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Effect of laser radiation on the mobility of electrons in gases
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Numerical solutions of Boltzmann's equation are obtained for the distribution of electrons in gaseous Ar in the

presence of a dc electric field and a laser field. The calculations are performed at field strengths below those either of
electrical or optical gas breakdown in order to study the effect of the radiation on dc-field-induced electron
mobilities. The isotropic component of the electron distribution function oscillates with energy as a result of the
discrete nature of free-free absorption and stimulated emission. Similar structure has been observed in previous

studies at laser-field strengths close to optical breakdown with no dc field present. The radiative processes cause the

mobility to increase by roughly the same amount as that obtained by use of the classical model of microwave

electron heating, or by removing the laser and increasing the temperature to a thermal energy close to one laser

photon. Thus, the energy oscillations in the distribution are not significantly probed by the e,Ar mobility. These
findings suggest the use of molecular gases, having vibrationally inelastic-threshold energies in the region of
oscillations, to find mobilities more sensitive to the discrete nature of the radiative processes.

INTRODUCTION

Theoretical results' have been available for
some time for the isotropic component of the dis-
tribution function (f,) for electrons in a gas in the
presence of an intense laser beam. These results
are presented in the study of ionization growth and

gas breakdown. Other studies, both experimen-
taP' and theoretical, 4 have been concerned with

gas breakdown in the presence of an intense laser
beam and a strong dc-electric field. 'The previous
theoretical results' for the laser beam (and of
the present study) reveal oscillatory structure in

fo as a function of the electron energy e. Recent
work' has appeared on dc-field electron mobilities
through molecular gases which reveals a critical
dependence of the drift velocity on such details of
the electron-molecule scattering as the relative
energy position of a Ramsauer minimum in the
elastic channel and the first vibrationally inelastic
channel and the first vibrationally inelastic thres-
hold. Such a drift velocity would be expected to
be sensitive to an oscillatory f„ if the experi-
ments' were repeated in the presence of a laser
field, for example.

It is the purpose of the present work to examine
the effect ot laser-induced structure in f, on the
electron drift velocity at field strengths for both
the laser and the dc field that are substantially
below optical or electrical gas breakdown voltages.
It is hoped that such studies as these might pro-
vide theoretical evidence that the laser can be used
to influence f, such that the mobility may be af-
fected in predictable and interesting ways. Calcu-
lations are performed for electrons in Ar. The
mobility is increased by electron absorption of ra-
diation, but it appears not to be sensitive to the
energy oscillations in f,. This is perhaps not sur-

prising for t. ,Ar. Only elastic scattering occurs
in the energy range studied, and the drift velocity
depends on an integration over energy which tends
to smooth any oscillatory structure present in the
distribution. However, the e, Ar elastic cross sec-
tion is well known both experimentally' and theo-
retically' and, more importantly, the free-free
absorption cross section is reliably known theo-
retically. ""Thus, this choice provides a good
test of theoretical methods used to evaluate the
free-free absorption cross section (Appendix A)
and to solve the Boltzmann equation (Appendix B).

THEORY

Swarm experiments' measure a drift velocity
W of electrons in the direction opposite to the di-
rection of an applied dc-electric field of strength
E. W is proportional to an integral over electron
energy, & erg, containing f,'~"(a), the strength of
the dipolar component of the electron distribution
function. For electrons in Ar (for which the only
low-energy loss mechanism is gas-atom recoil),"

dfo" '(& )

NQ(e) de

where Q is the e,Ar momentum-transfer cross
section and f,'~"(e) is the isotropic component of
the electron distribution function, which is Max-
wellian when ElN=0. The mobility p, is defined
as the ratio of W [see Eq. (14)] to E. Results for
W, rather than p, , are presented in Table I in or-
der to facilitate comparison with dc-field calcula-
tions' as a function of E/N. The theory of ac-field
gas discharges" has been available for some time.
Under steady-state conditions, a relaxation time
7 = [Nv'Q„(a)] is defined, where v is the instan-
taneous electron velocity. In an ac field, at opti-
cal frequencies ~ for which ~v „»1, Eq. (1) is

2276 1981 The American Physical Society



EFFECT OF LASER RADIATION ON THK MOBILITY OF. . . 2277

TABLE I. Drift velocities for combined dc- and laser-
fields at E/N =10 2~ Vcml.

