
PHYSICAL REVIE% A VOLUME 23, NUMBER 3 MARCH 1981
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The charge transfer of N'+ and C'+ in collisions with atomic hydrogen at thermal energies is studied. Adiabatic
molecular eigenfunctions, potential-energy surfaces, and nuclear coupling matrix elements are calculated, and a
transformation is effected to a diabatic basis in terms of which the collision problems are solved. The emission
characteristics of the spectrum resulting from charge transfer are presented.

I. INTRODUCTION

Depending on the nature of the reactants,
charge-transfer reactions of multiply-charged
ionic species may proceed rapidly at thermal
energieS' and the ionization structure, the thermal
balance, and the emission spectrum of partly ion-
ized plasmas may be substantially influenced by
charge transfer recombination and ionization pro-
cesses. Charge-transfer processes involving
multiply charged systems usually lead to specific
products which radiate. Thus they are interesting
candidates for ultraviolet and x-ray laser sys-
tems.

We present here a detailed study of charge-
transfer processes involving states of the same
molecular symmetry. For each symmetry we
selected those adiabatic states for which the ra-
dial coupling is significant and transformed them
to a diabatic basis. In our diabatic representation
the radial coupling matrix elements vanish and
transitions between the diabatic states occur
through the off-diagonal elements of a potential-
energy matrix. The diagonal elements of the po-
tential-energy matrix are diabatic potential-energy
surfaces which have the property that they cross
in regions where the adiabatic radial coupling is
large. Our diabatic basis depends upon the origin
of coordinates to which the electronic motion is
referred, and we discuss the consequences of dif-
ferent choices of the origin.

To solve the scattering problem in the diabatic
formulation, we expanded in eigenfunctions of the
total angular momentum and integrated numerically
the resulting set of coupled differential equations
for the partial waves. We present detailed cross
sections as functions of the kinetic energy and
analyze the threshold behavior for the charge
transfer of N ' and C ' with atomic hydrogen.

II. ADIABATIC AND DIABATIC FORMULATIONS

The Hamiltonian, II, of a system of two nuclei
4 and B with masses M„and M~, respectively,
separated by a vector R and N electrons with po-

sition vectors r; measured from the center of
mass of the nuclei, is given in atomic units by

} 2 1
H = ——V'2 + T+ V = ——V'2 + H

2p 2p 8 el &

where

2e, ~ 2M
(2)

)))(r, R)= g g;(r~R)E,'(R)=P'F'.

In the adiabatic representation, the electronic
Hamiltonian H„ is diagonal so that

(y;(r ~It) ~a„~ y', (r IR))= e,.(R)6, ,

where ( ~ ~ ) denotes an integration over the elec-
tronic coordinate space. Then F'(R) satisfy the
set of coupled differential equations

(4)

1——V2 I ~(ft)+ElB

+—[)X(R) v„+B(R)])E'(H)=0, (5)

where I is the unit matrix, Z(R) is the diagonal
matrix with elements given by E(I. (4), and A(R)
and B(R) are the matrices with elements

A(R);~= (C~ &s
~

4~&

B(R); =
&P.'~

(6)

(7)

which couple the adiabatic states and cause transi-
tions between them. ' If the adiabatic basis P' is
complete, '

B=X'+. V„A .

V is the sum of the Coulomb interactions of the
electrons and the nuclei, M =M&+M» p, =M&Ms/
M, and m=M/(I+M). In practice we ignore the
small-mass polarization term in (2).

We expand the scattering wave function at energy
E in terms of adiabatic electronic eigenfunctions
)();. (r ~B), determined with the nuclei fixed at R ac-
cording to
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The set of equations (5) can be put in a form
more convenient for numerical solution by trans-
forming to a diabatic basis. There exists a con-
siderable literature on such transformations
which has been comprehensively reviewed by Gar-
rett and Truhlar. ' Several detailed studies have
been made of the two-state case. The three-state
case has been investigated by Top and Baer' and
Baer, Drolshagen, and Toennies. ' We consider
multistate cases and transform to a diabatic rep-
resentation called the P -diabatic representation by
Delos and Thorson. '

We restrict attention to couplings between mo-
lecular states of the same symmetry and define
a new set of nuclear wave functions F~(R) by the
relationship

F'(R)=C(R)F (R), (9)

where

—+Xc=o.
dR

Then

For a complete set, Q must reduce to functions
which are, apart from phase factors, independent
of R (Ref. 8) and the diabatic basis will then be of
little utility. However a diabatic basis constructed
by the transformation of a finite set of functions
selected to reflect the essential features of the
physical system will retain those features arid pro-
vide an alternative description of them while af-
fecting a considerable simplification in the nu-
merical procedures.

