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Stimulated two-photon induced Raman scattering {hyper-Raman scattering) in an amplifier consisting of four-level

atoms is analyzed semiclassically, via the coupled density matrix and Maxwell equations. We consider conditions

typically encountered in the optical regime and in vapors. We show that even in the linear regime, it is characterized

by a significant depletion of the atomic ground-state population, thus invalidating perturbative analyses based, for
instance, on the nonlinear susceptibility tensor. Two major regimes of operation are found, one in which the

population is completely consumed by the interaction {"linear regime"), and one in which the pump laser is depleted

{"nonlinear regime"). Both regimes are, however, characterized by small photon conversion eFiciencies. The tuning

range is also briefly discussed.

I. INTRODUCTION

In recent years, the study of higher order non-
linear optical processes has been the object of
much activity, ' both theoretically and experimen-
tally. In general, it is argued that in the small
signal regime, it is sufficient to describe these
effects perturbatively, for instance via a non-
linear susceptibility. In the case of Raman scat-
tering, in particular, this approach has been very
successful at predicting the output power of the
system.

Recently, Reif and Walther' have used two-pho-
ton induced Raman scattering in a four-level sys-
tem (strontium vapor) to produce 16-pm radiation,
and found a series of results which are at odds
with conventional perturbative treatments using
nonlinear susceptibilities. The most striking of
these is that the output versus input power does
not follow an exp(l~s) growth, where I~ is the la-
ser pump power and z the distance. They note,
however, that "the photon conversion efficiency. ..
is far from creating ground-state depletion which
leads to saturation effects." This would imply
that this experiment was indeed performed in the
small signal regime. This is a reasonable as-
sumption, since a two-photon transition was in-
volved in the pumping cycle. It is, however,
important to note that the output value of the
driving field was not measured.

In this same experiment, the tuning charac-
teristics of the system were measured, and it
was shown to be nonsymmetrical, with a dip
near line center. The presence of the dip,
which did not appear in a different vapor con-
sidered by Hanna et al, ' was attributed to com-
peting processes, but the effects of the hyper-
Raman process itself were not singled out.

In more recent experiments, 4 the spectrum of
the 16-p,m radiation was measured, and it does

not seem to agree with what would be expected
from a simple-minded extrapolation of the Ra-
man scattering results.

The major discrepancies between experimen-
tal results and a perturbation analysis justify
restudying hyper-Raman scattering in four-lev-
el systems, and trying to determine the causes
of the disagreement.

In this paper, we present a theory of this ef-
fect starting from first principles. %e describe
the fields classically and the medium quantum
mechanically via its density matrix. In Sec. II.
we give the formal development of the theory.
We perform the slowly varying amplitude and
phase approximation, together with the rotating
wave approximation. We neglect the coupling
with the backward propagating waves. This is
justified, provided that both the Stokes and
idler wave amplitudes remain small. We then
obtain the equations of motion for the elements
of the density matrix and the fields.

Even in the limit where the atoms follow the
fields adiabatically, ' the (now algebraic) density
matrix equations are extremely complex. It is,
however, easy to convince oneself that it is in-
consistent, even in a linearized theory, to neg-
lect the depletion of the ground level. This is
analogous to a situation which has previously
been encountered, albeit under very particular
conditions, in usual Raman scattering. e

In Sec. III we solve numerically the coupled
density matrix and Maxwell equations. We
show that indeed, the population of the ground
level is significantly depleted, even though the
Stokes signal remains extremely small. %e
distinguish between two types of saturation, due,
respectively, to the depletion of the number of
active atoms and to the depletion of the pump.

In the first case, the pump field is practically
not depleted. This would usually be called the
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small-signal (or linear) regime. In hyper-Raman
scattering, it is, however, characterized by a
strong saturation of the medium. Clearly,
since in this regime all the atoms are used up,
an increase of the pump does not result in any
increase of the Stokes field.

The other type of saturation (depletion of the
pump field) is likewise not characterized by a large
Stokes field. This is due to the fact that, con-
trary to what happens in Raman scattering, there
are other channels of interaction than those lead-
ing to amplification. Thus, a small Stokes field
does not imply at all that one is in the linear re-
gime. We have computed the output intensity ver-
sus input intensity in this regime, and find a good
qualitative agreement with the results of Reif and
Walther. Thus, we argue that in this experiment
the pump field was significantly depleted.

