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The decay of unstable equilibrium states is accompanied by large-scale fluctuations. The statistical properties of
such processes can be characterized by using the time at which a representative observable first passes through a
fixed threshold value. We present an asymptotic probability distribution for that passage time which is valid when
the threshold is set sufficiently far from the initial state. For the simplest example of linear isotropic amplification of
an n-component vector we calculate both the exact first-passage time distribution and our asymptotic distribution.
We verify that the asymptotic distribution coincides with the exact one in the appropriate limit. We then evaluate
our asymptotic distribution for a number of more complicated systems including one in which an z-component
vector field in d spatial dimensions departs from an unstable equilibrium state. The resulting expression has a
considerable degree of universality. Its form is independent of d and of details of the field dynamics. It is insensitive,
in particular, to whether the underlying field considered is conserved or not. Our procedure is applicable to a wide
variety of problems in which an order parameter departs spontaneously from an unstable initial value.

1. INTRODUCTION

Under normal circumstances macroscopic ob-
servables fluctuate within extremely narrow
ranges. In considering the decay of unstable
equilibrium states, on the other hand, we must
expect large fluctuations. Such states would,
once prepared, be infinitely long lived were their
decay not initiated by ever-present random forces
of microscopic origin.

We can see that large fluctuations must develop
in the course of the decay by considering the ex-
ample of a particle sitting initially at the locally
horizontal top of a hill. Owing to microscopic
random forces the particle will begin moving ran-
domly. Once it has left the top the particle will
experience a systematic force and begin to ac-
celerate downhill. Eventually, the microscopic
random force will be dominated completely by the
systematic one. After it has traveled a certain
distance from the top the particle will tend to
follow a deterministic trajectory characteristic
of the shape of the hill. The “microscopic” size
of the neighborhood of the top within which the
particle moves randomly is determined by the
strength of the random forces. Each time the
particle is released from the top of the hill it will
eventually follow a different deterministic tra-
jectory because of the randomness of its early
stage motion. In effect, the microscopic random
force provides the deterministic trajectory with
a random initial condition.

When the particle is observed a macroscopic
distance away from the top at a time ¢ after its
release, it is likely to have spent an appreciable
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fraction of that time while still in random motion
close to the top; that is true because the particle
tends to move most slowly there. Different tra-
jectories will tend, therefore, to arrive at a
fixed distance from the top at rather different
times. Alternatively, the particle will be found
in broadly distributed locations if repeatedly
looked for at a fixed time ¢ after its release. Ob-
viously, we can interpret such fluctuations within
an ensemble of deterministic trajectories as
large-scale manifestations of the microscopic
random force which triggers the decay process.

The decay of unstable equilibrium states has
been studied in various specific contexts such as
the switch on of lasers,!™ superfluorescence,® 8
hydrodynamic instabilities,®"'° and spinodal de-
composition.!"!® The statistical properties of
such processes have thus far been studied experi-
mentally only in the field of quantum optics, how-
ever, where the relevant microscopic fluctuations
are quantum mechanical in nature.!® We hope
that the present paper may serve to stimulate
corresponding experiments in other fields.

In our present statistical analysis of the decay
of unstable-equilibrium states we shall charac-
terize each trajectory by a first-passage time,
i.e., the time at which the variable considered
first reaches a certain fixed distance from the
point of unstable equilibrium. It may be of in-
terest to note that first-passage-time distributions
have already found applications in fields as diverse
as anthropology'* and biology,!*''¢ as well as quan-
tum optics®*® and electronics.!” Nonetheless, to
a theorist the passage time may at first appear
as a somewhat forbidding concept since the classic
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first-passage-time problem!®!® has thus far
proved solvable only for the very simplest of ran-
- dom processes.

We shall show, however, that an asymptotic
approximation to the first-passage-time distribu-
tion can be found. The approximation is an ex-
cellent one whenever the random forces initiating
the decay process are sufficiently weak and as
long as the passage is defined for a threshold
sufficiently far from the point of unstable equilib-
rium. Under those conditions the departure of
the system from its initial state can be described
by using deterministic trajectories and random
initial conditions, as we have just seen for the
single-particle model (Sec. II). Further simpli-
fications result from the fact that these determin-
istic trajectories are ordinarily quite unlikely to
cross a macroscopic threshold more than once
(Sec. III). We find that our asymptotic distribu-
tion can often be evaluated in closed form even
when there is little hope of evaluating the exact
first-passage-~time distribution.

We apply our method, in Sec. IV, to the motion
of an n-component vector S, subject to a linear
and isotropic amplifying force together with a
rapidly changing random force. That system de-
serves special attention because we can also
evaluate its exact first-passage~time distribution
(Sec. IX) and verify explicitly that our asymptotic

distribution approaches it in the appropriate limit.

In Sec. V we investigate saturation effects by in-
cluding a nonlinear restoring force in the equation
of motion for §. We show that the nonlinearity
changes the asymptotic distribution of the passage
time in effect only by replacing threshold by a
higher one. We then add an inertial term ~d*§/
dt? to the equation of motion in Sec. VI and again
find a change of the threshold and, additionally,

a change of the time scale to be the only conse-
quences for the passage-time distribution.-

In Sec. VII we study a linear Ginzburg-Landau
model for an #-component vector field in d spatial
dimensions. Even though the asymptotic passage-
time distribution is then defined by a functional
integral over the space- and time-dependent noise
field, we can construct it in closed form. In the
special case =2 our result reduces to one we
had previously obtained for the distribution of
delay times of superfluorescent pulses.’ The
structure of the result turns out to be remarkably
universal. It is independent of the dimensionality
of the position space and of the details of the dy-
namics including the presence or absence of a
conservation law for the underlying field.

Finally, in Sec. VIII, we include a cubic satura-
tion term in the Ginzburg-Landau field equation.
By using the approximation of Kawasaki, Yalabik,

and Gunton'® for the deterministic trajectories
we find the same asymptotic passage-time dis-
tribution as for the linear model, but altered once
more by a change of the threshold.

As a byproduct of our rigorous treatment of
the random #-component vector in Sec. IX we
find the exact first-passage-time distribution for
the Ornstein-Uhlenbeck process in # dimensions.
We discuss that result and its asymptotic simpli-
fication in Appendix B.

II.. ASYMPTOTIC DYNAMICS

The way in which many systems depart from
states of unstable equilibrium can be described °
in terms of a single time-dependent variable S(¢).
Typical examples of these variables are the am-
plitudes of convection rolls in the Bénard and
Taylor instabilities and the electric-field strength
in a single-mode laser. We shall in the present
section treat the dynamics of such processes
without specializing the description to any particu-
lar one of them. )

We let S(#) be a real variable subject to both a
force yS proportional to S itself and a random
force f(¢) which we describe as a Gaussian sto-
chastic process with a white spectrum. The cor-
responding Langevin equation reads?’

8(8) =¥S(t) +£ () . (2.1)
The noise strength is defined by

FOFEN =261, FB)=0. (2.2)

Our principal interest is in positive values of the

‘parameter y, i.e., cases in which S=0 would be

a point of unstable equilibrium, were the noise
force neglected. The linear equation of motion
(2.1) has the exact solution®

t
S(t) = e"tS(0) +f at'e" tr () . (2.3)
0

By considering the moments (S(#)") obtained by
averaging the nth power S(#)" over the Gaussian
noise force we find that the motion of S(¢) is ap-
preciably stochastic in nature only if the squared
initial value S(0)? is smaller than or, at most,
equal in order of magnitude to the noise strength
2/N. The noise force is most important, of
course, if the initial state is the unstable equilib-
rium state, S(0) =0, since in that case it is only
the noise force f(¢) which induces change. We
shall always be concerned in the present paper
with the stochastic limit

$(0)* <2/N, (2.4)
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in which the trajectories are most random. For
larger values of S(0) the noise force becomes
small compared with the systematic force at all
times £ >0 and the trajectories are considerably
less random.