The transformation matrix C(R) and the diabatic
basis set Q~(R) depend upon the choice of the or-
igin with respect to which the electron coordinates
are held fixed when the radial derivative is taken.
Any point Ro lying on the line joining the heavy
nucleus at R„ to the light nucleus at R~ may be
defined by a parameter q according to

Ro = qR~+ (1 - q)H~ . (18)

Then the matrix elements of 8 /SR for two coordi-
nate origins q and g' are related by

2(i,
Vs2 I —P(R) +EI

+(n-n')0;~&, (k&&, (19)

+—c ~ B- -A Ic P(R)=o,
2p, dR i

(- v„'I -v(R)+ El i%~(R) = o.
2p, ) (13)

Equation (13) may be obtained directly from (3)
by using the alternative expansion

4(r, It)= g 4&(r ~R)&f(R)= WF~ (14)

The diabatic and adiabatic electron eigenfunctions
g~ and g' are related by

and P are such that

(15)

(st/ dR tsg)
= s .

The statement can be generalized: If Q is any set
and a is the matrix with elements a,

&
=g&, ~d/dR

~ Q~),
the set p~ = P c, where

dc-+ac=0 (17}

is such that the matrix of d/dR is the null matrix.

where V(R) is a potential-energy matrix

V(R) = C-'(R)Z(R }C(R). (12)

If we assume that (8) is obeyed, Eq. (11) reduces
to

where r, -R~ and r] Ro respectively, are held
fixed as the derivatives are taken.

'The ambiguity in the scattering formulation
which arises from the dependence on coordinate
origin expressed in (19) stems from the failure
of the theory to describe correctly the translation
of the electrons as the atomic systems separate,
a defect that leads to spurious couplings which
become particularly evident at large internuclear
distances. Bates and McCarroll' resolved the
difficulty by introducing traveling orbitals, and
their original study has stimulated a. large number
of investigations, among the most recent being
those of Crothers and Hughes, "Delos and Thor-
son, ' Hatton, Lane, and Winter, "Schmid, "
Schmaltz, Stechel, and Light, "and Winter and
Hatton. '4

A natural choice for the origin, consistent with
Eqs. (5) and (13), is the center of mass of the nu-
clei. With this choice, a spurious long-range
coupling occurs between the exit channels. The
coupling of the exit channels has little effect on
the total charge-transfer cross sections but we
chose to avoid possible difficulties by using as
the origin for the evaluation of C(R) the location
of the heavy nucleus defined by q= 1. Because we
are treating the collision of a heavy ion with
atomic hydrogen, the center of mass lies close to
the heavy nucleus A. 'The matrix element
(p ( V„( rp&) is small compared to (|t~ (

8/sR [fz)I„
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so that Eq. (19) shows that the coupling matrix
elements will differ little for the two origins.

III. NUMERICAL PROCEDURES

macher. " A similar method has been described
by Baer." Any solution Eq. (10) such that C(0)
=Q where Q is arbitrary, may be expressed in the
form

A. Potenti&energy surfaces and coupling matrix
elements

Adiabatic electronic eigenfunctions T()'(R) and
potential-energy surfaces e(R) were calculated by
standard configuration-interaction methods. The
basis sets were chosen to avoid biasing any par-
ticular channel" and should be adequate as a des-
cription of the scattering states participating in
the charge-transfer process.

'The Hellman-Feynman theorem enables us to
express the adiabatic coupling matrix element in
the form

C(R)=C (R)Q, (23)

where C (R) is the solubon which satisfies the
boundary condition C(0=1 )

For our purposes it is convenient to use solutions
which satisfy the boundary conditi. on

limC(R) = I

so that the diabatic basis is identical asymptotical-
ly to the adiabatic basis. 'Then we must have

(20)
C(0)=—lim C '(R}=C„', (25)

For q=1,

E zBP z;~
b ~3 (21)

f„(»)= (~i —~))'((i —( ) (22}

which change smoothly and slowly. "
8. Transformation matrix

To solve Eq. (10}for the transformation matrix
C(R) we adopted a procedure outlined by Gant-

s, ~ is the z component of r,.~=r,- —B~ and Zb is
the nuclear charge on B.