1. I=O, T =300 K )Eqs. (3) and (7a)], W=1.5987x103
cms ~ (see Ref. 5).

2. I~ 0.19 MWcm, T =300 K, using E~~(e)-modified
Eq. (Sa), W=3.9468 x103 cms ~.

3. I &0.19 MWcm~, T =300 K, using Eqs. (3) and (7a)
with E tEq. (7b)] added to k~T, W =3.3713 x10
cm s-'.

4. I=O, T =1200 K fEqs. (3) and (7a)], W=3.5292 x103
cms ~.

replaced by

eu . (f ( &((.f(("&(e, t) = -E —sin(ot (2)

d/(/&/~)
[kBT+E,'/'(e}] '" ' = -f,' '( /).e (3)

'The solution is

I' ' dc'
f, (t)=dtxp(~ -J &»,)),

where E, is the ac-field root-mean-square field
strength. Thus, E[NQ„(e)] '=Eur of Eq. (1) is
replaced by E, v & ' sin~t. If the field strengths
and f,' '(&) derivatives are assumed to have com-
parable magnitudes, then the ratio f,""/f' "
-((or„) 'sin(ot. Thus the acf, is damped as ((or„) '
«1, and when it is averaged with respect to a
pulse width characteristic of laser irradiation, ra-
pid oscillations in( sinut produce a result which
combines with the damping factor to give a minus-
cule result for pulse widths (& ns) and power levels
(&10' W cm ') at which such experiments would be
performed. Thus, the effect of the laser field on
the f,- component of the distribution function, ex-
cept through its effect on the derivative of the f,-

component, can be ignored.
The equation for f, ((e/&), according to the theory

of Ref. 11, has the simple form

1 M (EDIRe )
SS 3 ~ m ~2

e 8
(7b)

where r~, = [Nu()&„(c)] ' or r„= (o ', respectively,
have been used. These cases are well known.
Equations (3) and (7a) were used in Ref. 7 to fit
dc-field drift velocity data to determine Q„(e).
Equations (3) and (7b) are appropriate in the limit
c»h(o (where K(o is the photon energy) and have

been used to describe gas breakdown. ' They de-
rive from the Boltzmann equation for finite pho-
ton energies"'"

(
(ff,(e) D.(e)+D (e)

(fk (2m /M)f(/u Q~(t)t'

D,(t)= f dt't" '[R (
' tt)fd(tt' tt))(tt

0

-R„(f'+ g(o)fo(t')] I

(Ba)

D (t)= f dt't" I [R (t')f ( 't- tR)t-R (tt')f (t'));
0

(Bc)

R„and R~ are the free-free absorption and stim-
ulated-emission rates, respectively, in s per
electron. By detailed balance,

Re(c') =R„(e')(1-I(o/c')'/'. (9)

Using Eq. (9) in Eqs. (Bb) and (Bc) and the condi-
tion (!' » I'(o, expansion"' "of c" 'R „(e'+ h (o) and

f,(e' + I'(o) in a Taylor series about a' results in
cancellation of terms to order (h(o)'. For e'»h(o,
the absorption rate has a simple relationship to
e.(~},

where m, is the electron mass, M is the gas-atom
mass, w& is a "relaxation" time appropriate for a
steady-state ac- or dc-field Boltzmann equation
[Eq. (3)], and E/ is the field strength in either
case. Explicitly,

1M E' e2
E (((c &

(&}-
@.'() '

where A is the normalization constant determined
from

2(E,e)'Nu(I& ((.")e'
3m (o'(I(o)' (10)

r dg gl/2f (/&(e)
0

and ksT is the thermal energy. E, ( (/) &i(s an ener-
gy of the electrons in an ac or dc field under
steady-state conditions, that is,

1 M (E/8)e)= r/,' 3

Use of Eq. (10) and the expanded forms of D. and
D gives the limiting result, Eqs. (3) and (7b).

