kv, ( kv,

I

where

ye e 1 1

and

k f„ic—(k, &o)i'dv
B 1

Bv co-kv Be
(21)

g'2
& k B Oe

(23)

where we replaced (Q -Kv) ' by 0 '. Equation
(23) may be rewritten in the form

1 B 1 B
B=to' E — k fo dv .—0-ur —(K —k)v Bv kv —&u Rv o'

(22)

Partial integration of Eq. (21} leads to

where Z(z) is the plasma dispersion function. '
Under the small argument limit [(a& —kvo)/kv,

«1], the imaginary part of Eq. (16) becomes

—P v2 ' (E/k) [3 —(k/K)][(&u —kvo)/kv, ] U, ,

kv ( ke,

Under the small. argument limit, the plasma dis-
persion function is expanded as

where U, =k ~C,(k, &u) /4wNT, . To the lowest
order, the real part of Eq. (12}is

1 = aP~/(& —Ev,)'+ E'v,'~~/(& Ev,)' . —

Accordingly, the growth rate of the Langmuir
wave (y„) is given by

2Q) X i ~ ~ )Pe
(19)

y„=+~„gv2 "2(K/k)[3 —(k/K) J[(~ kv, )/kv, ]U„—

where the ellipsis stands for Eq. (1V}. This
result is basically obtained in Ref. 8.

However, the dominant imaginary part of the
last term of Eq. (12) comes from the following:

(2O}

Thus, we obtain

A. =A„+iAq,

where

and

Furthermore, Eq. (22) reduces to

(25)

(26)

(27)
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Hence, the imaginary part of Eq. (20) becomes

Thus
y

B=B +iB],
with

40' g ~ ~
PS

'e

8 4

(28)

(so)

A B +A B g (co„&~' e I'K'( 4, )' (m I'
, ~i K& m) Q' ~~T, p

2 -k, 't

Q kv, pe,
'

(33)

Next, we estimate e, (K —k, Q —~). By definition,
we have

~ —Q —(k —K)v, m —Q —(k K)v, I-

~/k, )~
-Q

ik -Kj (k -K)v, i(k -K)v, i
(34)

)I &A& &ps + ve&64 ~04
(Q -Kv.P (Q -Kv, )' Q'

2
GOyg

(Q -Kv, )' (38)

On substituting Eq. (36) into Eq. (33), we obtain

4

Ag +A B =-2'~'v'~'~

Q-Kv,
i

'ar -kv,
ti

kv, ) i kv, )
(3'I)

Thus, the nonlinear growth rate of the Langmuir
wave is found to be

y~
——a+~(o~ && (AP) +A)B„)

=~ (2v)'~'(~ /Q)4+ [(Q Kv.)/kv, ]2-

x [(&g —kvo)/kv ]~&,U,

=+(2v)'~'Q —4
~

~
~(o U, .k l2 e'I

kj v) (s8)

where A and k, are the Debye wave numbers of
the electrons and protons, respectively. For the
large argument limit, Eq. (34) is simplified to
yield

co~, (k —K}'k',v,

&oyer

[Q —(K —k)v, ]' [Q —(K —k)vo] Q

Assuming K-.k «k, , Eq. (35) is reduced to

In deriving Eq. (38), we have replaced Q —Kv,
by+co, . The contribution of Eq. (38) is larger
than that of Eq. (19).

As we have mentioned earlier, in the presence
of ionwave turbulence, the resonant electrons'
can emit and absorb the Langmuir waves through
induced bremsstrahlung interaction. The differ-
ence of the emission and the absorption processes
gives the growth of the Langmuir waves. This
essence is visualized if we follow the structure
of the growth rate [Eq. (38)] of the Langmuir
waves which is simply —I e„(K,Q)/[(8/3Q)R e„
(K, Q}]. The sign of I e„(K,Q) depends on the
slope of the electron distribution function com-
puted at the resonance velocity between the elec-
trons and the ion waves. R,e„(K,Q} is determined
from the dispersion relation of the Langmuir
waves. Therefore, the test Langmuir wave with
a particular propagation direction is amplified.
The other wave with different propagation is
darned. Accordingly, the induced bremsstrahlung
interaction between electrons and ion waves gives
rise to the enhanced Langmuir waves for any
type of electron distribution except the plateau
one.