Computer programs exist for the evaluation of
the matrix elements of (21). The resulting values
are sensitive to the details of the eigenfunctions in
the vicinity of the hydrogen nucleus, a region
where we expect our configuration-interaction
methods to achieve high accuracy. "

'The adiabatic coupling matrix elements vary
rapidly in the neighborhood of avoided crossings.
A detailed description of the regions of avoided
crossing is needed for the accurate determination
of the diabatic states. We found it convenient to
interpolate through the crossing region using the
simple functions

for example. Vfe note that for certain choices of
q, the limit in Eq. (25) does not exist. If the
states are connected asymptot. ically by a dipole-
allowed transition the radial coupling tends to a
constant and a diabatic representation is not ap-
propriate without the inclusion of translational
factors If we .divide the internal [O, R] into n
segments [R»,R», ] and define &R»=R» -R» „ the
solution of Eq. (10) which satisfies the condition
(26) is given by

C(R) = exp[- A(R„)m„] exp[ X(R„-,)aA„,,]

x exp[-X(R, )m, g„-' +O (na, )'.

In expression (26), the step size may be varied.
Each factor involves the exponentiation of a ma-
trix which can be affected either by diagonalization
of the matrix A(R»)AR» or by using a truncated
series expansion of the exponential function.

In the cases under study, our electronic basis
sets consist of not more than four states and the
exact representation of exp[-A(R»)4R»] requires
at most a third-order polynomial. Because A is
skew symmetric, the characteristic values are
easily determined and Sylvester's theorem' may
be applied to construct the polynomial representa-
tion.

We find that for the four-state case, the expon-
ential of the matrix a—= -A(R;)dA; may be written

exp(a}=, , (&, cd,s-k, cos) (I+&', '-(t,' . '
a, +(cosf, -cosf, )a + ' — ' a~, sing, , sink, sing, sing,
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where

[C1 (C(2 P2)1/2]1/2 (28)

J 8+ 1 -A2')
~,+ 2/1E —,!TP(R)- 2i1V(R) f~(R) = 0.

)

[~ + (O2 P2)1/2]1/2

and n and P may be expressed in terms of the
elements a,

&
of the matrix a according to

(29) In calculations we took A = 0. Then for the incom-
ing channel i, f, (R) satisfies the boundary condi-
tion at large R that

f, (R)- k, '/2(.exp[-i(k;R -2 J1/))

a=2 a2

p = (a»a„-a»a„+ a„a»)'.
For the three-state case,

(3o)

(31) where

-S (i, i) exp[i(k, R --,' J'w]], (39)

(40)

g =0 g =(a' a' a' )'/
1 ~ 2 12 12 23

and exp(a) is represented by

sin&, 1
exp(a)= 1+ ' a+—(1-cosg )a'.f2 2

For the two-state case, f2=a» and

exp(a) = cosg2I+ —sing, a
2

( cosg2 sing2)

(-sing, cosg, j

For the two-state case, it follows that

/
cosg(R) sing(R) )

!CR =
i, -sing(R) cosg(R) j '

where

t eO

g(R) = ~ &„(R1)dR7 .

(32)

(33)

(35)

(36)

For the exit channels, f/ (R) satisfy the boundary
conditions appropriate to scattering by a repulsive
C oulomb potential:

f1(R) k 1/2SZ(i f)
X expi (k/R -yk/1 1n2k/R+ a/-2 J1/), (41)

where o& is the Coulomb scattering phase shift,
p= pZS' where Z and Z' are the asymptotic ionic
charges, and

k/ = 2 p [E —V//(~)] . (42)

Equations (39) and (40) define the scattering ma-
trix S (i,f) in terms of which the cross section
may be written

(43)

where g& is the probability that the initial approach
occurs in the corresponding molecular symmetry.
The total charge-transfer cross section is the sum
of Eq. (43) over the molecular symmetry states,
i, formed by the initial approach and for each
symmetry over the possible final states, f:

Having determined C(R }, the potential-energy
matrix V(R) in Eq. (13) is readily evaluated from
Eq. (12).

o(R}=Q a;/(E).
i f

(44)

C. Scattering equations

To solve Eq. (13) we followed the conventional
procedures and expanded E2/(R) in an orthonormal
set of total angular momentum wave functions
D~~ (R), where 8 is th. e total angular momentum
quantum number, M is its projection quantum
number, A is the projection quantum number of
the electronic orbital angular momentum onto the
internuclear axis, and 0 specifies the orientation
in space of the internuclear axis. 'Thus

)„(77+1))'1'D/„(7()f~(2)/8 (77)
4m

The radial partial wave functions f~(R) satisfy for
each J the coupled differential equations

To solve Eq. (38) numerically we used the log-
derivative algorithm of Johnson" with the asymp-
totic matching procedure generalized to include
both Ricatti-Bessel and Coulomb functions. "

