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Energy-loss effect in inner-shell Coulomb ionization by heavy charged particles
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The influence of the energy loss of slow projectiles during inelastic collisions on the inner-shell ionization cross
sections is treated analytically. The result agrees with available experimental cross sections for EC-shell ionization by
protons. Residual trends in the data may gauge the quality of wave functions employed in calculations of Coulomb
ionization cross sections.

P

I. INTRODUCTION

During the past decade, the theory of inner-shell
Coulomb ionization by heavy charged particles' of
mass M, moving with velocity v, and kinetic energy
E, =&M,v,' has evolved in an approach labeled
CPSSR." It accounts for the effect of deflection
and velocity change of the projectile in the Coulomb
field (C) of the target nucleus on the ionization
cross section, and describes the electron orbits in
the target atom under the influence of the project-
ile as perturbed stationary states (PSS) with rela-
tivistic (R) effects. This theory applies to collison
systems such that Z, /Z, s —,'6~, where Z, and Z,
refer to the nuclear charges of the projectile and
the target atom, respectively. The observed bind-
ing energies ~,~ of the electrons removed from the
shell S during the collision, in units of the corres-
ponding screened hydrogenic values, are denoted
as e~. The 8~ values increase with Z, from 0.6 to
1.0 for K shells and from 0.4 to 0.8 for I shells.
Atomic units are used except where stated other-
wise.

The CPSSR theory agrees with the large body of
experimental K- and L-shell data that is now avail-
able for protons and deuterons, Z, =1, on the
average to within 30%. This scatter is compara-
ble to the overall uncertainties of the data as they
arise in the measurements of absolute Auger-
electron or x-ray production cross sections, and
in the determination of fluorescence yields for the
conversion of x-ray production cross sections to
ionization cross sections. %e adopt the fluores-
cense yields .recently recommended by Krause. '
Other contributions not included in the CPSSR

-theory for direct ioriization, such as electron
capture by the projectile' or target. -orbital con-
traction' during the collison, can be neglected for
Z, =1 projectiles in K-shell ionizations when
Z2 & 10 and in L-shell ionizations when Z, & 20."

Renewed analysis of the rapidly accumulating
data at low projectile velocities leads us to the

conclusion that, at the lowest projectile velocities
investigated to date, the calculated ionization
cross sections oz are larger jn statistically
significant ways than the experimental values
o~e"l't. To 'illustrate this point, Fig. 1 displays
some 2300 measured cross sections as inferred
from K-shell x-ray production cross sections for
protons (Z, =l) in targets covering the range
10» 2, » 92. The data for o~"" were culled
from the literature in the proton-energy ranges
given in Table I (see references therein). The
experimental values were divided by 0~ R calcu-
lated according to Ref. 3. The abscissa is given
in units of the variable (~E,')

jgA» = r. „(a)2~M~/ME ~, (1)

where g~ is the factor that accounts for the per-
turbed stationary states, "and &» —= ~,~M, /ME, is
the minimum fractional energy loss of the projectile
during K-shell ionization in the center -of-mass
system with reduced mass M—= (M, '+M, ') '. The
upper scales give the corresponding values of the
reduced velocity variable Pr/P~ ~ v, and the ion-
ization cross section o~ ~" for protons ionizing
ISAI(K). Although the cross sections increase in
this range of $~/fz a million fold, the points in the
figure scatter rarely by more than a factor two
about the ideal value one. In fact, some 90% of
the data agree with the CPSSR prediction to within
30Io. The mean of all ratios is, nevertheless,
0.80. The data are close to unity for tz z 1, but
fall systematically below the predictions of the
theory when $r &1, the more so the lower the pro-
jectile velocity.

%e explore to what extent this trend can be at-
tributed to the finite kinetic-energy loss suffered
by the projectiles in the inner-shell excitation
process.

II. ENERGY-LOSS EFFECT

Consider a projectile of atomic number Z„mass
M„ incident energy E„and velocity v, colliding
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with a target atom of atomic number Z, and mass
M,. In an inelastic collision, the projectile loses
the energy

E, —Ef = (M/2)(52 —vf2)= (1/2M)(K,'. —Kf), (2)

where E, = (M/M, )E, is the initial and Ef the final
kinetic energy of the projectile in the center-of-
mass system, with corresponding velocities v;, vf
and momenta K; =Mv;, Kf =Mvf. The minimum
momentum change q in such a collision is
[~ -=(E, -E,)/E, ]

q „=&, —Kq =-2q,.[1+(1 —&)'f'] ', (3)

while the maximum momentum change q be-
comes

q „=X,+Zf =2q,[1-(1- ~)'f']-'. (4)

The minimum momentum transfer in the limit of
vanishing relative projectile-energy losses, &- 0,
is denoted by q, = (E; -Ef)/v, .

The calculation of ionization cross sections in the
standard plane-wave Born approximation (PWBA)
entails an integration over the momentum transfer
q form q~, „=qo to q =~. In very slow collisions,
however, the relative projectile-energy loss &

in Eblis. (3) and (4) cannot be neglected, the more

so because at low projectile velocities the inelastic
cross sections are inversely proportional to high
powers of q. Specifically, the differential PWBA
ionization cross sections for direct ionization of
the target shell S with regard to the final kinetic
energy of the ejected electron, 8f, take simple
analytical forms. ' 7 When the energy-loss effect
is included they can be written as

dOBP WBA dOP WBA t' q )Iv+1 v+1S,. o qo

f f (qmin j '

qmax
(5)

The letter E in the superscript signifies that the q
integration was performed between the exact
limits Eqs. (3) and (4). For K shells and L, shells,
v=9; for I., and L, shells, v=11.

Integration of Eg. (5) over all final states 8f
yields the ionization cross section' in closed form
(cf.Appendix A)

o.BPWBA y (B)oPWBA

The cross sections 0 ~" " have been calculated for
screened hydrogenic (SH) inner-shell wave func-
tions. ' 'The energy-loss effect appears through the
function fB (z) of argument z -=(1—u&,BM,/ME, )' '
(1~)/

f~ (B)=2 "(v —1) '[(vz —1)(1+@)"+.(vs+1)(1 —&)"],

lO lO IO io' tT Kx lb]for,f&(K) (o'

o~((K &(K) for Z&=15 ~.o
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FIG. 1. Ratios of experimental and theoretical cross sections for E-shell ionization by protons vs f&&&, the effective
rel. ative projectile energy loss defined by Kq. {1). The experimental ionization cross sections 0E'~ are measured x-ray
production cross sections (cf. Table 1) divided by the fluorescence yields of Ref. 4. 'The theoretical ionization cross
sections Oz are calculated according to Eg. (13).



ENERGY-LOSS EFFECT IN INNER-SHELL COULOMB. . . 1719

TABLE I. Ranges of proton energies, from E& to Ei "in MeV, for which measured X-shell x-ray production cross
sections in various targets of atomic number Z& are plotted in Fig. 1, after division by the appropriate fluorescence
yield (Ref. 4), as OE" '. Papers are cited by the first three letters of the first author and the publication year. The
corresponding ranges of the relative projectile-energy loss in the ionizing collision fz&&, Eq. (1}and Fig. 1, are tab-
ulated in percent. Note that for L~z)0.01, the variable can be calculated to within 3%%up as CaAa. = [(Z&/300) +(Z2/330) ]/
Ef if the proton energy E~ is given in Me V. The record energy loss is 17% for. 55 ke V protons on 28Ni (Ref . 13).

