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Triply-differential cross sections for electron-impact ionization of atomic hydrogen
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A method for obtaining triply-differential cross sections (TDCS) for electron-impact ionization of atomic
hydrogen in the Glauber approximation is developed. The expression for the Glauber amplitude in the present case
turns out to be a simple two-dimensional integral which can be accurately evaluated. The present procedure has an

advantage over the conventional partial-wave technique in calculating TDCS in that the latter requires substantial

computer time where many partial waves are involved. %'e present numerical results for electron-impact ionization

of hydrogen atoms at incident energies of 100, 113.6, and 250 eV. A comparison is made of the present TDCS with

the corresponding results of the first Born approximation and experiment.

I. INTRODUCTION

Scattering cross sections for electron-impact
ionization of atomic systems are in demand in
studies of planetary atmospheres, plasma physics,
and radiation physics. In particular, these data
are essential in controlled thermonuclear re-
search. To date, a large number of theoretical
and experimental investigations have been made
on the ionization of atoms by electron impact. '
These investigations were, until recently, pri-
marily related to the total ionization cross sec-
tions. Comparison of total cross sections with
the experimental data does not, however, represent
an adequate test of theory because important fea-
tures can be missed in the process of summing and.

averaging necessary for obtaining total cross sec-
tions. So a comparison of cross sections that are
differential in one or more kinematic parameters
is required for a more definitive test.

Triply-differential cross sections (TDCS) pro-
vide the most detailed information on an ioniza-
tion process. With the report of the first measure-
ments of TDCS on e -He collision by Ehrhardt et
gl.' in 1969, considerable interest has grown in
the theoretical studies of this phenomenon. Since
then, several measurements have been made but
they are mostly concerned with complex atoms. '
The first experimental measurement of TDCS on
e -H collision was made by %eigold et al.4" They
reported the TDCS for coplanar kinematics at
incident energies of 100, 113.6, 250, and 413.6
eV for a variety of ejected-electron energies and
scattering angles. They compared their data with-
the corresponding cross sections obtained in the
plane-wave Born exchange, plane-wave impulse,
and factorized distorted-wave half off-shell im-
pulse approximations. TDCS calculations have
also been performed using the first Born approxi-

mation' (FBA), the Coulomb-projected Born ap-
proximation, '" and the distorted-wave approxima-
tion. ' A comparison of these calculations with
experiment has shown that none of these theories
can successfully reproduce the experimental re-
sults. The distorted-wave model, however, gives
a better overall description of the shape of the
experimentally observed angular distribution than
the Born calculations.

Recently, the Glauber approximation (GA) has
been applied with success to a large number of
atomic collisions, especially inelastic collisions. '
More recently, the QA has been applied to the
ionization of atomic systems by Thomas, "McGuire
and co-workers, '2 ' Tsuji et al. ,' and Narumi et
al.20

This paper reports an application of the GA to
calculate the TDCS for electron-impact ionization
of atomic hydrogen without the use of partial-wave
technique and compares the calculated cross sec-
tions with the corresponding experimental data of
Weigold et al. Although McGuire et al."and
Narumi et al. have proposed two different methods
for obtaining the Glauber amplitude for the
H(e, 2e)H' process, there are no reported TDCS
calculations using these techniques. Both the ap-
proaches are based on partial-wave decomposition
of the scattering amplitude. A major shortcoming
of these methods is that these procedures require
substantial computer time where many partial
waves are involved. " In order to avoid this dif-
ficulty we propose a new procedure for evaluating
the Glauber amplitude. This procedure leads to a
two-dimensional integral for the amplitude, which
can be computed numerically with convenience
and without the sort of difficulty seemingly inherent
in the partial-wave techniques.

The plan of this paper is as follows. Section II
gives the theoretical formulation of obtaining the
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The Glauber amplitude for the ionization of
atomic hydrogen by electron impact is given by"

( Ib —s
E(q, k, ) =— dbdrX;*(k» r) 1-~

x u, (r)e"'", (1)
where q =k- k, and q =1/k. Here k, k„and k,
are the momenta of the incoming, scattered, and
ejected electrons, respectively, and q represents
the momentum transfer. b and s are the respec-
tive projections of the position vectors of the in-
cident particle and the bound electron onto the
plane perpendicular to the direction of the Qlauber
path integration. 22 In Eq. (1), q, 5, and s are co-
planar, uo(r) represents the wave function of the
initial state of the target and is given by

u (r) —y~t 2~-ip 2e-&r

while X,*(k„r) denotes the wave function of the
ejected electron and is taken to be the Coulomb
wave function