The expression (2.3) for the time-dependent
variable S(¢) admits for large times the asymptotic
simplification, for.¢>1/v,

Sas(t)=e"(S(0)+f”dt’e'"}‘(t')> =e''s, (2.5)
0 v

s=80)+ [ arerre) .
0

This result lends itself to a reinterpretation of
S(¢) as having a random initial value s but deter-
ministic dynamics for ¢ >0.

The discussion just given is easily generalized
to include an eventual saturation of the amplifica-
tion process (2.3). As a simple example, we
shall employ the van der Pol equation

8(t) = yS@)[1 - S(1)2] +£(2) . (2.6)

In this case the amplitude S(#) eventually ap-
proaches and settles in the neighborhood of the
stable equilibrium states |S|=1. Since we want
these states to be macroscopically distinguishable
from the unstable equilibrium state S=0 we re-
quire the diffusion constant to be small,

1/N<1, 2.7

The nonlinear damping force —yS® in Eq. (2.6)
begins to compete with the linear amplification
force 7S, according to Egs. (2.2), (2.4), and
(2.5), at times of the order (1/2y) InN. Since we
study the limit (2.7), this happens long after the
time of order 1/2y at which the fluctuating force
f(t) is overwhelmed by the systematic amplifica-
tion force. Consequently, the amplitude S(¢)
keeps on moving deterministically as the nonlinear
regime is entered. An approximate solution of
the van der Pol Eq. (2.6), which reduces to (2.5)
in the linear amplification regime, reads

Su(t, s)=e"ts[1+ (¥t = 1)s?] 712, (2.8)

The approximation (2. 8) breaks down when the
amplitude finally reaches the immediate neighbor-
hood of the stable states |S|=1 since there the
net systematic force again becomes small and
comparable in magnitude with the random force
f(). The solution (2.8) is acceptable as long as
we confine our attention to the departure from
unstable equilibrium and do not attempt to describe
the final approach to stable equilibrium.

It is instructive to reformulate the arguments
given up to this point by discussing the time-

dependent probability density P(S, ) for the am-
plitude S. Instead of the Langevin equation (2.1)
with the Gaussian white-noise source charac-
terized by Eq. (2.2) we then have to solve the
stochastically equivalent Fokker-Planck equation21

. 8 91 9
P(S,t):(— s+ BSNBTS)P(SJ). (2.9)

We can take as an initial distribution P(S, 0), ac-
cording to Eq. (2.4), any probability density
which is sufficiently localized near S=0. We
must require then that the initial values of both
the squared mean and the mean square of S do
not exceed 1/N in order of magnitude; if, for in-
stance, the initial state is certain to be the un-
stable-equilibrium state S=0, we have

P(S,0)=6(S). (2.10)

The solution of the Fokker-Planck equation (2.9)
obeying the initial condition (2. 10) is well known
and reads, if S is a simple real variable, then

P(S, t) ~exp[-S*Ny/2(e™ - 1)] . (2.11)

As long as y is positive the random process de-
scribed by the Fokker-Planck equation (2.9) can -
be associated with another process, the dynamics
of which is purely deterministic. To introduce
this process we note that the convolution of P(S, ¢)
with a Gaussian function of width (Ny)™,

Qs t)=$)lde'e —(S-S')(Ny)(S-S')/ZP(S,’t) ’

(2.12)

obeys the first-order differential equation

Q1) == 5575Q(S, ). (2.13)

The factor 9 in the transformation (2.11) serves
to normalize Q(S, f) to unity,

m-1=fdse-S(N7)S/2. (2.14)

The absence of second-order derivatives in Eq.
(2.13) implies that the probability @ moves de-
terministically along the characteristic curves
S~exp(yt). The diffusive effects on P(S,¢) de-
scribed by the second-derivative term in Eq. (2.9)
are therefore completely represented by the
broadening of @ relative to P inherent in the
transformation (2.12). The unstable equilibrium
state (2.10), in particular, is now represented by
the Gaussian distribution
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Q(S, 0) =gre~SH1S/2 | (2.15)

" The solution of Eq. (2.13) obeying the initial con-
dition (2.15), :

Q(S,t) ~exp(—% Nye 'ts?) (2.16)

is also somewhat broader than the corresponding
P function (2.11). By comparing the solutions
(2.11) and (2.16) we find that the two distributions
P and @ become asymptotically equal for large
times, as !> 1. It is thus evident once more
that the decay of an unstable state takes place,
for large times, along deterministic trajectories
and that the initial points of these trajectories
may be regarded as having the Gaussian distribu-
tion (2.15).

If we include a saturation force as in the non-
linear Langevin equation (2.6), we must consider
the corresponding Fokker-Planck equation

. 8 . 5 19
P(S,1) =(— 8—873(1 —sz)+a—SN8_S)P(S’ £).

(2.17)

The deterministic equation of motion for the as-
sociated distribution Q(S, ),

oS, 1) =~ a—asysu - $9)Q(S, 1), (2.18)

is then arrived at only after dropping higher-or-
der-derivative terms from the combination of
.Egs. (2.12) and (2.17). The time development
of Q(S,?) is in fact, described by Eq. (2.18) to
an excellent degree of accuracy in the limit (2.7).
Indeed, it is easy to verify* that the terms which
are dropped from the exact equation of motion for
Q(S, t) do not affect low-order moments of @ by
more than corrections of relative magnitude 1/N
(provided again that the system is not yet close
to stable equilibrium, IS|= 1). Since in the limit
(2.7) the saturation effects set in only after the
distributions P(S, ¢) and Q(S, #) have become nearly
equal, that equality continues to hold for all times
of interest to our present investigation.

In order to demonstrate explicitly the equiva-
lence of the two pictures of the asymptotic dynam-
ics just presented we now evaluate the mean nth
power (S(#)". In the Langevin picture we must,
in general, perform two averaging processes.
The first of these is a functional average over the
random force f(#) with the Gaussian weight

W({f(t)})'*exp(—% 'g wdt f(t)Nf(t)) . (2.19)

The second average is one over the initial value

S(0) with a weight P(S(0), 0) describing the initial
state of the system. If we recall the definitions
(2.5) and (2. 8) of the asymptotic trajectories,

S.s(t, 8) =Su(t, S(0) + fo ) dre™ f(T», (2.20)

we may write the mean value in question as

= [ airo} wirop [ asePE), 08,0 9",

(2.21)

where d{f(t)} is the differential measure in the
space of random functions f.

Since the random force enters the asymptotic
trajectory S,, only through the integral [ d7
Xe~Y7f(1), the functional integral over f(¢) in Eq.
(2.21) can be reduced to a single integral over a
new variable s, with the weight

wiso = [ alr s opo(so- |~ are=r(n).