Target
atom

100&E.&rc
mBx min

Eg (MeV)
min max Ref a

Target
atom

100&x&rc
max min

Eg {MeV)
min max Ref.

||Na
g2Mg

ASS

2pCa

2(Sc

2.34
0.84
0.50
0.02
6.99
8.34
6.65
3.28
2.71
0.04

13.0
9.77
7.80
7.80
7.80
6.49
3.86
3.20
2.73
2.11
0.91
0.22
0.11
0.05
9.07
0.26
0.06
0.32
0.08
0.32
0.10
5.49
2.96
0,32
0.22
0.22
0.17
0.11
0.41
0.12
2.29
0.89
0.21
0.21
0.14
2.54
0.99
0.73
0.59

0.71
0.07

2.08
2.71
0.08
0.76
0.28

3.20
3.50
0.09
0.91
0.05
0.91
0.19
0.34
0.43
0.91

0.04

3.73
0.05

0.08

2.74
0.34
0.18
0.07
0.07

0.89
0.21
0.17

0.04
0.99
0.23
0.08
0.14

0.048
0.125
0.2
5
0.02
0.02
0.025
0.05
0.06
3
0.015
0.02
0.025
0.025
0.025
0.03
0.05
0.06
0.07
0.09
0.2
0.75
1.5
3
0.025
0.75
3
0.83
3.0
0.95
3
0.068
0.125
1.05
1.5
1.5
2

0.95
3
0.2
0.5

2
3
0.2
0.5
0.667
0.83

0.145
1.2

0.065
0.06
1.7
0.2
0.5

0.06
0.055
1.7
0.2
2.96
0.2
0.1
0.5
0.4
0.2

0,06

3.28

0.135
1
1,88
4.5
5

0,5
2.0
2.6

11
0,5
2
5.67
3.28

Bar (1973)
Lan (1976)
Lan (1973)
Bur (1974)
Shi (1978)
Shi (1978)
Kha (1965)
Bra (1966)
Kha (1964)
Bon (1978)
Shi (1978)
Bru (1973)
Kha (1965)
Bra (1969)
Bas (19V3)
Bra (1966)
Chr (1967)
Kha (1964)
Nee (1970)
Shi (1971)

. Web (1977)
Taw (1976)
Ogi (1964)
Bon (1978)
Shi (1978)
Taw (1976)
Bon {1978)
Hop (1975)
Bon (1978)
Mil (1976)
Bon (1978)
Har (1973)
Lan {1976)
Mac (1973)
Win (1973)
Win (1973)
Ran (1976)
Czu (1975)
Mil {1976)
Bon (1978)
Lop (1979)
Lop (1978)
Bis (1970)
Rai (1977)
Bon {1978)
Lop (197g)
Lop (1978)
Hop (1975)
Hop {1975)

23V

24Cr

26Fe

14.9
9.40
6.25
5.62
5.62
4.32
3.74
2.79
2.42
1.09
0.91
0.77
0.53
0.35
0.35
0.35
0.33
0.26
0.17
0.13
0.13
6.16
4.09
3.06
1.20
0.61
0.29
6.72
6.72
3.34
3.34
1.32
0.72
0.68
0.31
0.24
0.21
7.30
5.61
3.34
1.32
0.34
0.27
0.23

13.1
7.91
7.91
6.10
5.64

8.05
3.74
2.79
3.74
3.74
1.32
0.51
1.09
1.09
0.26
0.17
0.25
0.17

0.09
0.05
0.13
0.02
0.02
0.02
0.02
4.09
0.56
1.20
0.29

4.47
4.47
6.11
1.32
0.31
0.25

0.15
0,05
4.85
1.73
1.32
0.34

0.05

5.26
5.26
5.26
2.18
0.58

0.038
0.06
0.09
0.1
0.1
0.13
0.15
0.2
0.23
0.5
0.6
0.7
1
1.5
1.5
1.5
1.6
2

. 3
4

0.1
0.15
0.2
0.5
0.95
2
0.1
O.l
0.2
0.2
0.5
0.9
0.95
2
2.6
3
0.1
0.13
0.2
0.5
2
2.5
3
0.07
0.1
O.l
0.13
0.14

0.07
0.15
0.2
0.15
0.15
0.415
1.05
0.5
0.5
2
3
2.1
3

5.5
10.9
3.9

28

22
22
0.15
1.05
0.5
2

0.15
0.15
1.05
0.5
2
2.5

4
ll
0.15
0.415
0.5
2

0.15
0.15
0.15
0.36
1.3

Shi (1978)
Zan (1979)
Shi (1971}
Dug (1972)
Zan (1976)
Whe (1974)
¹ik(1976}
Lop (1979)
Jop (1962)
Lop (1978)
McD (1977)
Fah (aeV3)
Kha (1975)
Ogi (1964)
Lin (1973)
Aks (1974)
Mer (1958)
Bis (1970)
Bon (1978)
Pon (1978)
Pon (1979)
Dug (1972)
Nik (1976)
Lop (1979)
Lop (1978)
Mil (1976)
Rai (1977)
Dug (1972)
Zan (1976)
¹ik(1976)
Lop (1979)
Lop {1g78)
Kol {1976)
Mil (1976)
Rai (1gvv)
Ber {1977)
Bon (1978)
Dug (1972)
Whe {1974)
Lop {1979)
Lop (1978)
Rai (1977)
Lie (1973)
Bon (1978)
Zan {1979)
Dug (1972)
Zan (19V6)
%he (1974)
Mes (1958)
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Target
atom

cook &I,
max min

8, {MeV)
min max

TABLE I. (Continued)

Target 1000+@
atom max min

E~(MeV)
min max

28Fe

28Ni

3.94
3.94
1.72
1.56
1.56
1.10
0.93
0.81
0.76
0,50
0.50
0.50
0.49
0.37
0.30
0.25
0.25
0.18
0.01
8.54
4.25
1.68
0.83
0.55
0.40

16.8
11.5
1G.2
9.20
4.59
0.94
0.89
0.89
0.71
0.59
0,59
0.44
0.35
0.29
0.17
7.89
7.59
7.29
7.05
6.57
4.92
4.28
3.94
2.45
1.95
1.46
1,39
1.16
1.07
1.01
0.96
0.64.
0.64
0.47
0.47

0.73
1.56

0.37
0.37
0.30
0.22

O.l3
0.18

0.07
0.19

0.06

0.03
0.03

5.68
1.87
0.40
0.13
0.07

3.05
6.12
2.19
6.12
1.05

0.17
0.29

0.23
0.08

0.07

0.03
6.57
2.36
1.21
0.80
1.95
0.79
2.15
0.50
0.96
0.47
0.16
0.38
0.28
0.38

0.47

0.08

0.2
0.2
0.454
0.5
0.5
0.7
0.83
0.95
1
1.5
1.5
1.5
1.55
2
2.5
3
3

0.1
0.2
0.5

.1
1.5
2
0.065
0.08
0.09
O,l
0,2
0.95
1

1.25
1.5
1.5
2
2.5
3
5
0.125
0.13
0.1354
0.14
'0.15
0.2
0.23
0.249
0,4
0,5
0.667
0.7
0.83
0.9
0.96
1
1.5
1.6
2
2

1.05
0.5

2
2
2.5
3.28

5.5
4.1

10.9
3.9

22
22

0.15
0.45
2
6

10.9

0.3
0,15
0.415
0.15
0.25

5
3

3.7
10.9

28
0.15
0.415
0.8
1.2
0,5
1.215
0.454
1.9
1
2
5.667
2,5
3.28
2.5

10.9

Nik {1976}
Lop (1979)
Jop (1962)
Lea (1973)
Lop (1978)
Fah (1971)
Hop (1975)
ail (1976)
Lin (1973)
Mer (1958)
Ogi (1964)
Aks (1974)
Bev (1956)
Bai (1977)
Lie (1973)
Bon (1978)
Pon (1979)
Pon (1978)
Jar (1962)
Dug {1972)
¹ik(1976)
Lea (1973)
Lin (l973)
Aks (1974)
Rai (1977)
Lap (1980)
Zan (1979)
Whe (1974)
Dug (1972)
Nik {1976}
Mil (1976)
Lin (1973)
Kha {1976}
Sch (1977)
Mer (1958)
Aks {1974)
Hai {1977}
Lie {1973)
Bon (1978)
Bis (1970)
Dug (1972)
Whe (1974)
Ben {1978)
Mes (1958)
Kha (1964)
Han (1957)
Jop (1962)
Bau (1978)
Sin (1957)
Lea (1973)
Hop (1975)
Fah (1971)
Hop (1975)
Kol (1976)
Mil {1976)
Lea (1973)
Ogi (1964)
Aks (1974)
Bah {1976)
Bai {1977)