X,*(k,r) =(2m') ' 'e"' ~i'(1 —iy)e 'f2'

x,F,(iy, l, i(kmr+k, . r)),

(2)

with X =1 and y =1/k, .
Using Eqs. (2} and (3) in Eq. (1) we can express

the scattering amplitude as

E(q, k, ) =C l(q, k,), —
where the generating function I is defined by

(4)

TDCS for electron-impact ionization of hydrogen
in the QA. In that section we describe the reduc-
tion of the H(e, 2e)H' amplitude to a two-dimension-
al integral. In Sec. III, we present the results of
our numerical calculation of the TDCS. Moreover,
we have recalculated via our new procedure the
doubly-differential cross sections (DDCS} (differ-
ential in scattering angle and energy of the ejected
electron). Our results for the DDCS are in agree-
ment with those previously obtained by Tsuji et al.
using the partial-wave technique. Thus we demon-
strate that the present procedure is valid and use-
ful for performing actual calculations. In this sec-
tion, we compare our TDCS results with those of
the FBA and experiment. Section IV contains the
conclusions. Atomic units (a.u.}are used through-
out.

II. THEOR~

e-l.g
f(q k }= dbdr e-~)'2 "«)

2 r
x,F,(iy, l, i(k r+k r))

Ib- s I'I '~&

b
and

C=2 '~ ikv &"' I'(1 —iy). (6}

8'(q, k„c„e,) = . dtt "'"(t—1) '"
Fz

e-xr
x War 8'4." ~' b

y'

k"" "(15- I)"""
with A =A, —ik, t and K, =k, (t —1). We then replace
e ~"/r by its Fourier transform

g-&r ] elan &

2~2 pp2+p2 ~

and introduce cylindrical coordinates for p and
r: p=p, +p, and r =s+z. Moreover, to express
the J integral in a form separable in the integra-
tion variables, we introduce the transformation
s- b=s'. Consequently, Eq. (9) becomes

Equation (4) is obtained by dropping the first term
within the square bracket under the integral in
Eq. (1), since this term leads to a, 6 function in

q and contributes nothing to the integral in the pre-
sent case where q is always nonzero.

In order to facilitate the evaluation of the scat-
tering amplitude, we consider, instead of I, the
integral

Z(q, k„e„&,)= fdbdr e '4'

x,F,(iy, l, i(k,r+k, ~ r))

x ~b —s~~fn NA ~f))-'2 (7)

In the course of the evaluation of the amplitude we
changed the order of integrations, wherever nec-
essary, and the infinitesimally small positive
quantities e, and &, introduced here guarantee the
convergence requirements at all stages.

%e next introduce the following integral repre-
sentation of the confluent hypergeometric func-
tion".

1
,F,(i@pl)(o) = . &dtt '+'*(t —1) "e"', (8)

WZ

where I indicates a closed contour encircling each
of the two points 0 and 1 once counterclockwise.
On using Eq. (8) in Eq. (7) we have

p(q, k„c„t) =,. dpt "'")p—)) '"f d'pd's'dad p,dp'
exp[i(p, +K„) s'+i (p, +K„)z +i(p, +K„) b+iq ~ b]

pm+p2 + JR

(10}
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On carrying out the s integration we get a 5 function in (p, +K„). The evaluation of the P integral can now
be easily performed, and we have

~12m

j(o &- N t ) = --. dt t "'"(t-1) '" d'bd'sd'p p" (p' "} (p' +') q ] s"~a(b ""'2. (11)
1

ly 2 2 r Pp+ 2g+

The azimuthal angle integrations for the vectors b and s can be done using the relation"
2f

dye gaaaaaaP jma 2&imp (~b)
0

and we get

We note that"

dS S 4T0 Pp+ p
S

0

[(a +P') "]' r(v+"1') ' 2 ' 2 ' 'a +(P)

(12)

[Re(v+ p) &0, Re(c(+iP) &0, Re(n —iP) &0].

Then taking the limit n-0+ in the above result and utilizing the identity2

E2, ( a, b;c;1)= [c a(0, -1,-2, . . . , Re(c —a —b) 0],1"(c)F(c —a —b)
I'c —a Fc—b

we have

J(q, k„~„~2}= '. ' dtt "'"(t—1} '"
z r

f 1
P (P2 +iI2 + /2) i p +g [

2+ 2ajaz
i p +Q +qi 2 2l'2 82

where

r(-,')r(2- 2iq —e,)
r(iri+ e2/2) F(2 irt —e2/—2)

(13)

r(-,'}r(2+2iq —~,}
r(-irt+ c,/2) I'(-,'+i)}—e,/2) '.