As stated above, the interest in the present work
is the r egion z' =S~. Here, a form of R „other
than Eq. (10}must be used. Provided the laser in-
tensity is small enough" so that R„can be calcu-
lated from first-order perturbation theory, it is
(in s '),"

(11a)
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where E= 10'I/(h&u) is the photon flux in cm 's '
for an intensity I in W cm, n is the fine-structure
constant, E~ in the photon energy is in atomic
units, and the surface integrals are over all direc-
tions of incidence along k,. and scattering along
k, where k'=k,'+ 2E~. The intensity is related toE, according to

t~4v10'I
(11b)

where c is the velocity of light. Equation (11a) can
be rewritten as

R g =Fgv„(e), (12)

in terms of an absorption "cross section" o„(c)
in cm'.

RESULTS AND DISCUSSION

values of c„(e)for e, Ar have been presented"
for photon energies of 0.62 and 6.2 eV. In the
present study, however, o„(c) is required for a
photon energy of 0.117 eV. Use of an approximate
form (Appendix A) of the radiative dipole matrix
element of Eq. (11a) is investigated.
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where f, ,f are the elastic-scattering amplitudes
at k,', O' Ry. Using the e,Ar phase shifts of Pind-
zola and Kelly, ' we test the accuracy of this ap-
proximation against the exact dipole results of
Ref. 10 (Figs. 1-3), allowing for an estimated 1(P/p

error inherent in the numerical procedures used in

Ref. 10. For small k,. the agreement is good. A

disagreement (see Appendix A for a discussion)
has set in by k,. = 0.6 a,' for the polarization-poten-
tial" (PP) results and by k, = 0.8 a,' for the opti-
cal-potential' (OP) and Hartree-Fock-potentia18
(HF) results. The radial dipole matrix elements
were calculated using (PP) and HF radial waves;
thus, strictly speaking, there is no dipole result
against which to compare the OP results of Fig. 1.
The OP and PP calculations differ significantly above

k, = 0.75 a,' in the d-wave phase shifts, "and this
is the origin of the OP and PP disagreement at
higher k; in Fig. 1. 'The higher k; disagreement of
results derived from Eq. (13) with the dipole re-
sults is of some interest since it is believed (see
Ref. 19 and references therein, for example) that
Eq. (13) (which has been derived before by Low")
is accurate when k', »E~.

Figures 4-5 show f„normalized according to
Eq. (5) from the numerical solution of Eq. (8a)
(described in Appendix 8) at different laser inten-

sities I. Figure 4 shows the thermal distribution
(I= 0) and the laser-deformed distribution (I= 0.075—

FIG. l. Absorption cross section vs initial electron
momentum k& for 0.62-eV photons. Solid circles: ez
evaluated using k =k& in f, Eq. (13), and optical poten-
tial (OP) phase shifts (Ref. 8); Open circles: oz evalu-
atedusing k&=k in f& andOP phase shifts. x: 0& evalu-
ated using k =k& in f and Hartree-Fock (HF) phase
shifts (Bef. 8); triangles: 0& evaluated using k&=k in

f; and HF phase shifts; stars: 0& evaluated using k
=k; in f and polarization potential (PP) phase shifts
(Bef. 10); closed squares: radiative-dipole results of
Ref. 10, PP theory; open squares: radiative-dipole re-
sults of Ref. 10, HF theory.

MWcm '). Also shown is the Holstein" ac-fie]d or
"laser-heating" solution fo'"'(g) from Eqs. (3) and
(7b). Although valid for e»K~, it is seen to be a
crude average of the oscillatory f,(e) in the range
of e comparable to h~. Figure 5 shows results
foP the lowest and highest intensities used. It
would be difficult to use the present numerical
algorithm (Appendix A) to go beyond I= 0.19 MW—
cm ' since &,„of Eq. (8a} (0.65 eV} would have
to be larger, requiring a larger number of grid
points (&130) to achieve the same resolving power
for the continuous function fo(e) as that currently
obtained.