30Zn

3&oa

33As

5Br
3eKr

3zBb

assr

»Y

40Zr

4,Nb

4gMo

0.38
0.36
0.31
0.31
0.23
0.23
G.05
0.01

10.6
7.05
5.28
2.33
1.49
1.39
0.51
2.24
0.55
2.40
1.19
0.39
2.72
0.62
3.41
1.35
0.44
0.33
0.33
3.62
3.07
1.01
1.01
0.75
G.60
4.07
1.62
0.08
4.31
0.85
0.56
3.63
3.03
0,90
0.71
0.59
0.44
0.44
8.36
0.95
0.01
1.78
1.00
0.66
8.72
8.52
5.32
4.68
4.25
2.12
1.05
0.87

0,08
0.23
0.18
0.08
0.04
0.04
0.02
0.02
7.05
6.91
2.33
0.51
0.40
0.23

0.55

0.58
0.19

0.62

0.67
0.67

0.06
0.06
0.71
0.75
0.33
0.30

0.80
0.53
0.03
0.85

0.71
0.90

0,14
0.35
0.08
0.08
3.76

1.76
0.31
1,06

0.84
0.70

2.5
2.6
3
3

20
160

0.1
0.15
0.2
0.45
0.7
0.75
2
0.5
2
0.5

3
0.47
2
0.4
1
3
4
4
0,4
0.5
1,5
1,5
2
3
0.4
1

20
0.4
2
3
0.5
0.6
2
2.5
3

0.23
2

160
1.13
2
3
0,24
0.25
0.4
0.454
0.5
1
2
2.4

12

11
22
22
50

0.15
0.153
0.45
2
2.5
4.4

22
22

2
2
4.5
5

2
3

50
2

2.5
2

12
5

22
22
0.51

2.7

1,2
1.61
2

2.5
3

Lie {1973)
Ber (1977)
Fol (1S74)
Bon (1978)
Pon (1978)
Pon (1979)
Bam (1978)
Jar (1972)
Zan {1979)
Whe {1974)
Nik (1976)
Lea (1973)
Fah (1971)
Taw {l974)
Rai (1977)
Lea (1979)
Hai (1977)
Lea {1973)
Lin {1973)
Bon (1978)
Lea (1973)
Hai (1977)
Cri (1974)
Lae (1973)
Bon (1978)
Pon (1978)
Pon (1979)
Cri (1974)
Len (1975)
Win {1973)
Win (1973)
Rai {1977)
Czu (1975)
Cri (1974)
McD (1977)
H am $1978)
Cri (1974)
Hai (1977)
Bon (1978)
Anh (1978)
Cri (1974)
Rai (1977)
Lie (1973)
Fol {1974)
Pon (1978)
Pon {1979)
Jop (1962)
Bai (1977)
Jar (1972)
Wil (1977)
Hai (1977)
Bon (1978)
Mes (1958)
Han (1S57)
Cri (1974)
Jop (1962)
Anh (1978)
Kha (1976)
Hai (1977)
Lew (1953)
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TABLE I. (Continued)

Target 10Nz&~
atom max min

Eg(MeV)
min Ref a

Target
atom

1004c+s E~(MeV)
max

42Mo

4@th

46Pd

4gAg

48Cd

~Xe

ssCs

0.84
0.01
2.38
1.22
0.01

12.0
4.29
1.28

13.5
10.8
10.4
7.43
6.74
5.39
4.49
4.49
2.69
2.69
1.79
1.57
1.49
1.34
1.34
1.34
1.07
0.89
0.66
4.69
1.11
0.93
4.90
3.26
0.97
0.97

11.8
6.14
5.12
2.18
1.53
1.31

- 1.01
0.02
5.34
1.59
5.80
1.73
1,15
0.79

3.33
1.87

0.90

8.59
1.28

8.99
1.40
2.24
3.36
1.10
1.07
2.69
1.34
1.34
0.89
0,24
0.92
0.74
0.09
0.48

0.22

0.17
1.40
0.23

1.22
1.17
0.58
0.26
2.95
1.22
1.53
0.69

0.53

1.59

1.44

3.08
0.71

1.39

2.5
160

1.03
2

160
0.215
0.6
2
0.2
0.249
0.26
0.3628
0.4
0.5
0.6
0.6
1
1
1.5
1.7
1.8
2
2
2
2.5
3
4
0.6
2.5
3
0.6
0.9
3
3
0.26
0.5
0.6
1.4
2
2.333
3

160
0.6
2
0.6
2
3
4.5
1.13
2

0.3
2

0.3
1.91
1.2
0.8
2.4
2.5
1
2
2
3

10.9
2.88
3.6

30
5.5

15
2

12

2.4
2.5
5

ll
1.04
2.5
2
44

5.667

2.4

11
5

2.7

Lie (1973)
Jar (1972)
Wil {1977)
Rai {1977)
Jar (1972)
Lap (1980)
Cri (1974)
Rai (1977)
Lap {1980)
Ban {1978)
Mes (1958)
Ben (1978)
Wil (1977)
Anh (1978)
Sin {1957}
Khe (1975)
Lae (1973)
Kha {1976)
Aks (1974)
Lew {1953)
Mer (1958)
His (1972)
Lin (1973)
Rai (1977)
Lie (1973)
Bon (1978)
Ber (1978)
Khe (1975)
Lie (1973)
Bon (1978)
Wil (1977)
Kol (1976}
Fol (1974)
Bon (1978)
Mes (1958)
Anh {1978)
Khe (1975)
Ish (1974}
Rai (1977)
Hop (1975)
Bon (1978)
Jar (1972)
Khe (1975)
Rai (lg77)
Wil (1977)
Rai (1977)
Bon (1978)
Win (1973)
WQ (1977)
Rai (1977}

g3Eu

sP-a

58Ce

gePr

62 Sm

g46d

65Tb

6~Ho

6,Tm

gp Yb

72Hf

73Ta

74W

&Pe
78Pt

82Pb

83B~

gpTh

3.91
0.02
0.25
5.08
2.02
7.04
8.76
7.30
7.57
1.51
6.50
0.03
1.12
0.74
0.03
7.69
7.21
2.04
1.58
9.01
9.29
6.97
3.87
3.62
0.99
0.04
1.57
9.87