We conclude this section by computing the tuning
curve of the system, and find that it is nonsymme-
trical about the line center. This is in qualitative
agreement with the experimental results of Hanna
et al.' Note that our approach is quite different
from that of Ref. 5, where no self-consistent sol-
ution of the problem was derived. Rather, the pol-
arization driving the Stokes field was evaluated

mesmerically at steady state, for fixed values of the
Stokes and/or driving fields, and for various de-
tunings.

Finally, Sec. Dt is a summary and conclusion.
Some remarks on the numerical technique used
are presented in Appendix A. The discussion of
the spectrum will be the subject of a future pub-
lication.

one usually has L, »~,. Selection rules allow
transitions between levels 1 and 4, 2 and 4, 2 and
3, and 3 and 1. This is different from the model
of Ref. 5, where this last transition was not con-
sidered. As noted in the Introduction, we may
neglect the backward traveling Stokes and idler
waves, provided that their amplitudes always re-
main small. We will see a Posteriori that this is
justified under the conditions considered here.

Vfe consider the case where the two-photon ex-
citation is produced by a single laser. We assume
that the fields are plane polarized and given by

R(a, )) =g R, (s, )) cosy, , (2.1)

(2.2)

The i = 1 term refers to the pump, i = 2 is the
Stokes, and i = 3 is the idler. We also assume per-
fect phase matching and let

07~ = ckg, &d~ = chal, ~i = 2&VI —(d~ = ck~ . (2.8)

The amplitudes E,. and phases y,. are assumed to
be slowly varying.

The polarization is of the form

p(z, t) = [C, (z, f)cosy, + S, (z, i)sing, ], (2.4)
=1

and is explicitly given by

)t)(z, i)=NTrgl ), (2.5}

where g is the density matrix describing the sys-
tem and N is the atomic number density. (We use
mks units. )

Since only forward waves are considered, it is
convenient to introduce the retarded time

II. FORMAL DEVELOPMENT ~ = t -z/c; z' = z . (2.6)
In Fig. 1 we show the four-level atomic scheme

relevant for two-photon near resonant stimulated
hyper-Raman scattering theory. We consider a
homogeneously broadened medium. The pump,
Stokes, and idler frequencies are ~~, &~, and ~l,
respectively. The detunings are 6, and ~„where

FIG. 1. Four-level system, with the detunings A~ and

42, and the frequencies uL (laser), ~ (Stokes), and col
(idler).

The field and polarization may then be written

Z(z, i) = Z(z', v ) = —,
' g (g, e ' &'+ c.c.), (2.7)

i

I'(z, &) = p(z', 7) = -2 Q (t, e-' ~' + c.c.), (2.S}

where

g, = Z, (z', ~) exp[i', (z', ~)],
6', = [C,(z', 7 ) + iS, (z', 7 )]ex. p[iy, (z', ~)] .

(2.9a)

(2.9b)

Under the slowly varying amplitude and phase
approximation, Maxwell's equations reduce to

(2.10)

gz= p„exp(2i~~~}; p» = p„exp( i~, ~}, -
p,s = p,s exp(i~@); p24 =)oa~ exp( i~I &), -(2.11)

p,~= p, exp(i(o~r); ps =p, exp[i((o, —sr~)) ].

(8/Sz + Kg/2)S) = k)(P)/2t

I'he z, represent phenomenological linear losses.
To obtain the slowly varying parts of the density

matrix, we let
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BP22 ~ t&22P-22+ i(P2,@42+ + Pssgs@, - c c ), (2.14)

= Pysspss -Ysspss+ i(p,'+st* + P 1P13@ —c.c.),
(2.15)

BP44 —( P}'62P22 Y44P44+ 3(941P44, + $42P24hL c~ c ) ~

(2.16)
Here, P is a branching ratio giving the relative
probabilities of spontaneous decay of level 3 into
2 and 4, respectively.

It follows that

Trp= ly (2.'1V)

which merely expresses the fact that we are con-
sidering a closed atomic system. The conserva. -
tion of energy relation (2.1V) can be used as one
check on the computer results. W'e have let

l= 0 l/2. @ ~ (2. 18)

From (2.13}-(2.16}one can see that in a linear
theory in g, and g, , we should expect the popula-
tion of level 3 to be much smaller than that of the
other levels, since the pump amplitude does not
appear explicitly.