(2.22)

Because of its linear relation to the random force
the variable s, likewise has Gaussian statistics
and zero mean. In Appendix A we calculate the
functional integral in Eq. (2.22) and find

W(sy) =N exp(—5s,Nys,) . (2.23)

The mean value defined in Eq. (2.21) then takes
the form

(styy= [ asyWisy) f dSO)PS(0), 005,, S(0) + s0)"
(2.24)

By using S=S(0) + s, as an integration variable we
obtain

s = asq(s, 05, S, (2.25)

where Q(S, 0) is related to P(S,0) by the transfor-
mation (2.12). An alternative way of presenting
this result is reached by letting S’ =S,,(¢, S) and
solving for S. Then, since the function S, (¢, S)

is a characteristic of Eq. (2.18), we find the
asymptbtiq result

swm=J asswa(s, ), (2.26)

where Q(S,t) satisfies Eq. (2.18). The equiva-
lence of the two pictures presented is thereby
fully established.
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III. ASYMPTOTIC PASSAGE-TIME DISTRIBUTIONS

We assume here, as in the last section, that
the random variable S is initially released from
some point S(0) within the microscopic neighbor-
hood (2.4) of the point of unstable equilibrium
S=0. We shift our interest, however, from the
full time development of the trajectory S(t) to the
particular time or times at which the trajectory
passes through some given “surface,” e.g.,

S@)?=m?, (3.1)

where M?is a positive number. In principle, the
variable S(¢) can, since it is driven by the random
force f(t), pass through the surface (3.1) any
number of times. Because the motion is contin-
uous, passages out of the region enclosed by the
surface and into it must alternate. It is there-
fore necessary, in general, to further specify the
definition of the passage time by asking, for ex-
ample, for the time of the first passage'® !
through the surface (3.1). The first-passage
time depends, of course, on the initial value S(0)
and on the Langevin force f(#) and thus is a ran-
dom variable itself.

The first-passage time is an interesting quantity
to study, especially if it is defined with respect
to a threshold M? well outside the microscopic
neighborhood (2.4) of the unstable equilibrium
state S=0,

1/N<M?, (3.2)

This large a threshold is, of course, more easily
accessible to laboratory-scale measurements
than one near the noise level. We must expect
the passage time to display large fluctuations
from one trajectory to the next. A simple argu-
ment suffices to indicate the reason. Because
the variable S(¢) experience only a small force in
the microscopic neighborhood S2<1/N of the un-
stable equilibrium, the greater part of its first-
passage time tends to elapse before it escapes
from that region. Once S(f)* has attained macro-
scopic values, however small compared to the
threshold M2, the motion is accelerated rapidly
by the systematic force and S(¢)? rushes up to M?
in a comparatively brief interval of time. The
time- actually spent in the noise-dominated regime
around S=0, however, fluctuates greatly since
the random force f(¢) may as easily accelerate
the variable S(¢) out of that regime hastily as
keep it wandering around inside for more extended
periods.

The probability distribution of the first-passage
time is determined uniquely by the initial state of
the system, i.e., the probability density P(S, 0)
and the statistical properties of the noise force

f(t). It is notoriously difficult to evaluate exactly,
though, except in some problems involving a sin-
gle degree of freedom.!®!? We shall show, how-
ever, that it is often possible to define and evalu-
ate an asymptotic approximation to the first-pas-
sage-time distribution which can, for most prac-
tical purposes, be used in place of it in studying
instability problems.

In order to define the asymptotic passage-time
distribution we imagine the threshold M? to be
set in a domain in which the systematic force on
S(t) greatly exceeds the strength 1/VN of the ran-
dom force. The condition (3.2) is thus obeyed
as well as analogous ones, requiring that M2 not
be close to any other equilibrium states. We can
then be sure that the overwhelming majority of
trajectories starting in the neighborhood of S=0
will pass through the surface (3.1) once and never
return to it. Moreover, the passage will take
place while S(¢) obeys the asymptotic deterministic
dynamics discussed in Sec. II. We can therefore
replace the definition (3.1) by

Su(t, )P =M>. (3.3)

For almost all initial values s of S,, the Eq. (3.3)
should have just one solution T'(s, M?),
We now use the identity

d
8(S (¢, 8)? - M?) ];,; Sult, 5)?

=Z 50_ Tp(syMz))’
»

(3.4)

where the sum on the right is a sum over all suc-
cessive passage times T, p=1,2,. .., should
there be more than one. We also recall that the
initial value s of S,(¢, s) is a random number with
a probability distribution (s, 0) related to the
initial distribution P(S,0) of the observable S by
Eq. (2.12). Let us imagine averaging both sides
of Eq. (3.4) over the initial value s with the
weight @(s,0). The right-hand side of Eq. (3.4)
would then yield a sum of distribution functions.
The pth term of that sum would be the distribution
function for the time of the pth passage and have
a time integral given by the measure in function
space of trajectories with at least p passages
through the surface (3.3). Inasmuch as our as-
sumptions provide that the terms beyond the first
have negligible weight we could use the average
mentioned as an asymptotic approximation to the
first-passage-time distribution.

In evaluating the average over s in Eq. (3.4) it
is convenient to represent the modulus of (d/
dt)S,(t, s)* by using the identity |x|=x[6(x)

- ©6(-x)], where ©(x) is the unit step function.
We can thereby separate the average in Eq. (3.4)
into two sums, one referring to passages with
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positive values of (d/dt)S,(t, s)?, the other with
negative ones. For all trajectories which begin
with s <M?, that is the overwhelming majority

of trajectories according to our assumptions, it
is the odd-order passages which have (d/
dt)S.(t,s)*>0. Actually, by dropping entirely the
contributions of the even-order passages we can
secure an even better approximation to the first-
passage-time distribution. We shall therefore
use, instead of Eq. (3.4), the identity

4
dt

=), 58(t-1,) (3.5

podd

8(S,4(t, 8)% - M%(% S,(t, s)z) S,(t, 8)?

and define our asymptotic distribution as the
average of the left-hand side of Eq. (3.5),

W) = (6(S (¢, 5)2 = Mz)e(% Sults s)2>% Sult, 8%

(3.6)

It is clear that the asymptotic distribution (3.6)
is not normalized to unity. For problems with a
single degree of freedom the quantity (d/dt)S,(t, s)*
will always increase monotonically in time until
the next equilibrium state is reached. In such
cases no more than a single passage through the
surface (3.3) can take place and the normalization
integral cannot exceed unity. It will, in fact, be
smaller than unity, since the distribution Q(s, 0)
will, according to Eqs. (2.4) and (2.12), have a
fraction of the order exp(—iNM?) of initial values
s with s> >M*. Obviously, that fraction is asymp-
totically negligible in the limit N>1.

Multiple passages and thus values of the nor-
malization integral larger than unity do become
possible, however, for systems with more than
one degree of freedom.” We shall encounter such
effects when dealing with field problems in Sec.
VII. Whenever the normalization integral f;" dt
X W(t) deviates from unity only insignificantly our
asymptotic distribution (3.6) can be expected to
be a good approximation to the first-passage-time
distribution.

IV. LINEAR ISOTROPIC AMPLIFICATION
OF A VECTOR VARIABLE

As the simplest possible application of our
asymptotic approximations we here consider an
n-component vector S which obeys the linear
Langevin equation

8g(t) =S(1) +1(0) . (4.1)

We assume the random force vector ¥(t) to have
independent components with the autocorrelation
function

FiBf () =6,(2/N)d(t~1'). (4.2)

We shall now evaluate the asymptotic distribution
(3.5) of the times at which the vector S(¢) passes
through the hypersphere S¥(f) =M?. As we shall
see presently the condition (3.2) on the value of
M® must be strengthened to NM%>> g, .