On replacing p, +K„+q by p„Eq. (13) can be written as

where

2D,D2 1
2) |~ 2

= ' '
& p2-2&a-a,

,
2 2&2-a

Z P, 2Ip, -gl (14)

1 (r-k' (t —1)'+ (& —ik t)'+ [p —q —k, (t —1)]' ' (15)

T= dtt "'"(t—1) '"V(t),
F

(16)

In order to evaluate the T integral, we express
Eq. (15}in the following form:

with

A =k,'+&'+ (p, —q)'+2(p, —q) k„,
B =2[k22+ikk2 + (p, —q) ~ k„].

(18)

(19)

where

V(t) = 1/(A- Bt)

The quantity V(t) has one singularity, a simple
pole, at t =r =A/B. r lies outside the t contour.
The t integrand in Eq. (16) is single valued and
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O(l/P) as f-~, so that the integral over a circu-
lar contour of infinite radius vanishes. This,
however, by Cauchy's theorem is the sum of our
required integral and 2ni times the residue at 7.
Thus

x=2«(~-1)-» r» /A. (20)

The scattering amplitude which is related to the
derivative of t with respect to X in the limit &,-0+
and &, -0+ can now be written as

E(q, k, ) = lim 47»CD, D,K, (21)
e&~0+ 62~0+

that the numerical evaluation is possible when e,
and $~ are zero.

We can now write

f(».)- ' f().:=0)+ f(F,=a))
K d Pp g P )~6»W w»P4, 2gq g +S Pp, '~p, -o~

(23}
where

f(p, ) =C,A'" '(A —B)»"+CQ»" '(A —8) '" ' (24)

and

where

C,A" '(A —a)»"+C~'"-'(A —a)-»"'
PP AR 2»2 ()2

[ ([2+2»2 &

5'p p P
1

(22)

f(p, =o)+ f(p, =q)
d PP -2-22@-I ~ » P+g gg-I (25)

with C, =2&(iy-1) and C, = 2iy-(& ik)-.
We see that the integrand of the K integral has

strong singularities at p, =0 and p, =q and that the
integral cannot be evaluated when e, and e, are
made zero. In order to avoid this difficulty, we
evaluate the integral after subtracting a term which
can be integrated analytically. The singularity of
the rem'aining integrand is now sufficiently mild so

(26)

where

In order to be able to perf'orm the S integral
analytically, we introduce polar coordinates P and
(II) for the vector p„(p denotes the angle between

p, and q. Equation (25) can then be written as

S=q [f(p, =o)S,(q, n, e„&,)
+f(p( =q}S,(-q, rl, s„e-,)],

oo 2f 1S i. « ~= dPd~1y )J 2~ ~ pl 2»2 (p222 + 2 2p cosy)l/2+»)l 81/2 '
0 0

Now we take advantage of the relation"

1 " cos(ng)d(P 1'(n+n)

(2V)

provided

n=0, 1,2, . . . , + ~0, -1,-2, . . . ,

and perform the (t) integration. We note that ~R~ is to be less than unity. So we have divided the range of
the integration variable p into two parts, namely, 0 to q and q to ~. Thus Eq. (2V) reduces to

1

0

+ dg g "1"2)RE,(2'+i»} —Re„-2'+i»}- —2'e, ;1;zR) ~.
0

Next we utilize the series representation of the Gaussian hypergeometric function and perform the integra-
tion over z term by term. We obtain

(1)„( 'i, 2( +'1})+ 2 +1— (29}

where (a)„ is Pochhammer's symbol. "
Finally, we take the limit of the function K in Eq. (23) as &,- 0+ and cR- 0+, and express the scattering

amplitude as

E(q, k, ) =2"Rik»» 2»}Ren "1(1 —Ry)(2»»q '[f(P, =0)&(1})+f(P, =q)&(-1}))

1 2' f(p,)-q '[(p'+qR —2pqcos(I)))'»Rf(p, = ) 0pg+(p =q)j)
pp1 2»2 p (pR+qR 2pqcos(p)14»2

(30)
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A

TABLE I. Coplanar (@& =0, @2 =-&) triply-differential cross sections, d ~/dk&dk2dE2, for
electron-impact ionization of atomic hydrogen in the FBA and the GA for the incident energy
of 1pp ev. The format AB stands for A. x 10 .

E2 0( 02

(eV) (deg) (deg) FBA GAb
02

|'deg) FBA GA
0)

(deg) FBA GA

25 20 0
10
20
30
35
40
45
50

3.24 -2
8.85 -2
2.17 -1
4.31 -1
5.44 -1
6.32 -1
6.69 -1
6.43 -1

1.96 -2
5.32 -2
1.36 -1
2.85 -1
3.69 -1
4.36 -1
4.64 -1
4.44 -1

55
60
65
70
75
80
90

100

5.64
4.53
3.36
2.34
1.54
9.68
3.56
1.35

-1
—.1

-1
~]
-2
-2
-2

3.83 -1 110
3.01 -1 120
2.17 -1 130
1.47 -1 140
9.42 -2 150
5.83 -2 160
2.15 -2 170
8.67 -3 180