As we are considering only the lowest-order
contribution (f„), the growth rate depends only
on the first derivative of the electron distribution.
However, if we take into account the higher-order
contributions (f„,f~, . . . ), the growth rate also
depends on the higher-order derivatives of the
electron distribution function.
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V. FULLY DEVELOPED TURBULENCE

The linear damping rate of the Langmuir waves
arises from the Landau resonance. The linear
part of Eq. (12) yields

(38) and (41) which can be written as

~ =
I r «/~. I

=
I Eq. (36)/Eq. (41) I

]+ — ]+ g —0 (39)

For the large argument limit of the Z function,
Eq. (39) yields

'- -"-''. "(-')'"('.'.")H'
x exp —,'

( =0 .(II —Kv, )' &

2 v', j (40)

It is instructive to compute the ratio (It) of Eqs.

Thus, the linear Landau damping (I,) is given by

(42)

It emerges that one can have the turbulent plasma
with enhanced both the Lagmuir and ion-wave fre-
quency fluctuation under the condition R & 1:

(43)

In deriving at this result, we have assumed that
the ion-waves energy is mainly contained in mode
k„and v, » (m/M)'~'g, . Figure 1 is a plot of the
critical turbulent energy (U, ) vs (R/k, ). Note
that the region of a fully developed turbulent state
lies above the solid line, and such a state is ob-
served in Ref. 9.

VI. THREE MODE COUPLINGS

Here we discuss the relation between our results and existing weak-turbulence theory. In the following,
we estimate the growth rate in the limit of zero drift (v, =0). In deriving the growth rate from Eq. (12),
we have three possibilities. "

The first one is the induced radiation discussed in this paper. From Eq. (33), we obtain the imaginary
contribution in the limit of zero drift as

m 0 ((Tj 0 j kg) (44)

100 ~ ~ l I ~ I ( 1 I

~05

(45)

for ~«0, we expand e,(K-k, 0 - v) and find

where Re stands for the real part of the relevant
term. From Eq. (35),

(d (k-~52k2 4

(0 —~)' (0 —&o)'

2.
40pq

(0 —(d)

2(d v,'(k' —2kK)
(46)

-20-
10 ( I a s t ( ~

G.l 0.2 0.3 0.4 0.5 Q6 k/ke

FIG. 1. The critical ion-wave turbulent energy [Eq.
(43)l versus &p/k~ for pp=(~)p~, and K=&p, here kp, K,
and pp show the characteristic wave numbers of the ion
sound and Langmuir waves, and the drift velocity of the
electrons, respectively.

For k, » k& k, (m/M)' ', Eq. (46) reduces to

v2(k' —2k%)

Thus, Eq. (44) reduces to

(47)

(48)

We obtain the growth rate (y) of the Langmuir
wave,
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y ~k'~4, ~' f'k, ' m&'~'
= Z 8)tfh lk k Af &I (2K/k) -1 (49) x( =0)=-l(~"ll lt(K j (anil, Ila K k T

In order to obtain a qualitatively correct result,
we further reduce the wave spectrum to a single
unstable wave number k=k, «k, . Thus, I,angmuir
wave with wave number K& k, /2 grows even in the
limit of zero drift (v0= 0). This does not mean that
thermal equilibrium Maxwell distribution drives
the unstable Langmuir wave. As is shown by Eq.
(1), the unperturbed-state electron distribution
function is far from Mmrwell distribution because
of the presence of enhanced ion-wave fluctuations.
Electrons feel a strong nonlinear ponderomotive
force through resonant electrons. Thus, the vnp-
conversion of ion-wave energy to Langmuir waves
occurs.