IV. POTENTIAL-ENERGY SURFACES

N '(2s22p2P )+H- ¹+H' (45)

C2+(2s2S) +H- g2+ H+ . (46)

For reaction (45), the adiabatic potential-energy
surfaces c(R) and eigenfunctions (T)'(R) have been

We have carried out calculations for the charge-
transfer reactions
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calculated. " Avoided crossings were found be-
bveen the incoming II state of NH ' and the out-
going SII state which dissociates into ¹(2s2p'IDO)
and O'. The potential-energy curves are presented
in Fig. 1. They undergo two avoided crossings,

. an outer one in the vicinity of R = 6.3a0 and an in-
ner one near 3.1c,. The outer avoided crossing is
accessible at zero energy but not the inner.

The adiabatic coupling matrix element A»(R )
is shown in Fig. 2. It is small everywhere ex-
cept in the regions of the avoided crossings where
it undergoes rapid variations, described approxi-
mately by Lorentzian profiles. 2~ The transforma-
tion parameter C(R) is illustrated in Fig. 3. It
is small until the avoided crossing region is en-
tered and then increases to a value of about 1.4
after which it decreases as B passes through
the region of the second avoided crossing, the con-
tributions from the two crossings almost caricel-
ing. Such behavior is expected if at each avoided
crossing the mixing of the two states merely in-
terchanges their character and orbital variations
are negligible.

The behavior of f(R) is reflected in that of the
diabatic curves included in Fig. 1. In contrast
to the adiabatic curves, the diabatic curves cross
in the regions of strong adiabatic coupling. After
crossing they tend to merge again with the adia-
batic curves.

The coupling matrix element V»(R) connecting
the two II diabatic states is shown in Fig. 4. It
varies slowly with R and is everywhere small.

4.4

2.8—

O
O

2.0—

CL

0 I.2
O
O
I-

0.4
Cl

-1.2

"2.0
2

I

5
R (ao)

FIG. 2. The adiabatic coupling matrix element con-
necting the 2 II and 33II states on NH +.

'The diabatic states are weakly coupled and the
diabatic representation provides a more accurate
zero-order description of the collision process.

We have carried out similar calculations for re-
action (46). The adiabatic potential surfaces show

I.6

0,74

0.66 "

058

0.18-

1.2—

a~ 0.50
CP
K
le
X
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I-
K
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O. I 8
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2 6 '
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0.2—

FIG. 1. The adiabatic and diabatic potential-energy
curves of the 23II and 33II sta,tes of NH2+. The inset
shows the crossing region near 6.5ao on a larger scale.
The diabatic curves lie inside the adiabatic and cross
twice.

0.0
2 4 5 6 7 8

R(a )

PIG. 3. The diabatic transformation parameter f(R)
for the 2 30 and 33II states of NH +.
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TABLE I. Charge-transfer c
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O.I4

O. IO—

TABLE II. Charge-transfer cross sections o(E) in
units of 10 cm as a function of relative energy E in
eV for C'++H-C'++H+.

o(E)
Energy (ey) C +(2P2 S) (2P D) (2s3ssS) (2s3P3&)

0.06Q

C9

Q.
0.02

IXI
+ -0.02

O

0.27
1.5
3.9
8.1

1.8
2.0
2.6
3.4

4.4 x10~ 35.3
4.7 x10+ 20.4
5.8 x10 15.3
1.2 x 10 12.0

6.9 x10
3.3 x10
5.8 x10-

-0.06—

—O. IO
2

I

5
R (00)

FIG. 7. The diabatic coupling matrix elements be-
tween the 1 Z+, 2 Z+, and 3 Z+ states of CH+.

weak.
The diabatic potential-energy surfaces are in-

cluded in Fig. 5. The strongly coupled pair of
states produce diabatic curves which cross at their
outer approach and cross back again in the inner re-
gion. The weakly coupled states produce adiabatic
curve which differs little from the adiabatic. The dia-

.batic coupling matrix elements are presented in

Fig. 7. They are everywhere small and the diabat-,
ic states are weakly coupled, so much so that the
distorted-wave approximation would suffice to
describe the scattering.

The calculated potential-energy surfaces for
the 'Z' states of CH" are given. in Fig. 8. An
avoided crossing of the potential-energy curve
of the 'Z' entrance channel occurs with that of the
nearest 'Z' exit channel near 5.2a, and with that
of the other exit channel near 11'.

The diabatic potential-energy curves, also given
in Fig. 8, reflect the occurrence of the two single
crossings. They lie inside the adiabatic curves,
and after each crossing they merge with the inter-
changed adiabatic curves.