6.62 -3
4.78 -3
4.33 -3
4.18 -3
4.04 -3
3.87 -3
3.69 -3
3.53 -3

4.75 -3
3.79 -3
3.80 -3
4.13 -3
4.58 -3
5.06 3
5.51 -3
5.90 -3

30

36.4 20

0
10
20
30
35
40
45
50

0
1Q

20
30
35
40
45
50

1.47 -2
3.67 -2
1.01 -1
2.58 -1
3.81 -1
5.18 -1
6.32 -1
6.85 -1
2.58 -2
7.14 -2
1.58 -1
2.48 -1
2.66 -1
2.57 -1
2022 1
10731

9.96 -3
2.35 -2
6.03 -2
1.50 -1
2.20 -1
2.98 -1
3.65 -1
3.95 -1
1.52 -2
4.58 -2
1012 1
1.90 -1
2.07 -1
1.98 -1
1.66 -1
1.25 -1

55
60
65
70
75
80
90

100

55
60
65
70
75
80
SO

100

6.53
5.51
4.16
2.87
1.85
1.14
4.16
1.63

1.24
8.23
5.14
3.05
1.75
9.88
3.29
1.55

-2
-2

3.77 -1
3.17 -1
2.40 -1
1.66 -1
1.08 -1
6.80 -2
2.64 -2
1.10 -2
8.50 -2
5.36 -2
3.19 -2
1.83 -2
1.02 -2
5.75 -3
2.12 -3
1023 3

110
120
130
140
150
160
170
180

110
120
130
140
150
16Q
170
180

7.80 -3
4.69 -3
3.35 -3
2.63 -3
2.18 -3
1.87 -3
1.64 -3
1.47 -3
1.20 -3
1.15 -3
1.14 -3
1.11 -3
1.06 -3
1.01 -3
S.59 -4
9.17 -4

5.26 -3
2.90 -3
1.88 -3
1.46 -3
1.34 -3
1.38 -3
1.50 -3
1.67 -3
1.08 -3
1012 3
1.21 -3
1.31 -3
1.42 -3
1.53 -3
1.64 -3
1.74 -3

30 0 1.01-2 6.99 -3
10 3.27 -2 2.0 7 -2
20 1.02 -1 6.35 -2
30 2.49 -1 1.59 -1
35 3.32 -1 2.14 -1
40 3.85 -1 2.50 -1
45 3.84 -1 2.49 -1
50 3.28 -1 2.12 -1

55
60
65
70
75
80
85
90

2.45 -1
1.63 -1
9.92 -2
5.70 -2
3017 2
1.75 -2
9.85 -3
5.78 -3

1.56 -1
1.02 -1
6.17 -2
3.55 -2
2.01 -2
1.15 -2
6.80 -3
4.24 -3

100
120
13Q
140
150
160
170
180

2.48 -3 1.97 -3
1.10 -3 7.91 -4
8.95 -4 6.34 -4
7.61 -4 5.74 -4
6.61 -4 5.69 -4
5.84 -4 5.98 -4
5.25 -4 6.50 -4
4.80 -4 7.19 -4

4p 0 6.06 -3
10 1.78 -2
20 5.80 -2
30 1.68 -1
35 2.50 -1
40 3.22 -1
45 3.50 -1
50 3.17 -1

4.09 -3
1o13 ~2
3.46 -2
9.75 -2
1.44 -1
1.86 -1
2.02 -1
1.83 -1

55
60
65
70
75
80
90

100

2.42 -1
1.61 -1
9.67 -2
5.48 -2
3.03 -2
1.69 -2
5.79 -3
2.48 -3

1.40 -1
9.34 -2
5.68 -2
3.28 -2
1.87 -2
1.08 -2
3.91 -3
1.65 -3

110
120
130
140
150
160
170
180

1.34 -3
8.63 -4
6.18 -4
4.73 -4
3.80 -4
3.16 -4
2.72 -4
2.40 -4

7.90 -4
4.20 -4
2.53 -4
1.82 -4
1.60 -4
1.65 -4
1.89 -4
2.27 -4

P resent first Born approximation.
"Present Glauber approximation.

where

(—,'+i@)„(~+i@)„1 1
(1)„rl 2(r+iq) 2r+1 (31)

ments of solid angle for the scattered and ejected
electrons, and dE, represents the energy interval
of the ejected electron.

d 0 k,k, k
dk, dk, dE,

where dk, and dk, denote, respec'tively, the ele-

(32)

The triply-differential cross section for electron-
impact ionization of atomic hydrogen is given by"

III. NUMERICAL RESULTS AND DISCUSSION

A. Numerical procedure

In order to check the numerical program devel-
oped for the present calculation, we have recal-
culated the DDCS in the GA for electron-impact
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TABLE II. Coplanar (4& ——0', @2 ——w} triply-differential cross sections, d3ojdgdk2dE2, for
electron-impact ionization of atomic hydrogen in the FBA and the GA for the incident energy
E =113.6 eV and the ejected electron energy E2 = 50 eV. The format AB stands for A x 10+.