The off -diagonal density matrix equations re-
duce to

(i&2+»14 +&(u 4P, &i &4 P4hL

+ Ps,P,„S, —P,',p„8 ), (2.19)

'Y A + 3[V 0-~L —l4', (Q, -Q,)Sl —~,q, 8,],
(2.20)

BP4 ~ = —(i& + Y4 }P4,+ i[P,4,(P„P,.)&, -
+ Ã42P21@L —

Ps& 43@i] 1

The polarization (2.8) then becomes

P(c, T) &[(p14p'e+p. ~p24) exp( i~L&)

+ Ijl„p„exp(- i~. ,v )+ i313p,, exp(- i+. p ) + c.c.].
(2.12)

The first two terms give the pump polarization.
They do not change much in the linear undepleted
pump regime. (Note, however, that we shall also
consider the general case where the pump is sig-
nificantly depleted. ) The third term is the polar-
ization generated at the Stokes frequency and the
fourth is the idler polarization.

With the ansatz (2.12}and the rotating wave ap-
proximation, the diagonal density matrix equations
reduce to

=
Y44 P 4+ Y33P33+ i(g 4P4 gL + P, lsp 1gI C C )

(2 ' 13)

&2A4hs], (2.23)

(i~ + Y43}P43 i (V'41PI3~L ~4A3 L

(2 24}

together with their complex conjugates. In a
linear theory it would be consistent to take p» -—O,
as can be seen from (2.15), (2.20), and (2.22), so
that

Ai + p22 +p44-

By (2.15) we see that

Psspss& + 031P1s~r —c.c.—0.

(2 ' 25)

(2.26)

This still leaves so many equations that one can-
not do much analytically. By inspection of the den-
sity matrix equations it is easy to convince oneself
that it is g priori inconsistent, even in the linear,
quasi-cw regime, to neglect the populations of the
upper levels (except for level 3, as already dis-
cussed). The reason is very simple, namely that
p» and p«appear together with g~ . %hen inspec-
ting how these terms propagate through the equa-
tions, one sees that in the best case (that is, as-
suming Sl and 8, very small), they are still of
the same order as terms linear in 8, or gi ~

Since one can obviously not neglect these last terms
if one wants to obtain any gain at all, it is there-
fore inconsistent to neglect the populations of lev-
els 2 and 4. As we shall see in Sec. IG, this is
fully confirmed numerically. %'e find not only
that we cannot ignore p» and p4„but also that the
population of the ground level is always signif-
icantly depleted.

III. STOKES INTENSITY

In this section, w'e present the results of the
numerical solution of the coupled density matrix
and Maxwell equations. Some comments on the
numerical method are given in Appendix A. For
convenience, the fields are expressed in terms of
Rabi frequencies Q~, 0, , and Ql ~ This can be
done without ambiguity for the Stokes and idler
fields

Q, = y sg, /2h,

"l = VsA/2@. (3 ' 1)

However, the pump field appears in (2.19) with

BP23
(3~2+ 'Yss)Pss + iliL', 4P43&z,

—+.(ps. -~.)4 -~',sos &*,],
(2.22)

[2(+2 +1) Y24]%4 2[l 14 21~i 024( 22 P44} L
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the two dipole moments p„and ILL„. We have cho-
sen to express it in terms of the Rabi frequency

p1, (z', 0) = 0, i 4 1

p(1 (z', 0) = 0, i 4(j . (3.8)
Qi = g41gJ'25, (3.2)

so that a factor, i1,J'p41 must be introduced in ex-
pressions containing p 4gi.

The incident driving field is taken to be real and
Gaussian:

Qi(0, ~) = Q, exp[- (w -~,)'/7'], (3.3)

and the initial Stokes and idler fields are taken as
small constants. This implies that we describe
the amplification of small initial Stokes and idler
waves. If we were to discuss the buildup from
noise, the initial polarization would have to be
taken as random noise in this semiclassical ap-
proach.

In terms of Babi frequencies, the field equations
become

is
l
—,+ «&/»& = ia4(lu„l'p4, + V41V42p4),
Bz

'-, + «,/2) ((, = (««, I «„II ((«„

; +««/«)((, =(«««I«. I*4 (3 4)

where

a = N/2heo.