10.8
0.06

11.1
8.32
3.46
2.77
1.10
0.41
0.05

12.1
5.66
4.71
3.01
2.27
0.06

12.4
2.40
1.60
9.48
8.46
5.26
4.74
2.40
0.07

0.10
2.02

/

1.75
1.74
1.82
1.88
0.90
1.94

0.34

2.30
1.43
1.22
1.26
2.70
2.78
5.57
2.17
2.21
0.46

2.95
3 22

3.32
2.07

0.55
0.55
0.16

3.62
2.51
3.14
1.81
0.60

3.72
1.10
0,75
4.74
2.96
3.15
2,11

1
160
20

0.8
2
0.6
0.5
0.6
0.6
3
0.75

160
4.62
7

160
0.75
0.8
3
4
0.75
0.75
1
1.8
1.92
7

160
4.56
0.75
0.75

160
0.75
1
2.4
3
7,5

20
160

0.75
1.6
1.92
3
4

160
0.75
4.67
7
1.25
1.4
2.25
2.5
4.23

160

50
2

2.4
2.5

2.4
5
2.5

15

2.5

5
5
2.5
2.5
1.25
3.2
3.15

15

2.5
2.5

2.5
4

15
15
50

2.5
3.6
2.88
5

15

2.5
10.4
15
2.5
4
3.75
5.6

Khe (1975)
Jar {lg72)
Ram (lg78)
Khe (1975)
Rai (1977)
Wil (1977)
Anh {1978)
Wil (1977}
Wu (1977}
Fol (1974)
Anh (1978)
Jar (1972}
C 1 {1979)
Ber (1978)
Jar (1972)
Anh (1978)
Kam (1977}
Fol {1974)
Ber (1978)
Anh (1978)

' Anh (1978}
Mes (1958)
Mer (1958)
Lew (1953)
Ber (1978)
Jar (1972}
Cel (1979)
Anh (1978)
Anh {1978)
Jar (1972)
Anh (1978)
Kam (1977)
Lew (1953)
Wal (1973)
Ber (1978)
Ram (1978)
Jar (1972)
Anh (1978)
Mer (1958)
Lew (1953)
Fol {1974)
Ber (1978)
Jar (1972)
Anh (1978)
@el (1979)
Ber (1978)
Anh (1978)
Kam (1977)
Bev (1956)
Mer (1958)
Cel (1979)
Jar (1972)

The K-shell x-ray production cross sections by protons, identified as [Z2-. range of proton energies E& (MeV}],
stem from the following sources (bsted in chronological order): H. W. Lewis, B. E. Simmons, and E. Merzbacher,
Phys. Rev. 91, 943 (1953) [42: 2.4; 47: 1.7-2.88; 73: 1.92-3.15; 79: 2.40; 82: 1.92-2.88]; P. R. Bevington and

E. M. Bernstein, BuQ. Am. Phys. Soc. 1, 198 (1956) [26: 1.55-3.9; 92: 2.25-3.75]; J. M. Hansteen and S. Messelt,
Nucl. Phys. 2, 526 (1957) [29: 0.2-1.215; 42: 0.25-1.61]; B. Singh, Phys. Rev. 107, 711 {1957) [ 29: 0.4-1; 47: 0.6-1];
E. Merzbacher and H. W. Lewis, in Handbuch der Physi@, edited by S. Flugge (Springer, Berlin, 1958), Vol. 34,
p. 119 [22: 1.6-3.9; 26: 1.5-4.1; 28: 1.5-3.7; 47: 1.8-3.6; 73: 1.8-3.2; 82: 1.6-3.6; 92: 2.5-5.6]; S. Messelt, Nucl.
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Phys. 5, 435 (1958) [26: 0.14-1.3 ~ 29: 0.14—1.2; 42: 0.24-1.2. 47: 0.26—1.2; 50: 0.26-1.04. 73: 1-1.25]. R. C. Jop-
son, H. Mark, and C. D. Swift, Phys. Bev. 127, 1612 (1962) f 22: 0.23-0.5; 26: 0.454; 29: 0.23-0.454; 40: 0.23—0.53;
42: 0.454; the energy ranges were recalibrated according to Ref. 9 in the next paper); J. M. Khan and D. L. Potter,
Phys. Rev. 133, A890 (1964) [12: 0.06-0.5; 13: 0.06-0.5; 29: 0.15-0.5]; W. T. Ogier, G. J. Lucas, J. S. Murray, and

T. E. Holzer, Phys. Rev. 134, A1070 {1964) [13: 1.5; 22: 1.5; 26: 1.5; 29: 1.5]; J. M. Khan, D. L. Pott'er, and R. D.
Worley, Phys. Rev. 139, A1735 (1965) [12: 0.025-1.7; 13: 0.025-1.7]; W. Brandt, B.Laubert, and I. Sellin, Phys.
Rev. 151, 56 (1966) [12: 0.05-0.2; 13: 0.03-0.2]; L. J. Christensen, J, M. Khan, and W. F. Brunner, Rev. Sci. In-
strum. 38, 20 (1967) [13: 0.05-0.1]; W. Brandt and B. Laubert, Phys. Bev. 178, 225 (1969) [13: 0.025-09]; G. A.
Bissinger, J. M. Joyce, E. J. Ludwig, W. S. McEver, and S. M. Shafroth, Phys. Rev. A 1, 841 (1970) [20: 2—28; 22:
2-28; 28: 5-28]; P. B. Needham, Jr. and B. D. Sartwell, Phys. Rev. A 2, 27 (1970) [13: 0.07-0.4); K. Shima, I. Maki-
no, and M. Sakisaka, Jpn. J. Phys. 30, 611 (1971) [13: 0.09-0.2; 22: 0.09-0.2J; A. FaMenius and P. Jauho, Ann.
Acad. Sci. Fenn. Ser. A6 367, 3 (1971) [26: 0.7-2.5; 29: 0.7-2.5; 30: 0.7-2.5J; O. N. Jarvis, C. Whitehead, and
M. Shah, Phys. Bev. A 5, 1198 (1972) [26, 29, 40, 42, 45, 47, 50, 56, 62, 65, 73, 78, 79, 82, 92: 160); G. A. Biss-
inger, S. M. Shafroth, and A. W. Waltner, Phys. Bev. A 5, 2046 {1972)[47: 2-30]; J. L. Duggan, W. L. Beck, L. Albrecht.
L. Munz, and J. D. Spaulding, Adv. X-Bay Anal. 15, 407 (1972) [22: 0.1-0.15; 23: 0.1-0.15; 24: 0.1-0.15; 25: 0.1-0.15;
26: 0.1-0.15; 27: 0.1-0.15; 28: 0.1-0.15; 29: 0.125-0.15];J. Lin, J. L, Duggan, and R. F. Carlton, in Proceedings
of the International Conference on Inner Shell Ionization Phenomena and Future Applications, Atlanta, Georgia, g97g
edited by B. W. Fink, S. T. Manson, M. Palms, and P. V. Bao, {U.S. AEC, Oak Ridge, Tennessee, 1973), p. 998 [22:
1.5-5.5 26: 1-5.5 27: 1-6; 28: 1-5; 32: 1-6; 47: 2-5.5) E. Laeggsgaard, J. V. Andersen, and L. C. Feldman,
ibid. , p. 1019 [29: 1-2; 34: 1-2; 47: 1-2]; L. Winters, ' L. D. Ellsworth, T. Chiao, and J. R. Macdonald, ibid. , p. 1069
[18: 1.5-4.5; 36: 1.5-4.5); A. W. Waltzer, D. M. Petersen, G. A. Bissinger, A. B. Baskin, C. E. Busch, P. H.
Nettles, W. H. Scates, and S. M. Shafroth, ibid. , p. 1080 [79: 3—15];J.H. Macdonald, L. M. Winters, M. D. Brown,
L. D. Ellsworth, T. Chiao, and E. W. Pettus, Phys. Bev. Lett. 30, 251 (1973) and Phys. Rev. A 8, 1835 (1973) [18:
1.05-1.88]; G. Basbas, W. Brandt, and B.Laubert, Phys. Rev. A 7, 983 (1973) [13: 0.025-2.96); L. M. Winters,
J.R. Macdonald, M. D. Brown, L. D. Ellsworth, and T. Chiao, Phys. Rev. A 7, 1276 (1973) [18: 1.5-5; 36: 1.5-5;
54: 4.5-5); A. Langenberg and J. van Eck, in Electronic and Atomic Collisions, Abstracts of PaPers, Eighth Inter-
national Conference on the Physics of Electronic and Atomic Collisions, Beograd, 2973, edited by B. C. Cobic and