0( 02

(deg) (deg) FBA~
82

(deg) FBA GA
02

(deg) GA

0
10
20
30
35
40
45
50

4.04 -3
1.53 -2
5.76 -2
1.62 -1
2.17 -1
2.40 -1
2.14 -1
1.57 -1

3.01
1.03
3.79
1.08
1.47
1.63
1.45
1.05

-3 55
-2 60
-2 65
-1 70
-1 75
-1 80
-1 85
-1 90

9.84 -2
5.49 -2
2.87 -2
1.45 -2
7.35 -3
3.85 -3
2.14 -3
1.30 -3

6.52 -2
3.62 -2
-1.90 -2
9.81 -3
5.19 -3
2.89 -3
1072 3
1,09 -3

100
120
130
140
150
160
170
180

6.25 -4
2.96 -4
2.34 -4
1.92 -4
1.62 -4
1.40 M
1.24 -4
1.12 -4

5.34 -4
2.08 -4
1.57 -4
1.33 -4
1.26 -4
1.28 -4
1.39 -4
1.58 -4

0
10
20
30
35
40
45
50

2.67 -3
9.15 -3
3.57 -2
1.18 -1
1.76 -1
2.13 -1
2.02 -1
1.53 -1

1.90 -3
6.15 -3
2.27 -2
7.36 -2
1.09 -1
1.32 -1
1.26 -1
9.49 -2

55
60
65
70
75
80
85
90

9.54 -2
5..25 -2
2.69 -2
1.36 -2
6.97 -3
3.74 -3
2%133
1«31 ~3

5.95 -2 100
3.31 -2 120
1.73 -2 130
8.96 -3 . 140
4.75 -3 150
2.63 -3 160
1.53 -3 170
9.38 -4 180

5.99 -4
2.24 -4
1.60 -4
1.22 -4
9.73 -5
8.06 -5
6.89 -5
6.08 -5

3.98 -4
1.01 -4

. 6.02 -5
4.20 -5
3.58 -5
3.65 -5
4.23 -5
5.30 -5

Present first Born approximation.
Present Glauber approximation.

ionization of atomic hydrogen and compared our
results with the corresponding available values of
Tsuji et al. , obtained previously with the use of
partial-wave technique. The two-dimensional
integral in Eq. (30) was evaluated by dividing the
range of the p integral into two parts: (i) 0 & p & q
and (ii} q &p «. Then, in the region (i}we used
the transformation p =qe *, whereas in (ii) we
adopted p' =q'(2e' —1), and performed the integra-
tion via Gauss-Laguerre quadrature. The Q inte-
gral was performed using Gauss-I. egendre quad-
rature. We have found that the DOCS calculated
using the present method are in excellent agree-
ment with those of Tsuji et al.

We now turn to the calculation of TDCS. A note-
worthy point is that whereas the magnitudes of
DDCS are not dependent upon the choice of the
direction of z axis, the TDCS values are relevant
to the choice of z direction. In the formalism de-
veloped in Sec. II, we have not specified in parti-
cular our choice of the direction of z axis. Mc-
Guire et al."have pointed out that the direction of
g axis must be taken perpendicular to the direction
of momentum transfer in order to give agreement
with the results of Born approximation. Earlier
.it was stressed by Gerjuoy" that the Born approxi-
mation may be recovered from the GA by keeping
the first nonzero term of an expansion of (l —e +)
in powers of X only if z is perpendicular to q. If
a different choice is made, such as, g is parallel
to the incident beam direction k, the angular dis-
tributions for the ejected electrons differ substan-

tially, according to McGuire et al. , from the pre-
dictions of the FBA at incident energies as large
as 500 eV or more. We have also noticed similar
features. For example, at an incident energy of
100 eV and ejected energy of 0.1 eV with 8, =8, =4,
=0, the TDCS obtained in the GA with the z axis
(i) parallel to k, and (ii} along a direction perpen-
dicular to q are, respectively, 1.92 and 416 against
the corresponding FBA value of 427. Since the
GA results are expected to be in close agreement
with-the FBA findings at high incident energies
with slow ejected electrons we have performed the
TDCS calculations only with the second choice.