Expressing the dipole moments lp,.&
l' in terms of

the corresponding Einstein A.„. coefficients'

lp, , l'= 3znegv„n'„,

we can re-express (3.4) as

(3.5)

(8
«L/2 I &, = i(N4ff/ I)[p41/ 41 (i 41/094)( h4/ 42)] s

I, Bz' ]

«+ «,/2 l&z = i(N, ff/(d9')(p/I, /~»),fez'

—,+ «, /2) 0, = ((((««/t«,*I(4,/«;, I, (3.6)

p„(z', 0) = 1 (3.7)

where N, 1f= (3zNc /2) acts as an effective "density. "
W'e still have to relate the Einstein coefficients

to the decay rates of the diagonal elements of the
density matrix. If we consider a closed four-level
system, this presents no ambiguity for levels 3
and 4. However, for level 2, we must introduce
the branching ratio P giving the relative probabil-
ities of spontaneous decay to the levels 3 and 4.

We take the atomic system to be initially in its
ground state, so that

This completes the preparation for the numerical
analysis.

A. Output intensity

In the results that we shall discuss first, the
following values have been chosen for the various
parameters: The decay rates of the populations of
levels 2, 3, and 4 are y» = 1, y,3 1y and y~4

= 0.5,
respectively. The dephasing rates are all taken to
be the same, y„= 10. This is a good approxima-
tion for a pressure broadened system. The bran-
ching ratio P is taken to be —,', and the pump pulse
duration = 0.5, in units of 1/y». We assume the
dipole moments p„and p ~ to be the same. Final-
ly, &, = 0, and the frequencies of the laser, stokes,
and idler fields, respectively, are in the ratio
1.V5: 1:2.5. The coefficient N, ff/(d~2 is taken to be
-51.0. The detunings are b, = 10 and 6, = 1, in
units of y».

This set of values is reasonable for typical ex-
periments in vapors (although the detunings con-
sidered here are much smaller than those of Ref.
2). They indicate that it is a Pmo4i doubtful that
a nonlinear susceptibility approach would give

I

satisfactory results in vapor experiments, since
the expression for X

~'i is based on an adiabatic
elimination of the material variables. This ap-
proximation is far from being justified for the set
of values that we are considering. (In liquids or
solids, however, the medium relaxation times are
normally much shorter than the pump pulse dur-
ation. Thus, the results discussed here cannot
be readily generalized to that case, where the
dynamics occurs on completely different time-
scales). We finally note that our choice of para-
meters presents the advantage of yielding similar
growth rates for all fields, thus simplifying the
choice of a grid for the numerical time integration.

In Fig. 2, we present the output Stoke's intensity
as a function of the length of the amplifier for var-
ious values of the peak pump field. The pulse dur-
ation and detuning are kept constant.

'We first note that for a small amplifier length,
the growth of the Stokes field is independent of the
incident power. Except for very short z, it is
essentially exponential. This is surprising, since
one would intuitively expect it to be strongly pow-
er dependent (I~). This clearly indicates that the
growth is not governed by the pump, but rather is
limited by the number of atoms present in the amp-
lifier. This is confirmed by looking at the diagon-
al elements of the density matrix, which are shown
in Fig. 3 for fixed z and various pump powers as
a function of the retarded time &. We see that
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FIG. 2. Stokes energy (solid lines) and idler energy

(dashed lines) as a function of amplifier length (arbitrary
units). The numbers label the peak Rabi frequency of the
driving field, which is taken to be Gaussian of width ~,
in units of p22. The atomic relaxation times are p22=1,
+33 1, and p44 = z . The polarization decay time is p = 10,
and the detunings are 42=1 and Kg=10. The field fre-
quencies are in the ratio ~L, .& ..~1=1.75:1:2.5, and

N, tt I~L =51. The linear losses are taken to be zero.

when the driving field reaches its maximum, the
atomic system is completely saturated, and the
populations of levels 1, 2, and 4 are all about
equal to 3. For strong pump fields, there is a
significant pulsation of the popul ations of the var-
ious levels, which, however, disappears for
weaker driving fields. (note, however, that the
population of level 3 remains always small, as in-
dicated in Sec. II).