We have also performed the I=- 0.19 MWcm '
calculation in the presence of a dc field and have
calculated 8' from

(14)
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FIG. 2. Solid and open circles same as in Fig. 1; x:
0& evaluated using Eq. (13) as written and OP phase
shifts.

kI (aP ~)

PIG. 3. Absorption cross section for 0.117-eV
photons. Solid and open circles same as in Fig. 1; &

same as in Fig. 2.

of this elevated-temperature mobility to the 300 K
laser-influenced mobilities emphasizes the laser-
induced "heating" nature of the problem, as op-
posed to aspects (f, vs electron energy, for ex-
ample) which depend on the absorption and stim-
ulated emission of radiation quanta. Thus 5' is
shown to be fairly insensitive to laser-induced
multiple-absorption structure in f,. In fact, a
temperature of 1200 K in Eqs. (3) and (Va) or a
laser "temperature" of E,';"/k3 added to T (for
T=300 K) in Eqs. (3) and (Va) gives a W compar-
able to that obtained using f, from E,'~ (e)-modi-
fied Eq. (8a). The use of "laser-heating" may be
important, however, if elevated temperatures are
experimentally impractical. The structure in f,
(Figs. 4-5) suggests that target gases having in-
elastic thresholds in this range of & may have 8"s
which differ more strongly as a function of laser
power.

where f, is given by Eq. (1) with f,'~"(e) replaced
by f,(z) from Eq. (8a), which is modified by adding
E,'~ (&) [Eq. (Va)] to k~T. The solution of Eqs. (3)
and (7a) at E/N = 10 "V cm', the lowest strength
of Ref. 7, was repeated using the numerical meth-
ods described in the Appendix A (and by direct in-
tegration of the differential equation as a further
check). At this, E/N f,'~"(e) is nearly Maxwellian;
thus, f,(e) from E,'4"(&)-modified Eq. (8a) differs
slightly from the I= 0.19 MWcm ' f,(e) of Fig. 5
from unmodified Eq. (8a), since k~T» E,' (t)for'
most of &. Values of 8' are shown in Table I.
Also shown is a W calculated by using f, from
Eqs. (3) and (7a), modified by adding E,'~' to @~T
at T = 300 K and a W calculated by using f,'~" from
Eqs. (3) and (Va) at 7=1200 K. This temperature
for a dc-field calculation (no laser present) is
chosen to correspond to a thermal energy close to
0.12 eV (one CO, photon energy) The similar. ity
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APPENDIX A: EVALUATION OF THE FREE-FREE RADIAT IVE-DIPOLE MATRIX ELEMENT

(A1)

o„ofEq. (12) has been calculated by partial-wave expansion of the scatte '
g

q. a, with analytic evaluation of th
ough it is estimated" that there is u

i 1 o d d i dt f tlio orce e radial integrals to be abs
dipole matrix element should be

e absolutely convergent, the use of the
'

ou considered the most accurate means of c
cross sections, provided the f' t- d thirs -or er eory is valid. " In this a endix

cans o calculating free-free absorption

validity of the approximate form given b E . (

is appen ix, therefore, we examine the

To study the matrix element 't '
rm given y Eq. 13 against the results ofs o Ref. 10 as a standard.

en, i is convenient to substitute

»&„-" ( )=e ((' +lim(27(') dk' dr', „.U(r') -"' r'/(k)(r~- ~]

[(k', —k")+i&]

for the initial &k =k & and( &-;) n final (k&=k;) states, where V=k2/2m U is the
ith i t t o i t t

=, , o . io
r, in egra ion over k-space variables wher

and identification of the off-shell scatterin
, w erever analytic, taking the limits,

e sca ering amplitudes present give the ident't f thi y or e matrix element,

M=(2v)'p ~ k, 5(k, -kq)+ 'tI) ~ [kqf, (kq ~ k ) -k k. ~ k ]

+ — dk'(p k')f (k' k )f (k' k )
(

)f
' (k,' k")(k,'-k") k' k" k' (A2)

'The off-shell scattering amplitudes are defined for
any momentum k,

fi(k k~)=-(4~) '(e '~U(r)~6", (r)&.

