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The repulsion between positively charged projectiles and the nucleus of target atoms gives rise to a Coulomb-
deflection factor that reduces the inner-shell-ionization cross sections calculated for straight-line particle.
trajectories. In the monopole approximation to the repulsion, this factor depends on the function
Gx) =[x dK, (y)/dy|,_ ', where K, is the Bessel function of imaginary order. Through identities between Bessel
functions of complex order and argument we have, in this addendum to an earlier paper [W. Brandt and G. Lapicki,
Phys. Rev. A 20, 465 (1979)], reduced the evaluation of G(x) to computed functions. Values of G(x) and its
integrals as they appear in the theory of K- and L -shell ionizations are tabulated. The monopole approximation is
compared with results based on the standard approximation G(x) = 1 which describes the experimental data.

The Coulomb-deflection factor, C(x), in the
theory of differential cross sections for the ioniza-
tion of an atomic shell S by slow heavy charged
particles' can be written in the form

C(x) = exp(-mx)G(x) , (1

where x=Tdg,sis the product of the Coulomb-
deflection variable® dggs and of 7=1+ &,/ w,s in
terms of the final energy, 8,, of the ejected elec-
tron and its binding energy, w,g, in S. After
integration over &, the Coulomb-deflection fac-
tor, Cg(dgys), for the total ionization cross sec-
tion is given by’
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where I, =0 for the atomic shells S=K, L;, and
l,=1for S=L,, L;. We have used Amundsen’s
approach® to calculate the Coulomb-deflection
factor in the monopole approximation (subscript
zero) to the repulsion between the projectile and
the nucleus of the target atom. The result [Ref.
1, Egs. (25) and (A3)] is
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dy
in terms of the derivative of the modified Bessel
function, K,,(y), of the second kind and of imagi-
nary order. This is to be compared with the
standard approximation® G(x)=1 in which C(x)
=exp(-mx) and

Go(x) = (x
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wléere E,(mdq,) is the exponential integral of order
n.

In light of the importance of the Coulomb-de-
flection effect in inner-shell excitations, this
addendum to Ref. 1 makes Eq. (3) accessible to
numerical scrutiny by transforming dK,(y)/dy
into functions that are computed with available
programs. The recurrence relation for Kv(z) of
complex order v and argument z,°

dK,(2)/dz =K[(2) = =K . (2) + 2 K,(2), (5)
makes contact, through the identity
K (2)= % eVmi/z[J (iz) +iY,(i2)] , (6)

withJ , and Y, the Bessel functions of the first and
second kind, respectively. The Bessel functions
J,(z) are evaluated according to Goldstein.” The
method® produces J,(z) in the form ReJ,(z) and
ImJ,(2) for given argument z and all orders v by
using appropriate recursion relations and nor-
malization factors. The functions Y ,(z) are cal-
culated by summations of J,(z).

In Table I we collate some values of Gy(x), Eq.
(3), and of Cy(x) =exp(-7x)Gy(x).® Anholt et al.'
have recently calculated eight numerical values of
C,(x) which agree with Table I, and of the dipole Cou-
lomb-deflection factor. Numerical integrationac-
cording to Eq. (2) by Simpson’s rule yields the tabu-
lated values C g (dq,g) in the monopole approximation
forl,=0(S=K, L,)and1,=2(S=L,, L,). Forcompar-
ison we list also C(x) and C4(dg,s), Eq. (4), in
the standard approximation G(x) =1. The binding
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TABLE I. Coulomb-deflection functions C(x), Eq. (1), and Cg(dgys), Eq. (2), for S=K, L,
shells and S=L,, L, shells, as computed in the monopole approximation Gy(x), Eq. (3), and
in the approximation G(x)=1, Eq. (4). The parentheses (z) stand for factors 10", Note that
when binding and energy-loss effects are included, the Coulomb-deflection functions should
be taken at the increased argument 2dg, s £s/zs(l+zg) as defined in the text.

x T . G(x)=Gy(x) G(x)=1
or or Cy(x) Cos(dqys) C(x) Csldgys)
dqys Tdqys Gy(x) e Gy(x) S=K,L4 Ly, Ly e"™ S=K,L; L,,Lg

0.00 0.00 1.00(0) 1.00(0) 1.00(0) 1.00(0) 1.00(0) 1.00(0) 1.00(0)