A similar situation is also possible in usual Ra-
man scattering. e If, for instance, the upper level
can also be ionized, instead of only being allowed
to decay, then the growth rate of the Stokes field
can become independent of the pump power, in the
linear regime. Although the physics underlying
this problem and two-photon induced Raman scat-
tering is different, the basic reason why this can
happen is the same in both cases, namely the pres-
ence of competing processes. For hyper-Raman
scattering, and in the absence of an idler wave,
they have been identified as "laser" (or one-pho-
ton} and "Raman" (or two-photon} terms. ' In our
case, the presence of an idler field leads to a fur-
ther complication, since four-wave parametric
processes are also possible. They can play an
important role here, since we assume exact phase
matching. (See also Ref. 1, p. 241.)

I I I

0 2 3

FIG. 3. Population of the levels 1, 2, and 4 as a func-
tion of the retarded time y for a fixed position in the am-
plifier (z = 1.8 in the units of Fig. 2). The tixne is in units
of 1/&t&. The numbers label the peak Rabi frequency of
the input laser field, which has the same temporal be-
havior as in Fig. 2, and peaks at v =1.5. The other para-
meters are. the same as in Fig. 2.

That one should obtain a significant population
of the upper levels 2 and 4 is rather surprising,
since the excitation is produced by a two-photon
process. Intuitively, one would expect the atoms
to remain essentially in the ground state. One
could object that this ia a "spurious" effect, due
to the fact that we have considered unreasonably
small detunings in comparison with the Rabi fre-
quency of the driving field. In Sec. III B we shall
discuss this point in more detail and show that the
Rabi frequency is not a good parameter in this
problem.

As the amplifier length is increased, the Stokes
power corresponding to low input fields starts to
saturate. This is due to the depletion of the pump,
which occurs obviously sooner for lower inputs.
We observe that before the onset of saturation, the
growth of the Stokes field per unit length first in-
creases slightly. We attribute this feature to the
combined effects of the atoms not being strongly
saturated any more, together with polarizations
still large enough to produce significant amplifi-
cation. In other words, the competing processes
become relatively less important, compared to
the Stokes amplification. This is illustrated in
Fig. 3, where we see that near the onset of sat-
uration of the Stokes field (Qz = 25), the pulsations
of the atomic population disappear. For this short
length of amplifier, then, the system tries to be-
have as iri the "true" small-signal regime.

The pump energy as a function of amplifier length
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is shown in Fig. 4. Two points are worth noting
about these curves. First, the energy lost by the
pump laser when the medium is completely sat-
urated is always the same, within the accuracy
of the numerical integration. However, the de-
pletion becomes higMy pump dependent when the
Stokes output is saturated. This is, of course,
consistent with the interpretation that in the first
regime, the maximum amount of energy which can
be extracted depends only upon the available
atoms, while when the Stokes output saturates, the
atomic medium ceases to be saturated and the
pump depletion must depend upon its initial amp-
litude.

The second point is that the output Stokes is al-
ways only a small fraction of the initial pump pow-
er. This also may appear surprising, since one
would expect that when the depletion of the pump
is significant, a considerable amount of energy is
transfered to the Stokes (or idler) field. This,
however, does not hold for hyper-Raman scatter-
ing, because of the lower order competing pro-
cesses which use up most of the input energy.
This point will be discussed in more detail in Secs.
IIIB and III C.

%'e now turn to a brief discussion of the idler
field. As is shown in Fig. 2, I, first decreases,
before following a growth pattern very much like
that of the Stokes wave. The initial absorption is
due to the fact that the population of level 3 always
remains very small. Thus, the atoms act as a
very effective absorber at the idler wavelength.

One may wonder if the saturation of the mater-
ial could not be avoided simply by increasing the
atomic density. By simple inspection of Maxwell's
equations, however, it is easy to convince oneself
that this is equivalent to rescaling the amplifier
length. Thus, the only change will be the values
of the pump fields at which depletion takes over,
but the basic physics remains the same.

It is interesting to note that although the Stokes
energy remains constant in the "small-signal re-
gime, " the pulse shape is different for various
peak powers of the driving field. This is illustra-
ted in Fig. 5, where we observe the appearance of
a shoulder and a sli.ght broadening of the Stokes
pulse for increasing incident powers.

B. Effects of detuninl

As already mentioned, the question remains to
determine to which extent the results discussed
up to now are due to the relatively small detunings
that we have considered. In Fig.'