Equation (13) (with k identified with k&) eznerges

from Eq. (A2) if the first and fourth terms are
dropped and if the off-shell amplitudes in the sec-
ond term are replaced by the on-shell amplitudu es
f,(, , z

~ k,. ) and fz(kz, kz ~ k, ), respectively. To or
er ~o[when the on-shell amplitudes of Eq. (13)
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are expanded about the average energy (k + kz)
/2 Ry], Eq. (13) is equivalent to the well-known
form derived by I ow." The on-shell replacement
requires that E&/k,'«1 and E&/kz «1, as stated in
Ref. 16. Since these validity indicate that the on-
shell approximation should improve with increasing
electron energy, the reason for the on-set of the
disagreement with the dipole results of Ref. 10 at
the higher k; values (Fig. 1) would appear to be
the result of dropping the fourth term (since the
first term is zero for k, wkz). Scattering ampli-
tudes which are very much off shell should be
small. For finite photon energies the two off-
shell amplitudes under the dk' integral sign can
never be on shell at the same O'. This indicates
that the fourth term may be small. However,
questions of its magnitude relative to the second
term can really be answered only after all con-
tributing terms in Eq. (A2) have been calculated
using the off-shell definition of the amplitudes
[Eqs. (A3)].

APPENDIX B: NUMERICAL METHODS USED
TO SOLVE EQ. (8a)

The presence of f,(z'+k&u) prevents the use of
direct integration methods to solve Eq. (8a). The
integral terms in D, and D are eliminated by con-
verting to a second-order differential equation for
f, and then converting this equation to a 130x 130
homogeneous algebraic set using finite-difference
formulas for the first and second derivatives
[Eqs. (25.3.5) p = 0 and (25.3.23), respectively,
from Ref. 17]. Following Riley and Matzen, "this
set was diagonalized, and the eigenvalues and
selected eigenvectors were inspected. Small rela-
tive values of the eigenvalues were enforced by
repeating the closest to the diagonal and diagonal
elements of the last three rows of the matrix.
First, the thermal solution was obtained and the

accuracy was determined to be satisfactory by
comparison with the analytic normalized Boltz-
mann factor A exp(-z/ks 7). Since a second-order
equation is solved, a linear combination of the
eigenvectors belonging to the eigenvalues having
the lowest absolute values is, in principle, pos-
sible of finding the physical solution. For the
thermal case it turned out that two degenerate
zero eigenvalues occurred; however, the Eq, . (5)
normalized eigenvector which compared to excel-
lent accuracy with A exp(-&/ksT) was that belong-
ing to the second-lowest, real positive eigenvalue.
With the laser field on, the physically acceptable
eigenvectors [whose Eq. (5) normalized versions
are plotted in Figs. 4-5] also belonged to the
second lowest, real positive eigenvalues. These
second-lowest eigenvalues were a factor of 10 '
to 10 ' smaller than the largest absolute values
in the eigenvalue list. In both the thermal and
laser cases the rejected eigenvectors had at least
one node and did not decay at e,„.

The normalized eigenvector for the highest po-
wer (Fig. 5) was insensitive to increasing the
number of grid points from 100 to 130. The peak
heights and valley depths were insensitive to about
l%%d to increasing z,„from 0.60 to 0.65 eV. The
function f, is less accurate near a,„. For exam-
ple, f, shows about a 10%%up change at 0.5 eV when

e,„ is increased from 0.60 to 0.65 eV. f is small
at these E's, however, and greater relative error
is to be expected. At c = 0.60 eV, f, is about 1%
of the first peak height; thus an a,„of 0.65 eV
is considered satisfactory.
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