For the evaluation of TDCS, the important quan-
tity Q that needs be considered is (p, —q) ~ k„oc-
curring in the expression for f(p, ) in Eq. (30). We
follow the notation of Ehrhardt et a/. " in designat-
ing the two emerging electrons as 1 and 2, where
1 represents the electron whose direction is held
fixed while the direction of electron 2 is varied.
We choose the x direction to correspond to 8, =n/2,
4, =0. The direction of electron 2 is now given by
the angles 8, and 4,. In the following we shall
consider only the case of coplanar incident and
emerging electron beams, i.e. , 4, =0 or m.

Choke 1: s is parallel to k

We choose q along the x direction in the x-y
plane. In the GA, since q, is zero the expression
for Q is given by

Q Pk, sin8, cos(y Ca) —qk, sin8, cosCs. (33)
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TABLE III. Coplanar (@& =0', @& ——a) triply-differential cross sections, dto/dktdk2dE2, for
electron-impact ionization of atomic hydrogen in the FBA and the GA for the incident energy
X=250 eV and the ejected electgon energy &2=50 eV. The format AB stands for A &&10 .

Og 82

(deg) (deg) FBA' GAb
8)

(deg) FBA GA
8)

(deg) FBA

0
10
20
30
35
40
45
50

1.22 -3
4.22 -3
1.41 -2
3.93 -2
5.96 -2
8.34 -2
1.06 -1
1.21 -1

8.00 -4
2 ~ 77 3
1.00 -2
3.05 -2
4.85 -2
7.08 -2
9.35 -2
1.09 -1

55
60
65
70
75
80
85
90

1.24 -1
1a 13 ~1
9.20 -2
6.80 -2
4.61 -2
2.90 -2
1.72 -2
9.73 -3

1.12 -1
1.00 -1
7.93 -2
5.62 -2
3.64 -2
2.19 -2
1.24 -2
6.73 -3

100 . 2 82
120 4.51
130 4,20
140 4.47
150 4.60
160 4.56
170 4.41
180 4.22

1.82 -3
4.09 -4
4.49 -4
5.10 -4
5.54 M
5.82 -4
6.00 -4
6.12 -4

20

25

30

0
10
20
30
35
40
45
50

0
10
20
30
35
40
45
50

0
10
20
30
4Q

50

0
10
20
30
35
40
45
50

8.94 -4
2022 -3
7.69 -3
2.84 -2
5.23 -2
9.00 -2
1.41 -1
1.94 -1
8.54 M
1.82 -3
5.40 -3
2.Q3 -2
4.06 -2
7.86 -2
1.42 -1
2.26 -1
6.48 -4
1.38 -3
3.75 -3
1.30 -2
4.95 -2
1.51 -1
3.75 -4
8.02 -4
2.09 -3
6.53 -3
1.20 -2
2.19 -2
3.79 -2
5.92 -2

8.29 -4
1.84 -3
5.90 -3
2.17 -2
4.04 -2
7.08 -2
1.13 -1
1.59 -1
7.64 M
1.63 -3
4.56 -3
1.61 -2
3.16 -2
6.07 -2
1.09 -1
1.74 -1
4.77 -4
1.09 -3
3.02 -3
1.02 -2
3.76 -2
1.14-1
2.15 -4
5.27 -4
1.48 -3
4.75 -3
8.79 -3
1.61 -2
2.8Q -2
4.39 -2

55
60
65
70
75
80
85
90

55
60
65
70
75
80
85
90

60
70
80
90

100
120

55
60
65
70
75
80
85
90

2.30 -1
2.29 -1
1.93 -1
1.40 -1
8.89 -2
5.15 -2
2.80 -2
1.46 -2
3.02 -1
3027 1
2.82 -1
1.98 -1
1.19 -1
6.42 -2
3027 2
1.64 -2
2.35 -1
1.44 -1
4.58 -2
1.20 -2
3.51 -3
6.24 -4
V.89 -2
8.57 -2
7.50 -2
5.40 -2
3.36 -2
1.91 -2
1.04 -2
5.68 -3

1.89 -1
1.89 -1
1.58 -1
1.12 -1
6.99 -2
3.98 -2
2.13 -2
1.11 -2
2.34 -1
2.53 -1
2.18 -1
1.53 -1
9.17 -2
4.96 -2
2.56 -2
1.31 -2
1.7.6 -1
1.08 -1
3.49 -2
9.42 -3
2.83 -3
4.57 -4
5.86 -2
6.38 -2
5.57 -2
4.00 -2
2.48 -2
1.40 -2
7.62 -3
4.13 -3

100
120
130
140
150
160
170
180

100
120
130
140
150
160
170
180

130
140
150
160
170
18Q

100
120
130
140
150
160
170
180

3.97 -3
6.70 -4
4.88 -4
4.09 -4
3.56 -4
3.14 -4
2.78 -4
2.50 -4
4.46 -3
7.79 -4
4.88 -4
3.49 -4
2.68 -4
2.15 -4
1.79 -4
1.53 -4
3.60 -4
2.36 -4
1.68 -4
1.27 -4
1.01 -4
8.36 -5
1.85 -3
3.48 -4
1.95 -4
1.23 -4
8.42 -5
6.19 -5
4.80 -5
3.90 -5