The asymptotic trajectory (2.5) of the vector S
now reads

S,.(t, 3) =3¢t (4.3)
as

with the effective initial value
$=35(0) + f dt e 1(t) . (4.4)
0

If the observable § starts out precisely at the
point of unstable equilibrium, S(0)=0, the effec-
tive initial vector § has the distribution (2. 15),
i.e.,

Q(,0)=[42,(2/NV)"*T(n/2)] " exp(-Ny§2/2),

(4.5)

where y=1 and Q,=27"/2/T'(n/2) is the surface
of the unit sphere in n dimensions. The distribu-
tion (3.6) then takes the form of an n-fold integral
which is most easily evaluated in spherical co-
ordinates. The n -1 angular integrals cancel the
factor 1/Q, form the normalization factor of

Q(3,0). The remaining integral over the modulus
s=|§],

w(t)= m272—)— /2’2 jow ds s exp(—4Ns?)
X 8(S,(¢, s - M?)

X %[Sas(t,s)z] ,  (4.6)
yields the result

wiz) ZT;/?) (ANM2e)/2 exp(— 2 NM? e-z(ti )

the maximum of which occurs when NM?2 exp(- 2¢)
=n. A plot of W(¢) is shown in Fig. 1.

It will be useful for the futher discussion of W(¢)
to evaluate its moments

t‘vsz attrw(t) , 4.8)

or, equivalently, the characteristic function

v’v(x):fw dte"“W(t) . (4.9)

The latter function has the moments (4.8) as its
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FIG. 1. The asymptotic passage-time distribution
according to Eqgs. (4.7) and (5.4) for M2=1%, N =10%,

Taylor coefficients according to

o

W= S arP.

v=0

(4.10)

Since the asymptotic distribution (4.7) is mean-
ingful only for large values of the parameter NM?
we can, inevaluating the integral (4.9), tolerate
an error of the order exp(— NM?) and replace the
lower integration limit by —«, The characteris-
tic function can then be expressed by means of
the gamma function as

W () = (4 NM2)™ 2 r(%iﬂ) / I*(g) i
Although the result W(0)=1 seems to imply that
the normalization integral of W(¢) is unity, it is
actually somewhat smaller because of the approxi-
mation we have made in extending the integral
(4.9) to —. The error of that approximation is
evidently of order

(4.11)

(4 NM?)"/2 exp (- L NM?) 4.12)

_2

T'(n/2)
and is thus negligible as long as NM?>»>n. It
follows that the asymptotic passage-time distri-
bution (4.7) is an excellent approximation to the
exact first-passage-time distribution. We shall
see, in fact, in Sec. IX that Eq. (4.11) can also
be obtained from the latter in the limit NM?>1.

By differentiating the expression (4.11) we find

the mean passage time®? '

= i)

and its relative variance,

@-1)/P =¢'(’21) / [m (Néwz) - zp(g}]z . (4.14)

where ¥ and ¥’ denote the digamma and the tri-
gamma functions,?® respectively. We should

(4.13)

emphasize that the relative variance depends
only logarithmically on the small parameter
1/N. 1t therefore tends to remain of order
unity even when N takes on enormous values.
This result offers quantitative support to our
earlier argument that the passage time fluctuates
strongly.

V. SATURATION EFFECTS

Since the greaterpart of the passage time
elapses while the variable S is still close to the
unstable equilibrium point $=0 where nonlin-
earities in the systematic force are quite neglig-
ible, we may surmise that such nonlinearities
have little quantitative influence on the passage-
time statistics. In order to check that expecta-
tion we here generalize the Langevin Equation
(4.1) to include a saturation term,

® 0=8001-80r1+{0) . 6.1)

According to the argument given in Sec. II we
must then replace the asymptotic trajectory (4.3)
by v

S (t,8) =8et[1+8%e - 1)]V/2, (5.2)
If we again assume the observable S to start our
at §(0) =0 the distribution (4.5) of effective initial

vectors remains unchanged. The asymptotic
passage-time distribution (4.6) then reads

2 1-M2 1 NM2g® \n/2
T(n/2)\1 -M?+M2 ™% (2 1-M2+M%e2t)

X ex _l—sz_e_-it____)
exp 2 (1 -M?+M% %)) *

w(t)=

(5.3)

If we set the value of M? so that neither it nor

1 -M? is close to zero, the distribution (5.3),

as well as the one given in Eq. (4.7), has prac-
tically all of its weight concentrated at times at
which Ne /5 is of order unity. We can then,

in Eq. (5.3), neglect M?¢™® against 1 — M? without
thereby affecting the moments of W(¢) by more
than corrections of order 1/N. The resulting
distribution,

2 (1 NM? _2,)"/2 1 NM2
Tr/2)\21-M%° exp<“21-M2e ’

(5.4)

and its moments differ from the corresponding
expressions obtained for the linear amplification
problems, Egs. (4.7), (4.12), and (4.13) only by
the replacement of M2 by M?/(1 - M?). The cor-
responding shift of the passage times to slightly
larger values is an intuitively obvious saturation
effect since the nonlinear trajectories for S, (t)?

w(t) =
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rise less steeply with time than their linear coun-
terparts. We show in Fig. 1 plots of W() for
both the linear and the nonlinear theory.

VI. INERTIA EFFECTS

We here generalize the analysis of Sec. IV by
including an inertial term in the equation of mo-
tion of the vector variable,

dzs as = =
— +— -S=f . 6.1
m S=£() (6.1)
We shall discuss the decay of the unstable:equili-
brium state initiated by the random force f )
alone, i.e., we pose the initial condition®*
- ds :
S(0)=o0, 45 0=o0. (6.2)
dt
The qualitatively new feature of the problem so
defined is that the two eigenvalues of the homo-
geneous part of Eq. (6.1),

v, =[x @ +4m)/2 -1]/2m , (6.3)

differ in sign. The state $=0 is thus an unstable-
equilibrium state for one eigenvector of the sys-
tem but a stable one for the other.

The solution of the equation of motion (6.1)
obeying the initial condition (6.2) reads

3(s). 1 ¢ v (t=t) _ -Gt (¢
= (e~ —e™ £(t) .
S(@) AT am) 7 fo dat'(e e )
(6.4)
In order to find the relative weight of the two
modes contributing in Eq. (6.4) we must con-
sider, e.g., the expectation value
(S; (#)s, (1) = 6, ; f dt’ (et —e™t' ) |
1+4m + 4m N (6.5)

Obviously, for large times, when e”+f > 1, all
expectation values and thus the random vector

S(t) itself, too, are dominated by the growing
mode. As an asymptotic approximation to the exact
solution (6.4) we therefore have

S, (t,8)=8e! (6.6)
with the effective initial vector

- 1 i Y
s=(_1+4—m)1/_2f dte?-t1(f) . 6.7)
0

The derivation of the probability distribution (4.5)
for § may now be repeated. The scale change by
the factor 1/(1 +4m)'/2 in Eq. (6.7) than leads to
the distribution (1 +4m)"/2 Q[§(1 +4m)*/2,0] with
Q(3,0) as in Eq. (4.5).