The second one is the nonlinear scattering of
waves. In a drift-free plasma, it is known that
an enhanced level of ion acoustic fluctuations in-
creases the damping of Langmuir waves. This is
the so-called anomalous absorption effect of Daw-
son and Oberman. " Here, we show that Eq. (12)
reduces to their results under the conditions
K=O, k-k„v0=0. From Eq. (12), we get

1
X

e,(K —k, Q —&u)

(55)

Accordingly, the imaginary part of Eq. (12) arises
from possible resonances of c0(K- k, A - (d) ' and
the result is

From Eq. (47),

1
x Im t 0(K -k, 0- (d)

(56)

1 mQ'
Im

( )
2 5(2K k) (57)

Substituting Eqs. (56) and (5V) into Eq. (19), we get

(58)

where

g I4 g(-k, 0}I' fa,dv

ca(k, Q) ( 0-kv
(50}

In contrast to the induced radiation [Eq. (49)], the
decay interaction is effective between the particu-
lar modes due to the 5 function. Thus, the growth
rate is usually smaller than that of the induced
radiation. "

f"=(Rwr)l '~l( ~z )'

For (Q/k)(m/2T)'~'~ 1, the imaginary part of Eq.
(50) reduces to

I

lm~(0, &)=~-"'g —' k' 4 la
k, 4 1

k ' g (OQ)' (51)

where Im shows the imaginary part of the rele-
vant term. In obtaining Eq. (51), we have used
the following realtion for 0/kv, ~ 1:

( &f~dv &2 ~ 2r )"2

Iml -k&) (52)

Thus, we obtain the damping rate y(0, 0) of the
Langmuir waves"

y(O, Q) ))' '~' 1 p(k, 'k'f 4, f'
0 2 ea(0, 0) ~ (, k 4mNT

The third process is the decay interaction. For
zero drift (g, = 0), Eqs. (2V) and (31) reduces to,
respectively,

VII. DISCUSSION

'The effective dielectric constant of the Lang-
muir wave in the presence of the ion-wave turbu-
lence is obtained within the framework of the
linear response theory of a turbulent plasma. The
analysis predicts that the turbulent energy is
shared between the Langmuir and ion wave even
when the electron drift velocity is less than the
electron thermal velocity. A critical condition
for the fully developed turbulence is Eq. (43).
The physical mechanism of our theory is the tur-
bulent bremsstrahlung of Langmuir waves by
electrons scattered on ion waves.

As is shown in Eq. (49), the growth of the Lang-
muir wave occurs even in the limit of zero drift
(e,=0). This result is markedly different from the
so-called plasma laser. " For an enhanced level
of ion fluctuations, the plasma laser theory is ef-
fective for a drifted Maxwellian electron distribu-
tion function. Moreover, for a drifted Maxwellian
electron distribution function and an equilibrium
level, of ion fluctuations, the amplification of Lang-
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muir waves occurs for a sufficiently strong drift. "
'The free energy of these theories comes from the
electron drift velocity (vow 0). On the other hand,
the free energy of induced radiation exists in the
enhanced ion-wave fluctuations in addition to the
drift velocity. Thus, the finite drift velocity
(v, 4 0) is not necessary for the growth of the Lang-
muir waves through the induced radiation pro-
cess."

We note that our mode coupling is effective for
a general dispersion relation, because our effect
does not require the matching conditions for reso-
nant decay interaction. We may conclude that
mode coupling in a turbulent plasma is much en-

This result significantly differs from
what is generally believed to be true within the
framework of the conventional weak-turbulence
theory. ' We emphasize again that in addition to
the conventional three-wave decay" [(a) in Fig. 2:
the matching conditions are K -X'=+A, A-Q'
=we] and nonlinear scattering" [(h) in Fig. 2: the
condition is 0+ (u= (K+&)g], the third mechanism
as discussed here originates from the induced
bremsstrahlung of Langmuir waves and is caused

(c)

FIG. 2. Mode coupling in a turbulent plasma. (a), {b),
and (c) show decay, nonlinear scattering, and induced
bremsstrahlung, respectively.

by electrons which resonate with the ion waves
[(c) in Fig. 2: the condition is &o= kv].
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