M. Kurepa (Institute of Physics, Beograd, Yugoslavia, 1973), p. 736 [10: 0.2]; K. G. Harrison, H. Tawara, and F. J.
de Heer, Physica 66, 16 (1973) [10: 0.048-0.145; 18: 0.068-0.135]; K. Brunner and W. Hink, Z. Phys. 262, 181
(1973) [13: 0.02-0.055); A. Fahlenius, in Electrical and Nuclear Technology Publication 3 (Technical Research
Centre of Finland, Helsinki, 1973) [22: 0.7-2.1);R. B. Liebert, T. Zabel, D. Miljanib, H. T. Larson, V. Valkovic,
and G. C. Phillips, Phys. Hev. A 8, 2336 (1973) [25. 2.5-12. 26: 2.5-12; 28. 2 5-12; 29:2.5-12; 30: 2.5-12.
39: 2.5-12; 42: 2.5-12; 47 2.5-12; 48: 2.5-12J; R. Lear and T. J. Gray, Phys. Rev. A 8, 2469 (1973) [26: 0.5-2 ~

27: 0.5-2; 29: 0.5-2 30: 0.45-2. 31: 0.5-2- 32: 0.5-2; 33: 0.47-2]; B.M. .Wheeler, R. P. Chaturvedi, and A. R.
Zander, in Proceedings of the Third Conference on Applications of Small Accelerators, Denton, 2974, edited by. J. L.
Duggan and I. L. Morgan (National Technical Information Service, Springfield, Virginia, 1974), Vol. I, p. 387 [22:
0.13-0.415; 25: 0.13-0.415; 26: 0.13-0.36 28: 0.09-0.415 29: 0.13-0 415. 30: 0.15-0.153].R. Akselsson and

T. B.Johansson, Z. Phys. 266, 245 (1974) [22: 1.5-10.9; 26: 1.5-10.9; 27: 1.5-10.9; 28: 1.5-10.9; 29: 1.5-10.9;
47: 1.5-10.9]; H. Tawara, K. Ishii, S. Morita, H. Kaji, C. ¹ Hsu, and T. Shiokawa, Phys. Rev. A 9, 1617 (1974) [30:
0.75-4.4]; D. Burch, N. Stolterfoht, D. Schneider, H. Wieman, and J. S. Bisley, Phys. Rev. Lett. 32, 1151 (1974) [10:
5]; F. Folkmann, J. Borggreen, and A. Kjeldgaard, Nucl. Instrum. Methods 119, 117 (1974) [29: 3—5; 39: 3—5; 49:
3-5; 60: 3-5; 69: 3-5; 82: 3-5]; K. Ishii, S. Morita, H. Tawara, H. Kaji, and T. Shiokawa, Phys. Rev. A 10, 774
(1974) [50: 1.4-4.4]; T. L. Criswell and T. J. Gray, Phys. Rev. A 10, 1145 (1974) [34: 0.4-2; 35: 0.4-2; 37: 0.4-2;
38: 0.4-2; 39: 0.6-2; 42: 0.4—2; 46: 0.5-2]; S. J. Czuchlewski, J.R. Macdonald, and L. D. Ellsworth, Phys. Rev.
A 11, 1108 (1975) [18: 3; 36: 3]; N. A. Khelil and T. J. Gray, Phys. Hev. A ll, 893 (1975) [47: 0.6-2; 48: 0.6-2;
50: 0.6-2; 51: 0.6-2; 56: 1-2; 57: 0.8-2]; V. S. Nikolaev, V. P. Petukhov, E. A. Bomanowsky, V. A. Sergeev, I. M.
Kruglova, and V. V. Beloshitsky, in Physics of Electronic and Atomic Collisions: Invited Lectures, Reviewer PaPers,
and Progress Reports of the Ninth International Conference on the Physics of Electronic and Atomic Collisions, Seattle,
July 1975,. edited by J. S. Risley and R. Gaballe (University of Washington, Seattle, 1976), p. 419 [22: 0.15-1.05; 23:
0.15-1.05; 24: 0.2-1.05; 26: 0.2-1.05; 27: 0.2-0.45; 28: 0.2-0.85; 30: 0.2-0.45]; F. Hopkins, R. Brenn, A. R.
%4ittemore, J, Earp, and S. K. Bhattacherjee, Phys. Rev. A 11, 916 (1975) [21: 0.667-5.667; 29: 0.667-5.667; 50:
2.333-5.667]; F. Hopkins, R. Brenn-, A. H. Whittemore, N. Cue, and V. Dutkiewicz, Phys. Rev. A ll, 1482 (1975)
[16: 0.83-3.28; 21: 0.83-3.28; 26: 0.83-3.28; 29: 0.83-3.28]; W. ¹ Lennard and I. V. Mitchell, Phys. Rev. A 12,
1723 (1975) [36: 0.5-2]; A. Zander, Y. Chee, J. Walls, arid B. Crews, in Abstracts of Contributed Papers of the
Second International Conference on Inner Shell Ionization Phenomena, Freiburg, 2976, edited by W. Melhorn (Urii-

versity of Freiburg, Freiburg, 1976), p. 253 [22, 24, 26: 0.1-0.15];R. R. Randall, J, A. Bednar, B. Curnette,
and C. L. Cocke, Phys. Rev. A 13, 204 (1976) [18: 2; 29: 2]; H. Tawara, Y. Hachiya, K. Ishii, and S. Morita, Phys.
Rev. A 13, 572 (1976) [13: 0.75-4; 14: 0.75-4); M. Milazzo and G. Riccobono, Phys. Rev. A 13, 578 (1976) [17, 19, 23,
24, 26, 28, 29: 0.95/; M. B. Khan, D. Crumpton, and P. E. Francois, J. Phys. B 9, 455 (1976) [22: 1-3; 28: 1-3; 42:
1-3; 47: 1-3];E. Kolatay, D. Berenyi, I. Kiss, S. Ricz, G. Hock, and J. Basco, Z. Phys. A 278, 299 (1976) and