The evaluation of the asymptotic passage-time
distribution (3.6) proceeds as in Sec. IV and
yields

w(t)=

F( /2) [‘LN')/*MZ(]. +4m)e‘21 t]n/z

X exp[— 3Ny, M*(1 +4m)e ] . (6.8)

This result differs from Eq. (4.7) only by a
change of the time scale by a factor y, and a
change of the effective threshold, M2 to M%(1
+4m). With these scale changes we obtain the
moments of the distribution (6.7) from the pre-
vious results (4.13) and (4.14). The mean and
the squared relative variance of the passage time
are

=

yl {In[$ Ny, M2(1 + 4m)] - 9(n/2)} (6.9)
and

-1/ = (n/2)/AIn[2 Ny, M2 (1 + 4m)] - v(n/2)f ,
(6.10)

respectively. Since the time-scale factor v,
cancels from the relative variance the latter
quantity depends much less sensitively on the
mass parameter m than the mean passage time
does.

VII. LINEAR GINZBURG-LANDAU MODEL

Macroscopic systems must often be described
by means of position-dependent fields rather than
a discrete set of coordinates. As a simple
example!?!? we consider an n-component vector
field S(%, ¢) defined in d spatial dimensions. Such
fields are generally encountered in the Ginzburg-
Landau theory of order-parameter relaxation.
The field § could, for example, be the magnetiza-
tion of a ferromagnet below the Curie tempera-
ture. An initial state of zero magnetization is
then unstable and relaxes towards a state of finite
magnetization. In the linear approximation the
relaxation is described by equations such as®®

8@, 0= (- vER, 0+ &, 0]+ T &, 0
(7.1)

with a=0 or} . The decay of the unstable-equili-
brium state S=0, is for these equations, initiated
by the microscopic random force f. We assume
the latter to be Gaussian in nature with zero mean
and an autocorrelation function

X6t —-t') .
(7.2)

<fi(§)t)fj( t »'—‘ 5”(_V2)aad(x
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In the case a=0 the field equation (7.1) gener-
alizes Eq. (4.1) only by the inclusion of spatial
diffusion through the term - v2§. By letting
a=1, on the other hand, we impose the conser-
vation law'?

d 3z 1) — _
dtfd"xs(x,t)_o for a=1. (7.3)

The equation of motion (7.1) is most easily
solved after spatial Fourier transformation since
the Fourier components §(k, ) move independently
of one another. The homogeneous equation for
S(k,) is satisfied by exponential functions
exp(y,t) with

7= (K2)9(1 k) . . (7.4)

The parameter 7, 1s a growth rate for K2 < 1 (ex-
cept for the case a=1, where 2=0 labels the
conserved mode) and a damping rate for larger
wave numbers. For each growing mode there is
a time domain y,>1, in which the exact solution

.- . t .
§&, 1) =8(,0)ent + f aren ik, 1) (7.5)
1]

of Eq. (7.1) can be accurately replaced by the
asymptotic approximation

S, (K, 0)=8; ent , (7.6)
where the effective initial vector is given by
5=8E,0+ [ arewik,0 . (1.7)
0

If the initial state of the system is the unstable-
equilibrium state, S(%,0)=0, Eq. (2.15) or (4.5)
shows that the probability density for the random
vectors §, with |k|<1 is given by

Q4sh =IJ{[¢ 2, ( 1 )n/zr <,%)]_1(Ak)d/z

x exp[ -3 N(1 —k2)|§;12(Ak)a]},(7.8)

If, more generally, the initial state is specified
by a probability density P{S;},0), we obtain the
distribution for ; as the convolution of P{Sg},0)
with the density given by Eq. (7.8) by analogy with
Eq. (2.12).

There are now various ways in which passage
times may be defined. We may, for instance,
think of systems where scattering experiments
are carried out to observe the growth of single
Fourier components S(k,#). It would then be
natural to define a passage time for the Fourier
component under observation, i.e., by |S(,)|?
=M?>»n/N. Because of the independence of

different Fourier components the asymptotic
distribution of that passage time is given by Eq.
(4.7) (with ;! as the unit of time).

We may also imagine the local growth of the
tield S(Z,#) in the neighborhood of some point X
to be observed experimentally. An appropriate
passage time would then be determined by S§(X, #)?
=M?>»n/N. In fact, if we insist on such a
strictly local definition, the presence of decaying
as well as growing Fourier components in
§(5E,t) precludes the applicability of our asymptotic
approximation (7.6) for the trajectories. How-
ever, §(k’,t) will be dominated, for sufficiently
large times, by its growing Fourier components.
As we shall see, it is possible to approximate the
passage-time distribution as well as (&, #) by
omitting the Fourier components for which the
asymptotic approximation breaks down. What
we shall do, in other words, is to use a cutoff
sum over Fourier components instead of the
strictly local field §(%,¢). In the case of a non-
conserved field a=0, an ultraviolet cutoff A,

k| <A<1 for a=0, (7.9)

suffices to secure the validity of Eq. (7.6) for
times £>1/y,, while an infrared cutoff X must
be included as well if the field is conserved

0<is<|k|<A<1 for a=1. (7.10)

With the above arguments in mind we understand
all wave-vector integrals encountered below to

be cut off in the sense of (7.9) or (7.10). We take,
in particular, as an asymptotic approximation to
the local field S, ¢) the cutoff Fourier integral

3 (z - d'k s = ) i

su(x:ty{s})~£“m“ (27T)d Sa,(k,tysi)e ’(7.11)
and define our passage time by

S, &, tishr=M2>n/N . (7.12)

For our asymptotic approximation to be self-
consistent the probability distribution of the pas-
sage time just defined must concentrate almost all
of its weight on times large compared to all char-
acteristic times 1/ 7, associated with the Fourier
components we have retained. Moreover, the
moments of the passage-time distribution must
not depend strongly on the cutoff wave number(s).
As always, the normalization integral of the’
asymptotic distribution must be close to unity.

In order to find the asymptotic passage-time
distribution we have to perform a functional aver-
age over all configurations of the effective initial
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vector field §(X) in

wO=(o(I8, | -1 dﬁﬂ-’ze(d'i;-lz» .

(7.13)

For the sake of simplicity we shall suppose that
the field S is certain to vanish initially so that the
average in Eq. (7.13) is one with the function
Q(8,,0) given by Eq. (7.8) as the weight for §,.

The unit step function in Eq. (7.13) now plays
an essential role. In fact, we can easily verify
that not all trajectories of S, (%,¢,{3})? always
increase with time. To do that we express the
linear relation of §u (%,t,{8}) with its effective
initial value by means of an appropriate integral
kernel G(&,t) as

5.& 018 = [ @veg-x,086) . (1.19)

The time derivative of S%, is then a quadratic form

in §(%),

4[5, & 048DP= [ at [ aex 2EEEE)

(7.15)
with the kernel
- = di e =
K(X”X”)ZL_ZZ[G(X X GE-%",10] . (7.16)
We can find eigenvectors V(X) of the kernel
K(il’ill),
1

D(w,Q)_<exp(+zw|S %, t{s})’z—zﬂ [S (xt{s})l))

is a Gaussian functional integral.

[ ax@ 2 wE) =) (7.17)
by superposing G and its time derivative
VE)=aGE-X,0)+BCE-T,1) . (7.18)

Inserting the ansatz (7.18) into (7.17) reduces the
eigenvalue problem for the kernel K to that of a
two-by-two matrix. An elementary calculation
then shows that one eigenvalue of K is always
negative and hence that (d/dt)SZ is not positive
definite.