6, we present
the output Stokes intensity as a function of amp-
lifier length under the same conditions as in Fig.
2, but for a detuning b, , = 100. We see that the re-
sults are qualitatively the same, with, however,
an important difference: The transition from the
regime where the medium is completely saturated
to that where the field is depleted is much slower.
As a consequence, there is a range of incident
fields for which one obtains a larger output for a
larger detuning. In this same region, and for a
fixed detuning, one obtains a larger output for
smaller driving fields. Agai. n, we attribute this
rather remarkable result (which was also appar-
ent, although much weaker, in Fig. . 2) to the fact
that in that last case, it is harder to saturate the
upper levels 2 and 4. Thus, the role of the "laser"

-100

25

10

1'
0

12.5

0
0

100
50 ((

i2.S

"iver

Z

FIG. 4. Energy of the laser field as a function of amp-
lifier length (arbitrary units). The parameters are the
same as in Fig. 2. The numbers label the peak Rabi fre-
quency of the input laser field.

FIG. 5. Pulse shape of the output Stokes field for a
fixed amplifier length and various peak input laser Rabi
frequencies. The input field peaks at 7'= 1.5. (Retarded
time in units of 1/p22, parameters same as in Fig. 2.)
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FIG. 6. Same as Fig. 2, but for &~ =100.

and "Raman" effects become relatively less im-
portant compared to hyper-Raman scattering.

It is worth mentioning that for the large detun-
ings considered here, we still obtain a significant
depletion of the ground level. For s, = 100 and an
incident peak power as small as 25, for instance
we find that less than 40 ' of the population is left
in level 1 at the peak of the pump pulse. This is
surprising in view of the small Rabi frequency
compared to the detuning ~„but merely indicates
that the Rabi frequency is not a good character-
ization of the driving pulse.

In Fig. V, we have plotted the output Stokes in-
tensity versus input intensity, for a fixed ampli-
fier length, and for the detunings b, , = 10 and b.,
= 100. As already discussed, for a given detuning
the output remains constant when the atomic me-
dium is saturated ("linear regime"). However,
before reaching this regime, the Stokes output
goes through a maximum corresponding to the
transition between the linear regime and the "non-
linear regime" (field depleted).

The maximum output is about an order of mag-
nitude larger for ~, = 100 than for b, , = 10, al-
though the corresponding driving energy is only
about a factor of 2 larger. Thus, it is advantage-
ous to stay away from resonance, in order to min-
imize the relative role of the two-photon effects.
This has actually been observed. In a series of
experiments, Reif and Walther chose to work ex-
tremely c1ose to resonance, with the hope of in-
creasing the quantum conversion efficiency of the

FIG. 7. Solid lines: Stokes energy versus input laser
energy for a fixed amplifier length and a fixed pump du-
ration. Same parameters as in Fig. 2, except for the
detuning &~, which labels the curves. Arbitrary units.
Dashed curve: experimental results of Ref. 2, arbitrary
units.

system. ' However, no improvement was observed
as compared to experiments performed far from
resonance.

The dotted curve gives the experimental points
of Reif and Walther, ' and they show an excellent
qualitative agreement with the theoretical curve,
provided that one assumes that the pump laser was
significantly depleted. It is important at this point
to recall that the output value of the laser was not
measured. - Rather, the small-signal regime was
inferred on the basis of the low photon-conversion
efficiency.

We have seen, however, that the nonlinear re-
gime of hyper-Raman scattering is not character-
ized by a large Stokes field. Thus, we argue that
in this experiment, the pump was significantly de-
pleted and that the system was operated in the non-
linear regime. This is confirmed by recent ex-
periments' where the power of the input laser was
increased up to the point where it has been ob-
served that the Stokes intensity becomes indepen-
dent of the pump intensity. To reach this regime,
it was necessary to increase I~ by about a factor
of 20. This order of magnitude is consistent with
our theoretical predictions. (We note, however,
that the data used in the raxmerical analysis are
not the same as in this experiment. )

C. Pump pulse duration

In Fig. 8, we show the growth of the Stokes
field as a function of amplifier length for various
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FIG. 8. Stokes energy. as a function of amplifier length
(arbitrary units) for various pump pulse durations, label-
ed on the figure. The other parameters are the same as
in Fig. 2, and the peak Rabi frequency of the input laser
ls Qg= 10.

pump fields with the same peak pow'er but of dif-
ferent duration. For numerical reasons, the nor-
malization of the initial Stokes field is different
for various pulse durations, so that the origin is
different for different curves. However, this is
not important, since we are only interested in
discussing the slopes. We see as befare that ex-
cept far very short s, the growth is first expo-
nential with a rate roughly independent of the pump
length. However, the saturation (pump depletion)
occurs obviously earlier for smaller incident
pulse duration, since there is then less energy in
the pulse.