~ A. Kover, Nucl. Instr. Methods 143, 5 (1977) [24: 0.9-2.5; 29: 0.9-2.5; 49: 0.9-2.5]; A. Langenberg and J. van Eck,
J. Phys. B 9, 2421 (1976) [10: 0.125-1.2; 18: 0.125-1]; F. D. McDaniel and J. L. Duggan, in Beam Foil Spectroscopy
Collisional and Radiative Processes, edited by I. A. Sellin and D. J. Pegg (Plenum, New York, 1976), Vol. II, p. 519
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[22: 0.6-3; 37: 1-3); D. Berenyi, E. Kolatay, S. Ricz, and I. Kiss (private communication, 1977) [24: 2.6-4; 29:
2.6-4]; B.Raith, M. Both, K. Golner, B. Gonsior, H. Ostermann, and C. D. Uhlhorn, Nucl. Instrum. Methods 142,
39 (1977) [20, 23, 24, 25, 26, 27, 28, 29, 30, 31, 33, 36, 38, 39, 40, 41, 42, 45, 46, 47, 50, 51, 53, 55, 57: 2];
S. R. Wilson, F. D. McDaniel, J.R. Rowe, and J. L. Duggan, Phys. Rev. A 16, 903 (1977) [41: 1.13-2.7;
45: 1.03-2.7; 47: 0.4-2.4; 49: 0.6-2.4; 53: 0.6-2.4; 55 1 13-2.7; 58 0.6-2.4' 59 0.6-2.4; 60: 0.6-2.4]; K. H.
Weber and F. Bell, Phys. Rev. A 16, 1075 (1977) [13:0.2]; H. Schmidt-Bocking, R. Schule, K. E. Steibing, K. Bethge,
I. Tserruya, and H. Zekl, J. Phys. B 10, 2663 (1977) [28: 1.25]; M. Kamiya, K. Ishii, K. Sera, S. Morita, and H. Ta-
wara, Phys. Bev. A 16, 2295 (1977) [67: 0.8-4; 79: 1-4; 92: 1.4-4]; O. Benka and M. Geretschlager, Z. Physik A
284, 29 (1978) [29: 0.1354-0.8; 47: 0.3628-0.8]; G. Bonani, C. Stoller, M. Stockli, M. Suter, and W. Wolfi, Helv.
Phys. Acta 51, 272 (1978) [12, 13, 14, 16, 17, 19: 3; 20: 3-11;22: 3; 24: 3-11;25, 26, 27, 28: 3; 29: 3-11;32,
34, 38, 41, 47, 48: 3; 49: 3-11; 50: 3; 53: 3-11];M. Poncet and C. Engelmann, Nucl. Instrum. Methods 149,
461 (1978) [22: 4-22. 26. 4—22. 29: 4-22. 34: 4-22; 39: 4-22]; B.Anholt, Phys. Bev. A 17, 983 (1978) [39: 0.5-2.5;
42: 0.5-2.5; 47: 0.5-2.5; 50: 0.5-2.5; 59: 0.5-2.5; 62: 0.75-2.5; 67: 0,75-2.5; 72: 0.75-2.5; 73: 0.75-2.5; 75:
0.75-2.5; 78: 0.75-2.5; 79: 0.75-2.5; 82: 0.75-2.5; 83: 0.75-2.5; 92: 1.25-2.5]; J. S. Lopes, A. P. Jesus, G. P.
Ferreira, and F. B.Gil, J. Phys. B 11, 2181 (1978) [20: 0.5-2. 21: 0.5-2. 22: 0.5—2; 23: 0.5-2; 24: 0.5-2; 25:-
0.5-2; 26: 0.5-2]; C. Bauer, R. Mann, and W. Rudolf, Z. Phys. A 287, 27 (1978) [29: 0.249-1.9; 47: 0.249-1.91];
A. Berinde, C. Deberth, I. Neamu, C. Protop, N. Scintei, V. Zoran, M. Dost, and S. Rohl, J. Phys. B 11, 2875 (1978)
[47: 4-15; 64: 7-15. 70: 4-15. 73: 7-15~ 79: 7.5-15; 82: 4-15; 90: 7-15].K. Shima, Phys. Lett. 67A, 315 (1978)
and Jpn. J.Appl. Phys. 17, Suppl. 2, 350 (1978) [11: 0.02-0.065; 12: 0.02-0.06; 13: 0.015-0.06; 14: 0.025-0.06; 22:
0.038-0.07); W. D. Ramsay, M. S. A. L. Al-Ghazi, J. Birchall, and J. S. C. Mc Kee, Phys. Lett. 69A, 258 (1978) [29:
20-50. 37: 20-50. 63: 20-50 79: 20-50]. M. Poncet and C. Engelmann, Nucl. Instrum. Methods 159, 455 (1979) [22:
4-22. 26: 4-22; 29: 4-22; 34: 4-22; 39: 4-22] J. S. Lopes, A. P. Jesus, S. C. Bamos, and Q. P. Ferreira, J. Phys.
B 12, 605 (1979) [20: 0.2-0.5; 21 0.2-0.5; 22: 0.2-0.5 23: 0.2-0.5; 24: 0.2-0.5; 25: 0.2-0.5; 26: 0.2-0.5];
A. Cellar, J. Kantele, M. Luontama, J. Zylicz, Nucl. Instrum. Methods 163, 221 (1979) [64: 4.62; 74: 4.56; 90: 4.67-
10.05; 92: 4.23]; A. R. Zander and M. C. Andrews, Phys. Rev. A 20, 1484 (1979) [22: 0.06-0.15; 26: 0.07-0.15; 28:
0.08-0.15; 30: 0.1-0.15]; G. Lapicki, R. Laubert, and W. Brandt, Phys, Rev. A 22, 1889 (1980) [28: 0.055-0.3; 46:
0.215-0.3; 47: 0.2-0.3].

g = 2dK, = 2Z,Zs/v, = 4dqos / &s, (6)

becomes «1. This condition obtains in the entire
low-velocity range where the energy-loss effect is
important. At higher velocities the Coulomb-de-
flection factor approaches unity and a plane wave

where v=9 for S=K, I, and v=11 for 8=L„L3.
Up to this point, our development is exact.

In terms of the semiclassical approximation
(SCA), which is equivalent to the PWBA, Eq. (6)
pertains to a straight projectile trajectory. 'The

Coulomb interaction between the projectile and the
target nucleus becomes important in reducing the
ionization probability just in a low projectile-velo-
city range where also the energy-loss effect can
diminish the ionization cross sections noticeably.
The ratio of the differential ionization cross sec-
tion calculated in SCA for the hyperbolic trajectory
(dos/d8/)""' and for the straight-line trajectory
(des/d8&)" determines the Coulomb-deflection
factor C =- (dos/d(g&)"~/(dos/dh&)". The argument
of C =C(dqo) is the product of the half distance
between the collision partners at closest approach,
d=Z, Z, /Mv~s, and of qo. The minimum value of q„
at 8/= 0, is qos

-=&a»/v, . The classical approxima-
tion for the treatment of a projectile is justified if
2d is large compared to the de Broglie wavelength
1/K, of the projectile, "i.e. , when Bohr's para-
meter x,

or straight-line approximation for the projectile
applies.

The argument dq, of the Coulomb-deQection
factor in the presence of energy loss must be re-
placed by

Z,ZPS(K K-, ') = ' ' (K, -K,).f f Mvkvf f f

One recognizes that Eq. (9) is the product of the
symmetrized half-distance of closest approach,
Z,Z, /Mv, v/, and of q „given by Eq. (3). In con-
sequence, the Coulomb-deQection factor with
energy loss C~ follows from C by a change of
argument,

(9)

f 2dq„
1,(( ~) '*()+(( ~) ")).

In the notation qos=—u, s/v, =q,4s/n, and s'=—1
—&~, the energy-loss function with Coulomb
deflection becomes

(10)

(') 1+ (1 ~)1/2)@+1fs~+idqos) 2 v+|
"~s

2' g&
~ 1/2+

(11)
~e separate Eq. (11) into a Coulomb-deflection
factor and the straight-line energy-loss function
fs(z), Eq. (7), by writing

(12)
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As demonstrated in Appendix A, the error 6~ in-
curred in the factorization can be neglected for the
known expressions of C.

where
(i4)

III. COMPARISON WITH EXPERIMENT

The t PSSH cross section for direct ionization of
an 8 shell is given by

(13)

where C~ represents the Coulomb-deflection ef-
fect, and the factor f~ accounts for the perturbed
stationary-state effect. 2 '" 'The projectile-velo-
city variable Pz =[mss($s/fs)]'~'$s is the product
of $s—--

v&/&Hsv~ (vss =orbital velocity in S shell)
and the function (ms)'I' that introduces relativ-
istic effects in the range of impact parameters, of
order qoz, where excitation takes place with high
probability. The development in the preceding
section permits us to incorporate the energy-loss
effect (E} according to Eq. (13) as

4 (fg t2

s s s Mges s&s&
(is)

We wish to compare Eq. (14) with the K-shell
data displayed in Fig. 1. To isolate and exhibit
trends in a managable but statistically significant
manner, we divided the data into groups within
five equal intervals in each decade of the logarith-
mic abscissa scale in Fig. i. Each group contains,
then, some 150 data points for which the &~&~ vari-
able changes by approximately 60%%u, . The arith-
metic-mean value of each group of points is plot-
ted in Fig. 2 midway within the abscissa interval
and marked with an error bar determined by the
95/ confidence limit, corresponding to two times
the standard deviation for the group. These mean
values should hover around the ordinate value one
if the projectile-energy loss in the ionizing col-
lision were unimportant. The two curves repre-
sent the calculated energy-loss effect as

os cPssR/gcPSBR (Cs/C )f (s ) (i6)

where Css -—Cs[2dq, s4/ss(1+ss)]. For S=K we
set Cs(dq«) = 9E»(wdq«), corresponding to the
choice y= 1 in Eq. (28}of Ref. 3. The curves
clearly reproduce the trend of the K-shell ioniza-

EXPT

~CPSSR
I.