The further evaluation of the functional integral
slightly generalizes a previous calculation of the
delay-time statistics of superfluorescent pulses.’
We represent the delta function and the step func-
tion in Eq. (7.13) by Fourier integrals

— +w& =t wt
6(5)—‘[” a7 ¢ ’

0(¢) = hmf

€~0+ Y=

e int (7.19)
277 -iQ +e ’

and write our passage-time distribution in the
form

' dw [ dR ion®
W(t)“f.w ar J_ 21 Cimte i L@
(7.20)
where
(7.21)

We can express the latter, after using Eq. (7.8), as the nth power of

a similar integral over one vector component of the field §,

D(w,Q):[Enf d{s®)} exp (— fd"x’ f ax"'M(w, 2,%’,

i")s(i’)s(i”))] . (7.22)

Here, the normalization constant  is determined by the requirement D(0,0)=1 and the kernel M

is given by

M(w,R,%’ *")———(1+V’2)6"(x -X") +iwGE-X,t)GE -X",1) +

We defer the further evaluation of D(w, ) to
Appendix A. The result can be expressed in terms
of the average

27

—<| I%—lf(zﬂ)d ”;zsz(t), (7.24)

its time derivative Z(¢), and the mean-squared
time derivative of the field,

|5 -3) 6 25

(7.25)

iQ%[G(i—i’,t)G(i—i",t)]. (7.23)

T .
We use the convenient abbreviation

ser =5 (U8, (|B|')- (5, - EoY) 120

and write the result derived in Appendix A as

D(w,Q)=[1+iwZ(t) +iQZ () + RA@?R™/2 . (7.27)

The remaining two integrals in Eq. (7.20) are
elementary and yield our final result for the
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asymptotic passage-time distribution,

w(t)=#/z)‘ (%2))"/2‘1 e}_{p(—%>
o2

(7.28)

We may point out that the asymptotic passage-time
distribution takes the same form whatever the
dimensionality d of the position space is. It is
not even bound to the special form of the deter-
ministic (homogeneous) part of the field Eq. (7.1).
In particular, it holds whether or not the field
S is conserved, i.e., for a=0and 1. The case
n=2 has found an application in superfluores-
cence,” a problem with field equations quite dif-
ferent in appearance from (7.1). We shall show
in the next section that the validity of Eq. (7.28)
may even extend to some nonlinear field equations.
It is indispensable, though, that the distribution
of the effective initial field be Gaussian in nature.
While the form (7.28) for W(¢) is, as we have
noted, rather universal, the expectation values
(|§a(t‘)|"’) and (|dS,, (t)/dt|? do indeed depend on
the dimensionality as well as on details of the
field dynamics. We must still check whether the
expectation values Z(¢) and A(¢)? are sufficiently
insensitive to the wave-vector cutoff for the
result (7.28) to be an acceptable approximation
to the first-passage-time distribution of the
Ginzburg-Landau model. We shall here present
such a consistency check for the case a=0.

It is obvious from Eq. (7.24) and (7.25) that,
in contrast to the function Z(¢), neither the time
derivative Z(f) nor the mean-square derivative
(7.25) diverges as the cutoff A approaches unity.
We split the potentially dangerous function Z(¢)
into a singular part

IS S
Z(O)'— N (4ﬂ)d/2F(d/2) 0 1- kz ’
and a regular part

¢ S (1 _,4 ____~1__~___ ¢ ’ A d-1 2y, t'
J; arz(t )_J-V(4W)d/zf(d/2)v£ dt ’/0‘ dkk* " et
(7.30)

(7.29)

which can be expressed in terms of hypergeome-
tric functions. Since the singularity in Z(0) is
only a logarithmic one, we can expect that = (¢)
and thus W(¢) suffer no appreciable cutoff depen-
dence except when A is quite close to unity.

PROBABILITY DENSITY
(e}
ES

TIME

FIG. 2. The asymptotic passage-time distribution
according to Eq. (7.28) for n =d =2, M%?=1, N =10,
and various values of the cutoff, A=0.8, 0.9, and 0.95.

This expectation is fully borne out when Z(¢)
and W(t) are evaluated numerically for a suffici-
ently large value of N. In Fig. 2 we show the dis-
tribution W(t) obtained for n=d=2, N=10%, M%=1,
and A=0.8, 0.9, and 0.95. Even though the
moments of these three distributions do not differ
by more than a few percent, the cutoff dependence
of the distribution W(¢) itself is quite noticeable.
If, however, N is increased to 10%, we obtain a
distribution W(f) which is shown in Fig. 3. To
within the accuracy of the plot there is no cutoff
dependence in the range 0.7 <A <0.999.

We can draw similar conclusions from Fig. 4
where we plot, as a rough measure of the mean
passage time, the solution 7 of the equation

() =M?/n=2%. (7.31)

The lower curve pertains to N=10% and shows
a significant dependence on A, whereas the upper
curve, corresponding to N=10*, describes a
constant to within 0.5% for 0.7 <A <0.999.

As the strength 1/N of the microscopic noise
is further decreased the cutoff independence of

(o] o
EN o
T

PROBABILITY DENSITY
o
N
.

2 4 6 8
TIME

FIG. 3. Same as Fig. 2 but for N =10%; there is no
visible cutoff dependence for 0.7 <A <0.999,



3266 FRITZ HAAKE, JOSEPH W. HAUS, AND ROY GLAUBER 23

TIME

CUTOFF

FIG. 4. Cutoff dependence of the approximate average
passage time defined in Eq. (7.31). The drop of the
curve for N =10! which occurs near A=1 is not resolved
in the plot. The left and right vertical scales refer to the
the cases N =10* and 10, respectively.

7 [as well as that of W(#)] must extend to ever
smaller values of A. The reason is simply that
the preponderance of the fastest growing modes
S (¢) over the slower ones will be more pro-
nounced when the gap between the threshold M 2
and typical effective initial values of |S,,} becomes
larger.

Obviously, then, for sufficiently large N we can
choose a A from within the range of cutoff in-
dependence such that even the most slowly growing
mode retained reaches its asymptotic behavior
(7.6) for times near the typical passage time 7.
This argument demonstrates the self-consistency
of our asymptotic result (7.28).

VIII. NONLINEAR GINZBURG-LANDAU MODEL

When we add a saturation term to the field
equation (7.1) we can, in general, no longer find
nontrivial exact solutions in closed form. We
could then try to find the passage-time statistics
by numerical means. To that end we would have
to calculate a large number of deterministic
solutions Sas (%,¢,{8}) the effective initial vectors
of which adequately represent the distribution
(7.8).% Alternatively, we can use closed-form
approximations to S To illustrate that method
let us consider the nonhnear Ginzburg-Landau
equation

=S(1-a8?) +v2S+7 (8.1)

ST

with @>0. The noise force { is assumed to have
the same properties as the one we used in Sec.
VII. Suitable approximate solutions for this equa-
tion have been found by Kawasaki, Yalabik, and
Gunton'® for the case n=1. We follow these au-

thors by introducing an associated field Sy(X, )
by means of the transformation

S(X,8)=S,(%, 1) [1+aSy(X, 072 (8.2)
The deterministic field equation for S,
S =S, +V?2S,+3aS,(VS,)?/(1 +aS3), (8.3)

appears to be somewhat more complicated than
Eq. (8.1). However, the nonlinear term in Eq.
(8.3), in contrast to the one in Eq. (8.1), contains
the squared gradient of the field. We expect the
nonlinearity in Eq. (8.3) to be less important than
the original saturation term in Eq. (8.1). By the
time saturation effects become appreciable the
diffusion term in the field equation has tended

to smooth out spatial inhomogeneities in the

field S, so that S,(VS,)? will indeed tend to be
considerably smaller than S3. In fact, we see by
comparison with Eq. (5.2) that for a strictly
homogeneous field the ansatz (8.2) represents the
correct long-time behavior of S(X,¢) if S, (%, ¢)

is evaluated from Eq. (8.3) with @ =0. Sincethenon-
linearity is negligible for smalltimes in any case we
should.obtain a reasonable approximation for
S(%,¢) if we set @ =0 in Eq. (8.3) and thus reduce
it to a linear equation; the saturation of the field
S(X%,?) is then accounted for only by the nonlinear
relation (8.2) between S, and S.

