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g~-factor corrections for the ground states of the first-row atoms and sodium are calculated by use of spin-

extended Hartree-Fock (SEHF) wave functions. The present results are compared with Hartree-Fock values

and experimental g~ factors. The theoretical SEHF g~ factors show a deviation from the experimental ones

which increase very regularly from lithium to fluorine. These discrepancies are believed to arise from the

neglect of correlation effects, and they indicate that the previous success of the Hartree-Fock theory in the

cases of oxygen and fluorine is fortuitous. Hartree-Fock values are also presented for the g~-factor

corrections of the ground states of the second-row atoms, and for potassium, rubidium, bromine, and iodine.

I. INTRODUCTION

The prediction of the radiation correction to
the electronic spin g factor g, stimulated an in-
creased interest in precision measurements of
atomic g~ factors some 30 years ago. It was,
however, not straightforward to deduce g, from
measured g~ factors since a number of rather
complex corrections had to be considered. These
corrections arose from relativistic and diamag-
netic effects, from the departure from LS,coup-
ling, and from the motion of the atomic nucleus.
Today the radiation correction to g, is extremely
well established through measurements on free
electrons, and the current interest in atomic g~
factors stems from its impact on atomic structure
theories. Among the relativistic and diamagnetic

corrections are complex two-electron quantities
which need to be computed within error limits of

a few percent to cope with experimental uncertain-

ties for the first row atoms, and even much bet-
ter for some alkali metals. Needless to say,
this task represents a profound test of current
atomic wave functions. In several previous in-
vestigations Hartree-Fock wave functions have

been used to calculate the required expectation
values. For a few examples, i.e., for the oxygen

ground state and the P3&, state of fluorine, the

results are surprisingly good, '~ indicating theo-
retical accuracies of 0.5-1%. However, in other
cases, in particular for the 4S ground state in ni-
trogen and the 'P, &, state in fluorine, the Hartree-
Fock functions are unable to provide satisfactory
agreement with experiments. Even for the lith-
ium ground state there is a clear disagreement
between the Hartree-Fock results and the experi-
mental g~ factor. In the simple case of Li
Hegstrom' has shown that the use of a spin-
extended Hartree-Fock wave function (spin-
polarization) yields excellent agreement with

experiment. Spin-extended Hartree-Fock (SEHF)

II. THE ATOMIC g~ FACTOR

The standard expression for the Zeeman
Hamiltonian of atoms is

Hz —p.z B ~ (L +g,S),
where g, is the free electron g value including
the radiation correction, g,=2.002 319288(14).
For weak fields first-order theory applies, and

the shifts of the energy level are given by

(LsjfLf, )az )LsjM, ) = P~g,fVf„

with the following expression for the atomic g~
factor,

J(j+1)—L(L+1)+S(S+1)
2j(j+1)

(2)

functions are also available for the other first-
row atoms and for sodium, and the main subject
of the present work is to investigate the effect of
spin polarization on the g~-factor corrections for
systems more complex than Li. For atoms
heavier than Li it is impractical to give SEHF
functions explicitly as linear combinations of
determinants, and a special formalism given by
Harris4 for computation of expectation values
has to be adapted to the present problems. At
least one dominant relativistic correction [cf.
5H, of Eq. (3)] is expected to be particularly
sensitive to spin polarization, and the present
numerical results nicely confirm this expectation.
The more accurate SEHF calculations will also
allow a test of the reliability of the apparently
successful Hartree-F ock predictions.

Hartree-Fock values of the g~-factor correc-
tions of the ground states of the heavier elements
Cl, Br, I, K, and Rb are also computed and

compared with precise experimental results.
Finally, theoretical g~ factors are given in the
Hartree-Fock approximation for the remaining
second- row atoms.
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Precision measurements of atomic g~ factors,
however, reveal deviations from the values pre-
dicted by the simple formula Eq. (2). There are
several effects which account for this discrepan-
cy. These are the relativistic and diamagnetic
corrections, departure from LS coupling, and a
correction due to the motion of the atomic nucle-
us. The relativistic and diamagnetic corrections
have been considered by several authors and

given in a convenient form by Abragam and
Van Vleck. ' For the present discussion it is
useful to divide the relativistic and diamagnetic
contriubtions to the Hamiltonian (58an) into
five parts:

58Rn ——Q 580,

the various 5Hk's being given by

Tg
5H~ ———pgB ' ~ y lg,mc

2Tg ~5H~=- @~B mc

Pg8

f,g(Qg)

(1't
V&I I xA& ~ s&,

V&~
—xA& ' (s&+ 2s~} pr

(3)

e ~,(X, p, (&„A,)(r, ., p, ))2m c
& ~ &«0&,

The part of 5H~ which contains s& is in the litera-
ture often referred to as the diamagnetic correc-
tion. For the present investigation it was
found more convenient to divide 5H» into one-
and two-electron, spin-independent, and spin-
dependent operators.