(
=I

IO Z2-92

0.5
IO 2 IO-4

FIG. 2. Ratios as in Fig. 1 after a statistical analysis described in the text. Had the energy loss effect been negliga-
bly small, 0~~ /0&~ mould have been equal to one. The two curves bracket the values of alEE +/0&~ [Eq. (16)] for
all elements included in Fig. 1. The evaluation of Eq. (16) is illustrated in Appendix B.



ENERGY-LOSS EFFECT IN INNER-SHELL COULOMB. . . 1725

~EXPT

EGPSSR
'I.

E JL

il il
rr

r rr rr

28
/I

lo 2 IO-4

FIG. 3. Ratios as in Fig. 2, but presented relative to &z~ ~ [Eq. (14)], which accounts for the energy loss effect in
both the Coulomb deflection factor and .the PSSR cross section. The curves represent the ratios of PWBA cross sec-
tions calculated with Hartree-Slater (HS) wave functions and those calculated with screened hydrogenic (SH) wave func-
tions (Ref. 9) as currently used in our analysis. The solid curve is from Basbas, Brandt, and Laubert (1973)in Ref. 2 for the
&-shell ionization of &3A1 by protons. The dashed curves, identified by the respective 22 values, depict the calcula-
tions of Ford. et aP. (1977) in Ref. 14 for the &-shell ionization of &3Al, 22Ti, and 28Ni by protons.

tion measurements with protons or target elements
ranging from neon (Z, = 10}to uranium (Z, = 92).

'This comparison supports the conclusion reached
in Refs. 3 and 13, namely that the Coulomb-deQec-
tion factor, if calculated in the lowest, the mono-
pole approximation [y=2, Eq. (28) of Ref. 2],
overpredicts the deflection effect as deduced from
experimental data. The form vE„„(wdq,z} under-
lying the present treatment agrees closely with all
known data.

In order to pursue, if cautiously, the discussion
to the limit of the statistical significance of the
data, we have replotted, in Fig. 3, the average
points relative to the solid curve in Fig. 2, i.e.,
in the form or*"/caro~88" on a twofold enlarged
ordinate scale. Theory and experiment agree, on
the average, to within +107(}. Time will sort out
to what extent residual deviations are real and
systematic, i.e., in the nature of a significant fine
structure superimposed on the millionfold change
of the cross sections with projectile velocity ac-

cording to Eq. (14}in the abscissa range displayed
in Fig. 3. Such fine structure can signify the ex-
tent to which interconnected quantum mechanical
effects on ionization cross sections are repre-
sented by the factorization in Eq. (14). In our
comparison, moreover, the function oz " in Eq.
(14) was calculated with SH wave functions. ' The
curves drawn in Fig. 3 display the changes one
calculates if one improves the basis through the
use of Hartree-Slater (HS) wave functions. The
solid curve gives ar(HS)/o„(SH) according to our
calculation for A1(K) of 19VS.' The dashed curves
are based on later calculations by Ford et a/. '4 for
»A1(K), ~Ti(K), and»Ni(K). Apparently, experi-
ment and theory now converge in a domain where
the measurements can test atomic wave functions.
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APPENDIX A: DERIVATION OF ENERGY-LOSS
FUNCTION

When integrated over final states, Eq. (5) takes
the form

and

EP WBA P WBA

—1 ——4 +—633 2 77 3 165
iP S 8 S 32 S 256 S

for v= 11 (S=I,2, I, 3).

For small &s—= 1-z', the energy-loss function
takes the form

EP WBA, P WBA

+~g2 75g3+ 45 g4, ~,
i8 S 16 S 64 S 256 S

for v=9 (S=E. ,I, &) (A5)

(Al)

in terms of the minimum relative kinetic energy
loss &z, Eq. (1). The projectile emerges from
the collision with the residual relative kinetic
energy z'=—1-4s. In the low-velocity limit rep-
resented by Eq. (5), the cross sections o~" " are
analytical functions of the projectile velocity vi. '

With the substitution (1 —n)—=u', the first term
integral in Eq. (Al) becomes

v(1 —z')" "' udu
tf2(z) =

2( „(1 )(+t

= 2 "(v —1) ' [(vz —l)(1+z)" + (1 —z')"], (A2)

and the second-term integral

2fB(z) =2 '(v —1) [(1—z )" —(vz+ 1)(1-z)"]. (A3)

Subtraction, fz(z) =,fz(z) —2fs(z), yields the ana-
lytical function Eq. (V) that accounts for the ener-
gy-loss effect.

The cross sections, Eq. (6), have a low-energy
threshold in that fz(z) vanishes when Az= 1, or
z =0, i.e. , when all the initial energy of projec-
tiles is transferred to the ejected electron, and
the projectile comes to rest. The cross sections
rise from the threshold, for z =—(1 —AB)«1, as

o,""'" (v+ l)v, /' (v —2)(v —3)
FWBA fS(z) = . , -~ "I1+,— — "+";~ ~

os 3'2

(A4,

v(1 2)u ('j fl + (1 ~)1/2 ) @+1

ifs(z) = 2"( I( ~ ]I d&,
4i -g2

with the substitution

(AV}

(A8)

through series expansion and term-by-term in-
tegration

V

V V —2
(1 2)~

v=0
v+ 1 - ~4(~(i+i)] i5

/z(1+z)" (( ~ v —2 v (1-z)

We retrieve leading terms given by Eqs. (A5) and
(A6).

The t oulomb-deflection factor varies approxi-
mately as exp(-y7/d(fp) where the parameter y
has values in the range 1 ~ y «2 depending on the
underlying approximations. ' For this form the
energy-loss function with Coulomb deflection fz
can be factorized as given in Eq. (12}, and as
demonstrated presently. In the expression

These expansions are accurate to within 1% if one
retains terms to order 4s such that P& 10&s. For
the discussion of current experiments (b B& 0.2},
it suffices to calculate the energy-loss effect by
truncating the series beyond the ~s terms.

Since the second term in Eq. (Al) contributes
negligibly, we can set f, =,f, in the z range of
interest'~ and derive Eqs. (A5) and (A6) from Eq.
(Al) by calculating

c v(1 —z )" " t'1+(1 —n) / 7"' 1 —(1 —b) /
((,

"'
2ywd/Ia&2"' z n / - 1-z' (1-a)+(1-a)'"

only the first term under the integral is important. We integrate in the manner of Eqs. (AV) to (A9),
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v 2
»(1+ z)l, "~ 'v —2 2Y«qss /1 —. s

& P

(A11)

)f.(,dq. )& E., & 1 ~2f.( )
c 2'Ymdqos ~

@1+A )
Simi1,arly,

,f (,dqo)& E.. ) . ~f () ~

c f 2ymdqos)"' (el —s

(A13)

(A14)

Factorization, therefore, is uncertain within the
limits

~fs(») f s(» dq2s)
2r«qss & c
» I+a

2'Y«qos), f"' »(I+s) ' '' (A15)

We write Eq. (A15) in the form of Eq. (12), where

C s = vE" i [2r«qos/s(I +»)] (A16)

with v = S for S =E,L&, ~ = 11 for S =J &,L 3, and
1 ~ y ~ 2, where y = 1 represents the standard ap-
proximation and y -2 the monopole approximation
to the Coulomb-deflection factor." The error
5s incurred through the factorization Eq. (12) is
bounded as

0 &
I 6s I

& 2fs(s)/fs(s) (A17)

and can always be neglected, for it is less than
10 under present experimental conditions, and
it remains less than 10 ~ as long as z & 0.3, or
4~& 0.9. Ateven smaller velocities, the Coulomb
deflection, through C~, makes the cross section
vanishingly small before the threshold at 4~=1 is
reached. Although based on the analytical form of
the differential cross section Eq. (5}that is
strictly valid in the low-velocity limit, numerical
calculations show that Eq. (12) is accurate to with-
in 0.3% or less for all velocities.