We could not expect the approximation just
described to be meaningful for all Fourier com-
ponents S (k t) of the field S(X,#). The behavior of
the components with lk |—1 for example, will be
especially distorted by neglecting the third term
on the right-hand side of Eq. (8.3). These short-
wavelength Fourier components will have no ap-
preciable influence, however, on the field S(%,¢),
provided the initial configuration S(X, 0) is suf-
ficiently smooth.

The qualitative argument just presented makes
no reference to a specific number of components
n of the field S. We shall, in fact, use the an-
satz (8.2) for any », to determine the asymptotic
time dependence from the linear field equation

ds" (x,t {81 =1 +v?)5,(%,2,{3}), (8.4)

and take the effective initial field to be distributed
according to Eq. (7.8). Starting from the general
expression (3.5) we can easily reduce the asymp-
totic passage-time distribution to the one found
in Sec. VII. We first observe that d S2%/dt and
dS%/dt have, according to the transformation
(8.2), the same sign. We then verify that

- 2 - g2
5(87 - 1% L= =5(57 - ma3) E&-St—& (8.5)

with
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M2=M2/(1 - aM?) (8.6)

and conclude that

2

wie) = (6<s0,., M3 ;m (jt 52 )) (8.7)
where S, , is the asymptotic solution of Eq. (8.4).
The only difference between Eqs. (8.7) and (7.13)
is the replacement of the threshold M2 by M2, By
that replacement we then obtain the final result
for the passage-time distribution W(¢) from Eq.
(7.28). Since M2> M? the passage times tend to
be larger than in the linear problem. The non-
linearity does not otherwise have any qualitative
influence on the statistics of the passage time.

IX. SOME RIGOROUS RESULTS FOR THE FIRST-
PASSAGE-TIME DISTRIBUTIONS

In two classic papers Siegert and Darling'®'°

solved the first-passage-time problem for a
single random variable the motion of which is
describable by a Fokker-Planck equation. We
shall here employ their method to treat the iso-
tropic first-passa.ge-time problem for a random
n-component vector S.

We denote by P(S tlS ) the conditional pro-
bability density for finding the random vector at
time ¢ within a differential volume element d"S
at S provided it had the value S, initially. The
time dependence of the probability density, we
assume, is given by the Fokker -Planck equation

n

. 3 1 8%\,
P—Z (—-IL 53-‘-5‘+ X/F‘Z)P 9.1)

i=i

For p = +1 the model so specified has the in-
stability already considered in Sec. IV. For u
=0, Eq. (9.1) describes the Einstein-Wiener
diffusion process and for i =-1 the Ornstein-
Uhlenbeck dissipation process.

We now let the variable S have at £=0, an iso-
tropic distribution with the fixed modulus », that
is the probability density &(| §| -v)/r"7lQ,. We
seek the distribution f.(7,¢) of its first passages
through the sphere |§ =R. Eventually, we shall
be interested in the first-passage-time distribu-
tion obtained by setting » =0 and letting R be the
threshold M. Because of the isotropy of the pro-
blem states we can relate the distribution f(r,?)
to the reduced conditional probability P(p,# |7)
p™dp that the vector is found in a spherical shell
with radius p and thickness dp provided it was
equally likely to be found anywhere in similar
shell of radius 7 initially. A well-known relation
between the two quantities f; and P, the “renewal
principle,”

t
P(o,t|n)= [ afor,t) Plo,t-'|R), (9.2)

with <R <p, expresses P(p,t lr) as a super-
position of contributions, each of which refers to
a previous passage of IS I through an intermediate
shell of radius R. If we rewrite the identity (9.2)
as one for the temporal La[?lace transforms

fR(r,A)=f”dte"“fR(¢,t), (9.3)

and similarly for P, we find
P(p,\|7)=fRxr,) P(p,A|R). (9.4)

Since, on the right-hand side in Eq. (9.4), fp
(r, ) is independent of p, while P(p,2 IR) is in-
dependent of 7, it follows that the conditional
probability P can be written as a produect of
suitable functions of these variables

P(p,x|r)=u(ro(p). (9.5)

By inserting the representation (9.5) in Eq. (9.4)
we conclude

frr,\) =u(r)/u(R), r<R. (9.6)

The identity (9.6) permits us to calculate the first-
passage-time distribution by solving the adjoint
of the Fokker -Planck equation (9.1)

n

P(8,t18)= 3 (+usm o

=1
(9.7)

for the reduced distribution P(p,? Ir). After a
temporal Laplace transformation and setting

|8,/ =7,| 8| =p the adjoint Fokker-Planck equation
reduces to

[7:7;722%‘“" 1)57 ]P(p Alr)=0. (9.8)

We can use any solution u(7) of this ordinary
differential equation which is regular at »=0 to
find fr(r, ) from Eq. (9.6).

By means of the transformation z = - uNr?/2 we
easily reduce Eq. (9.8) to the differential equation
for the confluent hypergeometric function. As a
solution regular at the origin we can take Kum-
mer’s function®

u(r) M( —u%er). (9.9)

'2— ’ 2 )
Since M(-A/p2,n/2,0)=1, the Laplace transform
of the first-passage-time distribution reads

fu0,2) = [M(——fﬁ o —M%NM2>] 1. (9.10)

This result holds for any value of the threshold
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M? and the diffusion constant 1/N. In order to
compare with the asymptotic result obtained in
Sec. IV we set 4 =+1 and use the asymptotic form
of the Kummer function for large argument,?

e., for NM? -,

M(‘%’g"NW)" Z@ (022 .(9.11)

2 A+n
r 2)

Obviously, the result (4.11) is thereby recovered.
For the sake of illustration we shall discuss the

dependence of the first moment of the exact dis-

tribution on the parameter NM2. That moment

is obtained from Eq. (9.10) as

F=_2
-5 740, x)’m

_E T'(n/2)

v V(v +n/2)

NMm2
= —271—2172(1,1;1+ gz5 ‘%'NMZ), (9.12)
b

s NMm2Y”

where , F, is the generalized hypergeometric
function.?® For n=2, the result (9.12) can also

be expressed by means of the exponential integral
E,(x) (Ref. 23) and Euler’s constant y as

¥ =3[ E,(2NM?2)+In(} NM?)+y]. (9.13)

This expression differs from the asymptotic
result (4.12) only by the first term. Since
1/x<e*E,(x)<1/(x+1), the asymptotic approxi-
mation already becomes accurate for rather
small values of the parameter 3 NM 2, Since our
main concern in the present paper is the decay

of unstable equilibrium states we defer discussion
of the rigorous result (9.10) for p =~1 to Appen-
dix B.
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APPENDIX A: EVALUATION OF TWO FUNCTIONAL INTEGRALS

We first evaluate the functional integral in Eq. (2.22).