0.01 0.03 9.97(-1) 9.66(-1) 9.62(-1) 9.63(-1) 9.69(-1) 9.65(-1) 9.66(-1)
0.02 0.06 9.91(~1) 9.31(-1) 9.22(=1) 9.24(-1) 9.39(-1) 9.32(-1) 9.33(-1)
0.03 0.09 9.83(-1) 8.95(-1) 8.81(-1) 8.84(-1) 9.10(-1) 8.99(-1) 9.02(-1)
0.04 0.13 9.74(-1) 8.59(-1) 8.41(-1) 8.45(-1) 8.82(-1) 8.68(-1) 8.71(-1)
0.05 0.16 9.63(-1) 8.23(~1) 8.01(~1) 8.06(~1) 8.55(-1) 8.38(~1) 8.41(~1)
0.06 0.19 9.52(-1) 7.88(-1) 7.63(-1) 7.68(-1) 8.28(~1) 8.09(-1) 8.13(-1)
0.07 0.22 9.40(-1) 7.54(-1) 7.25(~1) 7.31(-1) 8.03(~1) 7.81(~1) 7.85(-1)
0.08 0.25 9.27(-1) 7.21(-1) 6.89(-1) 6.95(-1) 7.78(-1) 7.54(~1) 7.59(-1)
0.09 0.28 9.14(-1) 6.89(-1) 6.54(=1) 6.61(-1) 7.54(-1) 7.28(-1) 7.33(-1)
0.10 0.31 9.00(-1) 6.57(-1) 6.21(~1) 6.28(~1) 7.30(~1) 7.03(-1) 7.08(-1)
0.20 0.63 7.54(~1) 4.02(-1) 3.57(~1) 3.65(-1) 5.33(~1) 4.95(-1) 5.02(-1)
0.30 0.94 6.13(-=1) 2.39(-1) 2.00(~1) 2.06(-1) 3.90(~1) 38.49(-1) 3.56(-1)
0.40 1.26 4.90(-1) 1.39(-1) 1.10(~1) 1.15(-1) 2.85(~1) 2.47(-=1) 2.53(-1)
0.50 1.57 3.86(-1) 8.03(-2) 6.00(~2) 6.30(-=2) 2.08(-~1) 1.74(-1) 1.80(-1)
0.60 1.88 3.02(-1) 4.58(-2) 3.25(~2) 3.44(-2) 1.52(-1) 1.23(-1) 1.28(-1)
0.70 2.20 2.34(-1) 2.59(-2) 1.75(-2) 1.87(=2) 1.11(~1) 8.75(=2) 9.12(-2)
0.80 2.51 1.80(-1) 1.46(-~2) 9.41(-3) 1.01(-2) 8.10(-2) 6.21(-2) 6.50(~2)
0.90 2.83 1.39(-1) 8.20(-3) 5.05(=3) 5.44(-3) 5.92(-2) 4.41(-2) 4.64(-2)
1.0 3.14 1.06(-=1) 4.58(=3) 2.70(-3) 2.93(-3) 4.32(-2) 3.13(-2) 3.31(-2)
11 3.46 8.07(-2) 2.55(-3) 1.44(-3) 1.57(-3) 3.16(-2) 2.23(-2) 2.36(-2)
1.2 3.77 6.14(-2) 1.41(-3) 7.70(-4) 8.42(-4) 2.31(-2) 1.59(-2) 1.69(-2)
1.3 4.08 4.65(-2) 7.83(—4) 4.10(~4) 4.50(-4) 1.68(-2) 1.13(-2) 1.21(-2)
1.4 4.40 3.52(~2) 4.33(—4) 2.19(-4) 2.41(-4) 1.23(-2) 8.06(~3) 8.62(-3)
1.5 4.71 2.66(-2) 2.39(—4) 1.16(-4) 1.29(-4) 8.98(-3) 5.75(-3) 6.17(-3)
1.6 5.03 2.00(~2) 1.31(-4) 6.19(-5) 6.87(~5) 6.56(~3) ' 4.10(-3) 4.42(-3)
1.7 5.34 1.51(-2) 7.22(-5) 3.29(-5) 3.66(—5) 4.79(-3) 2.93(-3) 3.16(-3)
1.8 5.65 1.13(-2) 3.96(-=5) 1.75(-5) 1.95(-=5) 3.50(-3) 2.09(-~3) 2.26(-3)
1.9 5.97 8.50(-=3) 2.17(-5) 9.31(-6) 1.04(-5) 2.56(-3) 1.50(-3) 1.62(-3)
2.0 6.28 6.37(-3) 1.19(-5) 4.95(-6) 5.55(-6) 1.87(-3) 1.07(-3) 1.16(-3)
2.2 6.91 3.57(-3) 3.56(—6) 1.40(~6) 1.57(-6) 9.96(-4) 5.48(—4) 5.99(-4)
2.4 7.54 1.99(-3) 1.06(-6) 3.94(=7) 4.46(-7) 5.31(—4) 2.81(-4) 3.09(-4)
2.6 8.17 1.11(-3) 3.14(-7) 1.11(=7) 1.26(-=7) 2.84(—4) 1.45(-4) 1.59(-4)
2.8 8.80 6.16(-4) 9.31(-8) 3.14(-8) 3.58(-8) 1.51(~4) 7.44(-5) 8.22(-5)
3.0 9.42 3.41(-4) 2.75(-8) 8.86(~9) 1.01(-8) 8.07(-5) 3.84(~5) 4.25(-5)

and energy-loss (E) effects lower Cg(dgys) fur-
ther!! to CE=C4(2dgysts/25(1+25)), where 2%
=(1- wysisM/ME,) is the fraction of the kinetic
energy retained by the projectile after the ionizing
collision, ¢s being the binding coefficient! and
M= (M7!+M;")! the reduced mass of the projectile
(M,) and the target nucleus (M,).

Predictions based on the standard approximation
G(x) =1 appear to agree with the preponderance
of experimental evidence." "% It is not as yet
understood, however, in which way monopole,
dipole, and higher-pole contributions combine to

yield the experimental results. Still, as Anholt
et al.!® summarize, the data decline as predicted
exponentially withdgq,s and, when so scaled, show

no definite Z, fluctuations from this trend. The
evaluation of G(x) beyond the monopole approxima-
tion remains a pressing problem.
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