3.14 -3
6.43 -4
4.76 -4
4.03 -4
3.61 -4
3.37 -4
3.23 -4
3.18 -4
3.81 -3
6.92 -4
4.08 -4
2.76 -4
2.08 -4
1.72 -4
1.54 -4
1.47 -4
2.33 -4
1.35 -4
8.80 -5
6.51 -5
5.48 -5
5.18 -5
1.30 -3
1.95 -4
9.00 -5
4.55 -5
2.57 -5
1.70 -5
1.38 -5
1.36 -5

P resent first Born approximation.
P resent Glauber approximation.

Choice Z: i is perpendicular to q

where

pQ, cos(P —Ca)

q cosC, (34)

In this choice, the z axis is taken along the
Glauber path integration, which is perpendicular
to q. This means that the previous coordinate
system will now be rotated about the y axis. In
the new system x'yz', tl is along x'. So Q becomes

Q, =-ktk, sing, sing, cosC,

+ (k —k, cos8, )k, cosa, . (35)

A prescription has been proposed by McGuire
et al." Their choice z =k+ nk, together with n
= (k ~ k, ka)/(R ~ k, —k', ) predicts identical results
to ours except at 8, =0. At zero scattering angle,
their prescription is not tenable since z becomes
a null vector. For convenience we have, however,
calculated the DDCS using choice 1, since the
DDCS are independent of the choice of z axis.
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TABLE IV. Magnitudes of binary maxima for elec-
tron-impact ionization of atomic hydrogen. E = f&z,eeV

E 50eV

E (eV) E2 (eV) 8g (deg) FBA

100

113.6

250

36.4

50

50

20
30
20
30
4Q

35
45
15
20
25
30
35

Q.669
0.685
0.267
0.392
0.350
0.240
0.215
Q.125
0.234
0.327
Q.235
0.0858

0.464
0.396
0.207
0.255
0.202
0.163
0.134
0.113
0.193
0.253
0.176
0.0638

ei f0
hl

4J
CI

fV
C~

Pl f0

Present first Born approximation.
P resent Glauber approximation.

f0
~t

10

E = 250e~
E~= 50e~

0

W

0
i al. l a I al s I al ala I I l al gl s I al a I ) I Il a

60 120 180
4(«~)

f0

Ol
4J

hl
C~

10

0
a I s I ~ I i I ! I I I I I I I a I ~ I I I I I I I a I a I I I I I I

60 &20 f80

e~(de9 }
FIG. 1. Triply-differential cross sections,

deo/dk~dk~dE2 versus the angle of ejectIon, 82, for elec-
tron-bnpact ionization of atomic hydrogen at the incident
energy E= 250 eV, the energy of scattered electron
E& =186.4 eV, the energy of ejected electron E& = 50 eV,
and the angle of scattering 8~ =25'. The solid curve is
the present Glauber result (x3.94). The dashed curve
represents the first Born approximation results (x3.05).
The crosses are the experimental results of Ref. 5. All
the cross sections shown are for the scattering plane
4~ =0 and @»=n.

FIG. 2. Triply-differential cross sections,
d o/dkqdk2dE2 versus the angle of ejection, 82, for
electron-impact ionization of atomic hydrogen at the
incident energy E=113.6 eV, the energy of scattered
electron Eq = 50 eV, the energy of ejected electron
E2 =50 eV, and the angle of scattering Hq =35'. The
solid curve is the present Glauber result (x6.15). The
dashed curve represerits the first Born approximation
results (x4.17). The crosses are the experimental, re-
sults of Ref. 5. All the cross sections are for the scat-
tering plane 4q=0 and 4&=&.

8. Comparison of cross sections

Tables I, II, and III present our results for the
coplanar TDCS in the GA along with the corres-
ponding FBA predictions for the ionization of atom-
ic hydrogen by electron impact at incident ener-
gies of 100, 113.6, and 250 eV, respectively. All
the reported cross sections are for the scattering
plane 4, =m and obtained with the choice of s axis
along the Glauber path integration, which is taken .
to be perpendicular to q. The FBA cross sections
are evaluated from the analytical expression given
by Massey and Mohr. " An examination of the
present results shows that the magnitudes of TDCS
are large in the angular region 30'~ ~, ~ 90' and
that the FBA crops sections are larger than the
GA values in that region. However, the results
of the GA are greater than those of the FBA in
the angul. ar region where 8, is quite large, espec-
ially at low momentum transfers.