The motion of the atomic nucleus yields a cor-
rection Hamiltonian which takes the form'

40= 0/0+ QCk$0P

and one now obtains

5HN= —
2

—B
( z r&xp&+ z, r, xpq lp (4)

where M denotes the mass of the nucleus.
The effect of the departure from LS coupling on

the g~ factor has been considered by Phillips, '
with particular reference to the alkali atoms.
Let the wave function of an atomic state be de-
noted by +0. An expansion in terms of eigen-
states (g,) of L' and S0 may be written

The expansion coefficients ck are approximately
given by c0= ($„80op, )/(E0 -E,}, where 8»
denotes the spin-orbit Hamiltonian. Hence, the
correction to the g~ factor arising from the de-
parture from LS coupling is given by

A.»so4) '
5L s 8 @ (&pz, k A, O) p

k~&0~ 0 k

with gz 0 and gz 0 given by Eq. (2) for the respec-
tive states.

In principle one might question the use of the
free-electron g value g, in Eqs. (I}and (2}. In-
vestigations on the hydrogen atom, ' however,
indiate that the difference between the radiation
corrections for free and bound electrons is very
small, i.e., of the order of magnitude 10 '.

HI. NUMERICAL CALCULATIONS

The subject of the present paper is to carry
out numerical calculations of the corrections to
the gz factor arising from Eqs. (3) and (4). The
Hamiltonians of Eqs. (3) and (4) were expanded in

terms of spherical tensors, which is convenient
for numerical calculations since the angular part
of the atomic orbitals is represented by spherical
harmonics. The expansions of 5H, and 5H4 of
Eq. (3) have been given previously, 0 whereas that
of 5H, is too lengthy and complex to be reproduced
here. Hartree-Fock claculations based on the
formulas of Kambe and Vyn Vleck" have previous-
ly been carried out for the first-row atoms. To
the knowledge of the present author no accurate
Hartree-Fock calcultaions of g~-factor correc-
tions have been carried out so far for atoms
beyond the first row, not even for the alkali
ground states where the troublesome orbit-orbit
part 58, of Eq. (3) makes no contribution. One
reason for this might be that the Kambe-Van
Vleck formalism seems to be rather intractable
for atoms with more than one shell of P electrons.

The present work yields. accurate Hartree-Fock
(HF) calculations for the first and second row
atoms, and in addition for the alkali metal potas-
sium and rubidium and for the halogens bromine
and iodine for which accurate HF wave functions
as wel. l as precise measurements are available.
The calculations are based on the Roothaan-
Hartree-Fock wave functions given by Clementi
and Roetti." The main purpose of the present
paper is, however, to investigate the effect of
spin polarization on the g~-factor corrections.
A look at the correction operator 5H, of Eq. (3)
yield in particular a motivation for such an in-
vestigation. In a spin-polarized treatment the
kinetic energies T, of spin-up and spin-down
electrons of the same shell will be different, and
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a contribution to the g~ factor arises even from
closed shell electrons. The spin-extended Har-
tree-Fock wave functions (SEHF} given by
Kaldor for the first-rom atoms and for sodium
'in a series of papers" mere used for the present
calculations.

In the spin-extended Hartree-Fock method a
Hartree product @ of atomic orbitals is deter-
mined by minimizing the energy given by

E = (o@,Boy)/(@, o@),

where 0 is a product of a spin-projection opera-
tor and an antisymmetrizer. The expectation
value of a Hamiltonian 5H is then given by

(6II}= (OC, 5IIO4)/(@, 0@).
The spin-extended Hartree-Fock procedure hence
yields a wave function Q=O@ which is also an

eigenfunction of S', in contrast to the unrestricted
Hartree-Fock method. This is obviously an in-
dispensable requirement for computation of ex-
pectation values of spin-dependent operators
such as 5H„5H„a dn5H4 of Eq. (3}.