APPENDIX 8: SAMPLE CALCULATION
OF ENERGY-LOSS EFFECT IN E-SHELL IONIZATION

We illustrate the effect by evaluating Eq. (14)
for protons (2H:Z& ——1, M&

——1836m= lu) and deu-

The function E„(t)= fi r "e "dr is the exponential
integral of order n. In the straight-line limit
dqps 0, Eq. (A11}reduces to Eq. (A9).

We wish to separate Eq. (A11}into a Coulomb-
deflection factor and the straight-line energy-loss
factor fs(s) [Eq. (7)]. Since

v
(A12)

v —p,

Eqs. (A9) and (A11) imply that

4
1770x 0.856 x (0.184)' (H2)

For v = 9 and the value of the argument g&
=(1—g»A»)'~2= 0.960, the energy-loss function
[E, Eq. (7)], reduces the cross section by the fac-
tor f»(0.960) =0.796.

The Coulomb-deflection variable [KI, Eq. (33a)
with Eq. (2)] withe =1

«qpf »»4~Z2M (E»8») (4/I») (Z2/Z2»)

= 1.59 (83)
gives for the Coulomb-deflection factor [KII, Eq.
(49)], without considering the projectile energy
loss, the value'2 C»=9E2 (1.509) =0.171. When the
energy loss is included, the argument becomes
[E, Eqs. (14) and (15)]

2mdqo~g~ 2 x 1.59
»»(1+ z»} 0.960x1.960 (H4)

which yields C» = 9K»(1.69) =0.153. The energy-
loss effect, then, reduces the CPSSR cross section
[I II, Eq. (29), and E, Eq. (13)] by the factor [E,
Eq. (16)]

[
terons (',H:Z, =1, M, = 2u) impinging with energy
E,/M~ ——25 keV/u=. 0.025 MeV/u on aluminum

(,', Al:Z2 ——13, M2= 27u). The ANA) binding ener-
gy, A(dz& ——155S.6 eV, corresponds to 0~ =0.711.
For ready reference to the previous work, ' we
denote the papers by Basbas, Brandt, and Laubert
of 1973 as KI, of 1978 as KII, those by Brandt and
Lapicki of 1974 as LI, of 1979 as LII, and the
present paper as E. %e retain enough digits in
this example to make rounding-off errors unim-
portant for the final results.

For the screened &3Al nuclear charge Z&& ——13
—0.3=12.7, the velocity parameter [KII, Eq. (4)]
becomes $» = (160)~~2(0.025)' ~2(0.711x 12.7) '
=0.222. The PSS factor [KII, Eq. (45)], with c»
=-', , g»(0.222, 1.5) =0.922 [KII, Eq. (39) and Table
V], and h ~ I(1.5/0. 222) = I(6.76) = 0 f KII, Eq. (27)]
has the value

2 x 0.922
0711 12 7

—1 20

so that $ /)„=0.222/1. 204=0.184 and g 8 = 1.204
x0.711=0.856. Given the mass M(2H, &2AI)
= 1836(1 + 27 ') ' = 1770 in the center-of-mass
system, we calculate the energy-loss parameter
[E, Eqs. (1) and (15) and Figs. 1-3]

2
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=0.409 b, (B6)

since )»R/&» =0.186 and F»($») = (2 /45) $»/
(1+ 1.72$s»)4 for $» & 1. [LI, Eq. (7) and the fol-
lowing discussion therein]. This cross section is
reduced by the Coulomb deflection and the energy-
loss effects [E, Eq. (14)] to the value

SCPSSR C»f ( )
PSSR

=0.153 x 0.796 x 0.409 b =0.0498 b .
(B7)

Taking the fluorescence yield ~zK ——0.039 as
recommended by Krause, the predicted Al(K)
x-ray production cross section for 25-keg protons
becomes

ECPSSR
0Kx K+K

=0.039 x0.0498 b =1.9 x10 (B8)

The experimental value [KI, Table I] is o»"„"
= (2,Q +0.5) x 10

The isotope effect in the cross sections depends
on the projectile energy loss as follows. Deuter-
ons of E&

—50 keV'or 0.025 MeV/u have the same

ECPSSR gS 0
gK CK 0.171cx ssa = f»(s») = ' x 0.796 =0.712 (B5)

as displayed in Fig. 2 by the solid curves at the
abscissa value fK &K= 0.0780. In the monopole ap-
proximation, corresponding to y = 2, the ratio
Eq. (B5) has a smaller value.

Under the given conditions, the relativistic effect
increases $» ——0.222 to $„=[m»(0.184)]'~ ' x 0.222
= (1.019)'~s x 0.222= 0.224 [LII, Eqs. (6) and (22)].
The straight-line R-shell ionization cross section
[KI, Appendix B, Table V; LII, Eq. (23)] is

o» ( os»/E»e») E»((»/f»)
= (0.270 x 105/0. 856) x 1.296 x 10 b

velocity as 25-keg protons so that )K=0.222,
K» = 1.204, &»8» = 0.856, g/t » =0.186, and,
hence, o» '"(gjt», $»e») =0.409b [see Eq. (B6)].
The reduced mass, however, increases from
M(tH, i~&A1) =1770 to M(2tH, ",,Al) =1836(2 i+27 t) i

= 3419, so that now sdqs»&» = 1.59 x 1770/3419
=0.823 and CK =0.400. Moreover, the relative
energy loss during the collision is reduced to
j»a»= 0.0780 x 1770/3419= 0.0404. With s»
=(1 —0.0404)' =0.980, the energy-loss function
has the value f»(0.980) =0.893. The Coulomb-de-
flection factor becomes C» = 9E,s(2 x 0.823/0. 980
x1.980) =0.389. For deuterons, then, the energy
loss reduces the cross section merely by the fac-
tor

CK 0.389
f»(z») ' =— x0.893 =0.868. (B9)

From the cross section for direct ionization by
deuterons, K

' =0.389 x0.893 x0.409 b
=0.142 b, we calculate, with the same fluores-
cence yield &K ——0.039, the x-ray production cross
section oKx =~oK =0.039 x0.142 b = 5.5
x10 b. The experimental value [KI, Table II] is
o»»" ——(5.7 + 1.4) x 10 b.

The projectile energy loss enhances the isotope
effect, as expressed through the cross section
ratio LKI, Eq. (30)], from o» ""(iH)/o» (iH)
=0.166 b/0. 0724 b =2.29 [KI, Coulomb curve in
Fig. 6] to o„"(,H)/o» "(iH) =0.142 b/0. 0498 b
=2.85. For constant i&K, these results are to be
compared with the ratio of the experimental values
o»»"(tH)/o'»~»'(iH) =(5.71 y 1.43) x10 b/(2 02 + 0 50)
x10 ' b=2.8+1.0.

The differences between the dashed curves and
the experimental points in Figs. 3 and 4 recently
reported by Chang et al."are fully accounted for
by the energy-loss effects as developed here.
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