Both the FBA and the GA xesults have axial sym-
metry, since the scattering amplitudes in both
methods are scalar functions of the vectors q and
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10

(a) E =100eV (b) E = 100eV (c) E ~ 100eV
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FIG. 3. Triply-differential cross sections, d o/dkqdk2dE2 versus the angle of ejection, 82, for electron-impact ion-
ization of atomic hydrogen at the incident energy of &00 eV for a variety of scattered-electron energies E&, ejected-
electron energies E2, and scattering angles 8&. The solid and the dashed curves represent, respectively, the present
Glauber results (xN~) and the first Born approximation results (xN~), where N~ and N~ are the appropriate multip]i-
cation factors. (a) Eq=50 eV, E2=36.4 eV, 8&=20, NO=4. 83, NB=3. 75, (b) E)=50 eV, E2=36.4 eV, 8(=30, IV~=3.92,
N~=2. 55, (c) Eg=50 eV, E2=36.4 eV, 8(=40, Ng=4. 96, N~=2. 86, (d) Eg=61.4 eV, E2 ——25 eV, 8(=20, NO=2. 16,
N~=1. 50, and (e) E& =61.4 eV, E2=25 eV, 8~ =30, NG=2. 53, N~=1. 46. The crosses are the experimental results of
Ref. 5. All the cross sections shown are for the scattering plane Cq = 0 and 42=71.

k, . The magnitudes of binary peaks" obtained in
the FBA and the GA are summarized in Table IV.
Although the FBA- and the GA-predicted binary
peak positions are the same and given by the direc-
tion of q, the magnitudes of binary peaks obtained
in these methods differ. The FBA peak values
are seen to be above the corresponding magnitudes
of GA peaks in all the cases considered in this
work.

Figure 1 shows a comparison of the present GA
calculation with the coplanar measurements of
%'eigold et gl. ' and with the FBA calculation for

E =250 eV, E, =186.4 eV, and E, =50 eV for the
scattering angle of 25'. Since the measurements
of Weigold et al. are relative, we have normalized
the GA and the FBA cross sections to give the
experimental peak height. To obtain the absolute
values for cross sections the graphical results
must be divided by the numbers given in brackets
in the figure caption. It should be noted that the
errors in the experimental data given in all the
figures are the statistical errors. In fact, we have
considered for comparison only those cases where
the reported normalization error' is zero. We
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see from Fig. 1 that the angular distribution for
the ejected electron predicted by the QA is in fairly
good agreement with experiment. The QA and the
FBA curves are nearly indistinguishable except in
the backward direction (large 8,).

Figures 2 and 3 provide similar comparisons for
incident energies of 113.6 and 100 eV, respective-
ly. The agreement with experiment is seen to de-
crease at lower energies. One of the reasons may
be that the effect of exchange is expected to be
more pronounced now. Unfortunately, it is diffi-
cult to rigorously include exchange effect in the
QA, because the inclusion of exchange leads to
the conflict with the additivity principle in this
approximation. '0 At the incident eriergy of 100 eV
the angular distributions have been studied for
two different energies, namely, 36.4 and 25 eV
of the secondary electrons. For the ejection energy
of 36.4 eV, the scattering angles considered are
20', 30, and 40', while for the 25-eV ejection
energy, the angles considered are 20 and 30'.
We see that the agreement of the QA with experi-
ment improves as the scattering angle begins to
increase. Moreover, we find that this agreement
is better as the energy of the ejected electron de-
creases.

IV. CONCLUSIONS

We have presented a method of obtaining triply-
differential cross sections for electron-impact

ionization of atomic hydrogen in the Qlauber ap-
proximation. This method reduces the scattering
amplitude to a simple two-dimensional integral,
which can be computed numerically with conven-
ience and without the sort of difficulty seemingly
inherent in the conventional partial-wave tech-
nique.

We have calculated coplanar TDCS for electron-
impact ionization of atomic hydrogen at incident
energies of 100, 113.6, and 250 eV for a variety
of ejected electron energies and scattering angles.
The present results at the incident energy of 100
eV show that the agreement of the GA with experi-
ment improves with the increase in scattering
angles. In addition, we find at this energy that for
a specified scattering angle the QA gives a better
fit to the experimentally observed angular dis-
tribution as the energy of the ejected electron de-
creases. At higher incident energies, the agree-
ment is better. At an incident energy of 250 eV
there is a fairly good agreement between the QA
and experiment.

The present results show that the angular dis-
tributions of the ejected electron obtained in the
GA are more or less identical with those in the
FBA, except for the extreme angles. In particu-
lar, marked difference between the QA and the
FBA exists in the backward direction. Since var-
ious theoretical approaches yield cross sections
of different magnitudes, absolute measurements
would be extremely valuable.
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