The adiabatic and diabatic coupling matrix ele-
ments are shown in Figs. 9 and 10, respectively.

l.6

l.4)
)
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I.O
CQ
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K
z~ 0.8

I-z 0.6
UJI-
O
6

0.4

0.2 j ~

0.0
2

R {ao)

I

IO

I

l2

FIG. 8. The adiabatic and diabatic potential-energy curves for the 13Z, 23Z+, and 33Z+ states of CH3'. o-adiabatic,
x-diabatic.
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2,4
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0.8-
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U
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(i x, ex+)

I- -I6-
CO

'O
-2.4- (~'x', a'z )

-5.2—

-4.0
2 4 8

R(CI )

I

9 lo
I

l2

PIG. 9. The adiabatic coupling matrix elements between the 13Z+, 23Z+, and 33Z+ states of CH +.

The adiabatic elements vary rapidly in the neigh-
borhood of the avoided crossings and the diabatic
elements are relatively smooth and small in mag-
nitude.

The calculated cross sections for reaction (45)

are listed in Table I for relative energies up to
8 eV. The outer avoided crossing is accessible
at zero energy, and at 1ow velocities the scattering
.is controlled by the long-range polarization at-
traction. The cross sections initially decrease

O. I2

0.08

0.04

O
0.0

x
CL -0.04—0
O

-0.08—
Cl

t5 -O.I2—

-O.I6-

-0.20 I I

8
R (ao)

9
I

IO
I

l2

FIG. 10. The diabatic coupling matrix elements between tQe 1 Z+, 2 Z+, and 33Z+ states of QH3+.
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TABLE III. Rate coefficients, A, for the charge-trans-
fer recombination of N2+ and Cs+ in. neutral atomic hy-
drogen as a function of the kinetic temperature T.

ago-' cm' s-')
+{2s2p3 Do) C3+(2p &g) C3+ (2s3 seS)

5 x10
104

2 x104
3 x10'
5 x104

0.78
0.86
0.97
1.05
1.11

0.19
0.29
0.49
0.71
1.05

2.88
3.26
3.71
4 04
4.38

approximately as the inverse of the velocity of
relative motion, deviations arising from the occur-
rence of shape resonances. At higher velocities,
the influence of the polarization force diminishes
and the cross section increases with increasing
energy after passing through a minimum. At
some higher energy beyond the range of our cal-
culations it will decrease again. Charge transfer
of C" with H at low energies produces C~' ions in
the (2p"S), (2p"D), (2s3s 'S), and (2s3p'P')
states. The individual cross sections are listed in
Table II for energies of relative motion up to 8 eV.

The cross sections for the reactions leading to
C"(2P"S) and C"(2s3s 'S) have a similar behavior
to- those for the reactions of N" with H. The outer
crossings are accessible at zero energy and the
cross sections initially decrease approximately as
the inverse of the relative velocity before passing
through a minimum and increasing towards higher
energies. Eventually they will also decrease.

Cross sections for the reaction leading to .

C~'(2s 3s SS) have been obtained earlier by Blint, Wat-
son and Christensen ~' 'based upon approximate di-
rect calculations of the diabatic coupling matrix V.
The agreement with our results is satisfactory at

low velocities though significant differences are
developing at the upper limit of our energy range
which require further study.

The cross sections for transfer into channels
dissociating to C"(2p "D) and C"(2s3p 'Po) are
small. The relevant avoided crossings are inac-
cessible at zero energy and the cross sections
tend exponentially to zero at low velocities.
Shape resonances cause deviations from a smooth
curve. The magnitudes of the cross sections vary
directly as the square of the coupling matrix ele-
ments and are unreliable.

The thermally averaged rate coefficients are
presented in Table III. They are large and charge
transfer is an important recombination process in
multiply ionized plasmas. " The charge transfer
of N" preferentially populates the (2s2P "D') state
with the emission of photons at wavelengths near
1085 A. The charge transfer of C" with H pre-
ferentially populates the (2p2'S) and (2s3s S)
states of C2', The (2P2'S) state decays to the
(2s2p 'P') state with the emission of a photon at
1247 A and the (2s3s 'S) state decays to the
(2s2p 'P') state with the emission of a photon near
538 A.

The N II line at 1085 A and the G III line at
1247 A hive been identified in the averaged solar
spectrum. " 'The averaged spectrum contains a
line at 538 A which also appears in the solar-flare
spectrum. " In both compilations, the line is listed
as unidentified. We suggest it is due to the 2s3s '8
—2s2p 'P transition in C III.
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