In Fig. 9, we show again the Stokes intensity as
a function of amplifier length, but for a detuning

A, = 100. The solid lines are for a peak incident
Rabi frequency Q~ = 12.5, and various pump dur-
ations. They present the same features as exhib-
ited in Fig. 8. The dashed lines are for the same
pumps and same detuning. However, the decay
times of the atomic levels 2, 3, and 4 have been
increased by a factor of 10. This leads to an in-
crease of the growth rate of the Stokes field by
about a factor of 3. This again illustrates the
point already mentioned previously: The hyper-
Raman effect is improved under conditions such
that the lower order processes are weakened.
Previously, this was done by either considering
larger detunings, or weaker pump fields. In the
case illustrated in Fig. 9, our goal is achieved by
decreasing the population decay rates, thus mak-

10 7

0 2 Z

FIG. 9. Same as Fig. 8, but for a detuning 4~ =100 and
a peak Babi frequency of 12.5. Solid curves:
= 2y44-—1. Dashed curves: p22

——F33 = 2p44 = 0.1. Other pa-
rameters as in Fig. 2.

ing the system harder to saturate.
It is important, however, to note that this im-

provement is costly: In order to keep the same
"gain" coefficients in the Maxwell equations (3.6),
it is necessary to increase N„~(i e , the .de.nsity of
atoms) by the same factor as the lifetimes of the
levels.

The statement that the hyper-Raman output is
optimized if the two-photon effects are decreased
should obviously be taken carefully. Clearly, the
hyper-Raman effect can not appear if there are no
two-photon effects going an. This is illustrated in
the very weak pump-field limit, where the Stokes

- output becomes vanishingly small. Similarly, one
does not expect the output to increase ad etemum
for ever larger detunings. Our statement is sim-
ply that for a given atomic system, there is a
range of detunings for which the output Stokes, for
a given amplifier length, is optimized. The im-
portant point is that this is not for 6,,=—0. In
practice, one is always limited by the available
lasers and the atomic densities which can be ob-
tained, and optimization may be hard to achieve. '

From these results, w'e conclude that hyper-Ra-
man scattering in four-level-atom vapors is cha-
racterized by two main features: For small amp-
lifier length, the atomic system is completely
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saturated, and the Stokes field is weak and inde-
pendent of the pump power. In the strong-signal
regime (or more precisely nonlinear regime), the
pump is significantly depleted, but most of its en-
ergy is lost to competing processes, and the Stokes
signal remains small. (Note that this justifies
e PosteHoH the neglect of the forward-backward
wave coupling, even in the nonlinear regime. )
The performance of the amplifier is improved by
decreasing the relative role of two-photon effects,
and operating between these two regimes.

D. Tuning range

In Fig. IO, we show the output Stokes intensity,
for a fixed amplifier length and a fixed pump in-
tensity, as a function of the detuning ~,. The
principal feature is that it is not symmetrical
about 5, =0. This is easy to understand, since
we have to reach level 3 via a two-photon excita-
tion. Suppose for the sake of discussion that for
g, small and positive, ~, is large and positive.
(This is the situation encountered in the experi-
ments of Reif and Walther. ) When g, is decreased
by some amount &, ~, obviously decreases by
e/2. Thus, one sees that as 6, goes through zero
and becomes negative, ~, keeps decreasing, but
remains positive. That is, one goes closer to
resonance with the intermediate level of the two-
photon transition. There is a competing effect
between one transition going further from reso-
nance and the other one approaching resonance.
This is clearly not symmetrical about ~, =0, and
therefore one should not expect a symmetric
tuning curve.

At first, the fact that in the case of Fig. 8 the
system delivers a higher power for positive de-

tuning ~, may appear surprising, and it is in con-
trast with the results of Ref. 2. We attribute this
feature to the fact that we have chosen numerical
values such that 4, becomes very small, and
equals zero for ~, = -19. As the detuning g, re-
levant for the two-photon transition decreases, it
becomes easier for the pump field to populate
level 2. Thus, the pump depletion occurs over a
shorter amplifier length.