To save space we assume the observable s to be

a single real variable. If we represent the delta function by a Fourier integral the functional integral

takes the simple form

W(s)~ f%%’ eius fd{f(t)}exp (— %-;—lv_/o%cltf(t)2 —iw_/:dte'”f(t)) . (A1)

We take the time variable to be discrete, whereupon the functional integral in (A1) becomes a multiple

Gaussian integral

W(s)~fdwe“‘" [f dfiexp< — Atf? —ive ”iAtf,>] (A2)

which is easily evaluated and yields

W(s)~ fdw etws H [ exp(- Atw?e 27t /N)]
i
~fdwe“‘"exp(—w2f dte'z”/N)
o]

~ /dw e s exp(— w?/2yN)
~exp(-5yNs®), (A3)

which is the result given in Eq. (2.23).
Next, we consider the quantity D(w, Q) defined
by the functional average in Eq. (7.22). Since we

-

are treating a spatially homogeneous system, we
can simplify that average by writing the kernel
(7.23) as

(1+v2)54(X -X")

M(w,,%, %)=

+iwG (R, 1)G(R", 1)

+i9 S [G(R,06(%",0].  (A9)

By Fourier transforming with respect to the spa-
tial variables and letting the wave numbers take
discrete values we transform the right-hand side
of Eq. (7.22) into a multiple Gaussian integral
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D(w, Q) = [sn f(IiIdS,>exp (— %: M“(w,sz)s,s,)]"
=9 {det [ M(w, )]}
—grn exp(— gtr ln[M(w,Q)]) ) (A5)
with

My, (00,2) = 0 17 (5,1 ~RON/2(68)+i06,6,

d
Q Ty (G,Gj)) . (A6)
The normalization constant 3 can be eliminated

with the help of the condition D(0,0)=1. We then
obtain

D(w, Q) =exp (- gtr In[ M(w, Q)M(0,0)"])

=exp (— g—tr In| m(w, Q)]) (AT)

with
m;(w, Q) =6, +(Ak) (iw2/N(1 -Ef)) (G,G,)

+(AR)GEQ2/N(1 - kz)) (G G,). (A8)
Since the matrix (m;; ~38,;,) is built up by the di-
rect products of the vectors G; and G, its powers
and thus its logarithm must have that structure
too. By expanding Inm in powers of m —1 we then
easily find the result (7.27).

APPENDIX B: EXACT FIRST-PASSAGE-TIME
DISTRIBUTION FOR THE ORNSTEIN-
UHLENBECK PROCESS

For L =-~1 we find the mean first-passage time
from Eq. (9.10) to be

t= %(éNMz)z (1,1,1+2 ,Z,ZNM)

L(n/2) v
; Vl"(u+n/2)( 2 NM?)". (B1)

It is interesting to consider the limit 3 NM2 -0 of
this expression,

t= -ZIZNMZ for 3 NM?<«1, (B2)
which is quite reminiscent of Einstein’s expres-
sion for the diffusion constant in Brownian mo-
tion. Obviously, in the limit considered, the
variable S_.diffuses to its first encounter with the
threshold S2 =M ? without taking notice of the
linear force. In fact, Seshadri and Lindenberg?
have previously obtained the result (B2) for free

Brownian motion. »

In contrast to the mean first-passage time (9.12)
the one we consider here grows not logarithmically
but exponentially with the parameter $ NM2. That
behavior is qu to the potential barrier 3 M? which
the variable S has to climb while propelled by
random forces of strength 1/V' N. The dependence
of £ on (3 NM?) is especially transparent for
n=2, where Eq. (Bl) simplifies to

t =3 [Ei(3 NM?) -y — In(} NM?)]
= 1

ver vl

1

-2

GNM?. (B3)

For large (3 NM?) the moment ¢ is then dominated
by the asymptotic approximation to the exponen-
tial integral Ei(x),?

? =e"M72/NM? for L1NM?-, (B4)

We obtain a general asymptotic approximation
for arbitrary #» most easily by using the asymp-
totic form of the Kummer function for large ar-
gument® in Eq. (9.10),

( r‘g-? 2\ = M2
- NM?\~
F0,0) = r(n A>el1r)\/2< > )
2
I‘(£) 2 Oem /2 |
2+ 2N ) ] (85)

(3)

We should point out that the asymptotic form
(B5) of £,,(0,)) is not valid for x —«. In fact,
since the right-hand side in Eq. (B5) does not
vanish for A -, the approximate f,(0,2) is not
even a Laplace transform of any well behaved
function of the time. The expression (B5) is use-
ful though as a generating functional for the mean
values ¢ with finite m since the latter are de-
termined by the behavior of f,(0,)) near A=0.
The first term in large squares bracket in Eq.
(B5) is negligible compared with the second one
except when X is close to a negative integer or
zero. The main role of the first term is to shift
the poles of f,(0,)) slightly away from

A=0, -2, —4,... (BS6)

and to modify the corresponding residues as well.
These shifts are especially important near A =0
since the behavior of f,(0,) in that region de-
termines the moments {™. The mean passage
time which follows from Eq. (B5) is

_ n/2
A e o
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This asymptotic result reduces, of course, to the
one given in Eq. (B4) for =2. It also includes

a result previously obtained by Lindenberg and
Seshadri®® for n=1. As already noted above, the
mean passage time t includes the exponential
exp(% NM 2) which we must expect on the basis of
qualitative statistical arguments. The specific
nature of the passage-time problem is reflected
in the factor which precedes the exponential.
That factor shows an interesting dependence on
the number of components % of the random vector
S.

The poles of the asymptotic expression in Eq.
(9.10) near the points (B6) in the complex X plane
give the long-time behavior of the first-passage-
time distribution. ' The leading term is

Ful0, 8% =rgeo? =2t/ (B8)
where 1, is related to the average (B7) by
o =-1/1. (B9)

The first correction to Eq. (B8) is characterized
by a decay constant,

-1
A= -2 —2(LNpm2y /2 [I‘(n ';1) ] o~ Nu?/2 )

(B10)
which is very large compared to the leading one.
The result of (B8) and (B9) has also been obtained

previously.2°:3°

The exponential form (B8) of the first-passage-
time distribution would be rigorously correct at
all times for a delta-correlated process, for
which the values taken on by the variable S(¢) at
different times are independent. It can be derived
as an asymptotic approximation, however, by a
well -known heuristic argument.?®

Both the mean and the root mean square of the
first passage time must be expected, on general
statistical grounds, to be of the order exp(3 NM?).
Such times are enormously long compared to the
unit of time characterizing both the decay of the
correlation function (S(¢)S(#')) and the loss of
memory of any initial conditions. Before the
variable S finally arrives at the reference dis-
placement M it has presumably many times
reached maximum values such that 1/N < S? < M®.
On each such occasion the process has lost mem-
ory of prior excursions to maxima of this magni-
tude. In other words, on a time scale of order
exp(5 NM?) the random process S(¢) indeed appears
approximately to be a delta-correlated process.

The argument just presented makes no explicit
use of the Gaussian nature of the stochastic
process described by the Fokker-Planck equa-
tion (9.1). It holds, in fact, for any Markovian

motion in a binding potential V(S) with V- + as
Sz_. 00,29’30
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