This is confirmed by considering larger de-
tunings ~~. In this case, the relative change of
h, for a given change of ~, is much smaller, and

one largely avoids effects as described above.
We have considered numerically the case ~,= 40,
and found that the peak of the tuning curve is in-
deed shifted toward ~, =0. It is easy to see that in
the case considered by Cotter et af. ,

' (b,, large
and negative), the maximum of the tuning curve
should be for ~,&0, which is also what is found
experimentally.

However, for the range of parameters that we
have considered, and within the numerical accu-
racy, we have not found a dip in the tuning curve.
Reif and Walther' attributed it to the presence of
other atomic levels (i.e., they do not have a real
four-level system). If one supposes that the pres-
ence of these extra levels produces absorption
around some wavelength near the transition
2- 3, this would result in burning a hole in the
tuning curve. Let us label by ~0 the detuning for
which the tuning curve reaches its maximum.
Depending upon the exact position of the extra
absorption to the left or to the right of 6, = 0, one
sees clearly that this can result in a tuning curve
having a dip and a higher maximum to the right
or the left, respectively, of Ao.

1.5
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-15
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FIG. -10. Stokes energy (arbitrary units) as a function
of detuning 42. &~ is related to 4~ by the linear relation
hg = 9.s+ 6g/z.

IV. SUMMARY AND CONCLUSION

In this paper, we have shown that stimulated
hyper-Raman scattering in four-level-system
atomic vapors presents a number of differences
from conventional Raman scattering. Because the
population of the ground state is typically signifi-
cantly depleted, a perturbative approach is not
appropriate. Rather, it is necessary to solve the
complete set of coupled density matrix and Max-
well equations.

Two regimes of interest have been found. In the
linear regime, the pump field is not depleted, but
the atomic medium is completely consumed by the
interaction, so that the output Stokes energy is
essentially independent of the pump field. In the
nonlinear regime, the pump is depleted, but most
of the energy deposited in the amplifier is lost to
competing processes, and the Stokes energy is
also very small.
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The output of the system can be optimized by
decreasing the relative role of laser and Raman
processes, while still developing a large enough
polarization to drive the Stokes wave. This can be
achieved by working relatives. y far from resonance,
and with levels having long lifetimes. Under these
conditions, the transitions are harder to saturate
and more energy can be transferred to the wave
length of interest. %e note, however, that this
improvement is costly, since it implies that one
has to use stronger pump lasers and jor higher
atomic densities.

The essential difference between Raman and
hyper-Raman scattering is that in the first case,
only one interaction "channel" is normally allowed.

In this paper, we have considered perfect phase
matching only. Relaxing this condition should al-
low for a better distinction between parametric
and nonparametric processes. Because of the
strong absorption at the idler frequency, however,

. four-wave parametric processes producing a field
at &s are strongly moderated even under exact
phase matching. For a further discussion of this
point, see Ref. I, p. 241.

Finally, we note that we have not discussed here
the spectral properties of the Stokes field. This
will be the subject of a future publication.
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APPENDn A: COMMENTS ON THE NUMERICAL
SOLUTION METHOD

The neglect of backward propagation in Max-
well's equations simplifies considerably the nu-
merical solution of the equations. Since the den-
sity matrix equations contain derivatives with re-
spect to the retarded time 7 only, while the field
equations involve only derivatives with respect to
z, it is possible to use independent steps of inte-
gration for the z' and y integrations. This is a
standard procedure in amplifier theory. One then
proceeds by integrating for all times for succes-
sive slices of amplifier.

If, as we have chosen them, the growth rates of
the pump, Stokes, and idler fields are not too dif-
ferent, the z' integration does not present any
particular difficulty. %e have used a Runge-Kutta
method for this part of the problem. Our major
check has consisted in varying the step of integra-
tion and verifying the convergence of the output
fields.

The integration of the density matrix equation
is more difficult. This lies in the fact that they
contain time rates of change, which can be vastly
different from one another. %e have found that
standard integration routines were very hard to
run, in particular for strong pump fields (high
Habi frequencies). For this reason, we have
opted for a variable step routine' particularly
adapted to stiff sets of equations. Our major
check of the density matrix integration has been
the conservation of its trace.

For normal runs, GEAR is as fast as standard
routines. However, the integration time becomes
quite large when dealing with strong fields or
large detunings. Typi. cal runs took less than 20
sec on an Amdhal 470, but the longest ones have
taken up to 8 min.
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