Explicit formulas for expectation values for
spin-projected wave functions have been given by

Harris4 for one-electron and two-electron spin-
independent and spin-dependent operators. Equa-
tion (18V) of Harris applies to 5H„Eq. (188}to

5H5 and 5H„, and 5H2 and 5H, is covered by Eq.
(19V). Unfortunately Eq. (214) of Harris for the

two-electron spin-dependent operators, which is
the most complex ease, is not applicable to 5H~.

The reason is that the treatment of Harris is
restricted to operators of the form g«b, &(~)o&&

where both the space factor b,~(r) and the spin

factor o',
&

are assumed to be symmetric upon in-
terchange of electrons i and j. The operator 5H~

of Eq. (3}is not of this symmetric form, but may

rather be treated as two summations of the type

Q &«», b,z(r)o„wher v,eis now a one-electron
spin-dependent operator. An analog to Eq. (214)
of Harris was then derived for an unsymmetric
space factor and expressed in terms of the sim-
pler one-electron spin coefficients cs(aa), cs(PP),
and cs(txP) of Eqs. (198)-(200).

The wave function of the 'P, &s state (8,F,Al,
Cl, Br, I) or of the 'P, state (C, O, Si, S) cannot be

represented by a single determinant in the HF
method or by a single projected Hartree product
in the SEHF procedure. In the HF ealeulations
one then uses the well-known trick of the invari-
ance of the diagonal sum. This trick may also
be applied to the SEHF calculations in a modified
form. Since the SEHF wave functions are eigen-
functions of S', Sz, and Lz, one has to make sure
that they are also eigenfunctions of L'. The wave
functions are then given in the ~ISMzMs) repre-

where B is the external field and A~ denotes the
Z component of a spin-independent vector. A
straightformard calculation nom leads to the re-
sult

(LSJM ~ ~
PsBAs

~

LSJM ~) = P sBM ~5g~,

with 5g~ given by

5g~ = (L II A II L}(28+1)

(L S J
"i "s (Mi Ms -Mif

(6)

where (I IIA II L) denotes the reduced matrix ele-
ment. Hence Eq. (6) yields a simple relation be-
tween the spin-independent g~-factor corrections
of the multiplets of a spectroscopic state. For
the present 'P and 2P states one finds

gJ'a2 gefal y go=1/2 gal=3!2 '

These simple relations of course also apply to
the Hartree-Pock calculations, and they are par-
ticularly relevant to the time consuming compu-
tation of the very complex orbit-orbit correction
5H5.

IV. RESULTS

The results of the numerical calculations are
given in Tables I-IG. The corrections to the g~

sentation, and the transformation to the
~ LSD~)

coupling scheme is straightforward. This situa-
tion applies to the 2P,

&2 states, but unfortunately
not to the 'P, states. For the present 'P, states
there are three different Hartree products yield-
ing M~ =1. Only the one of these with M~=0
and M~ =1 is, after antisymmetrizing and spin
projection, also an eigenfunction of L' (I, = 1). The

remaining two products, both mith M~=1 and j/f~

=0, do not represent eigenfunetions of I', and an

orbital angular momentum projector has to be ap-
plied to transform these tmo products to the

~LSM~Ms) representation. This seems to be a
rather intractable procedure in the spin-polarized
case with different orbitals for different spin, For
the spin-dependent operators &H„ t)B„and &84

this in fact causes no problem. In the II SM~Ms)
representation diagonal elements for j/t~ = 0 van-

ish, and the invariance of the diagonal sum yields
the desired results.

The contribution to the 'P, g~ factor from the
spin-independent operators 6H„5H„and 5H„
have to be determined in a different way. These
operators all are of the general form
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TABLE I. Ground-state gq factors for the alkali atoms Li to Rb. HF means Hartree-Fock theory, SEHF means spin-
extended Hartee- Fock.

Quantity
Li
$

Na
2$

K
2$

Rb
2$

~2(lo ')

~3(10 ')

&4(10 ')

HF
SEHF
HF
SEHF
HF
SEHF

g,(HF) '
Previous theory
g,(SEHF) '
gq(expt)
gq(expt)-gg(HF)
gz(expt)-gg(SEHF)

-2.224
-2.612

1.839
1.913

-1.12V
-1.139

2.002 304 12
2.002 300 91
2.002 300 86
2.002 30142 (80)

-2.70(80) x10 6

0.56(80) xl0 6

-2.846
-2.779

5.885
5.837

-5.181
-5.131

2.0Q2 29V 86
2.002 293
2.002 298 56
2.002 295 63(16)

-2.17(16}x10 '
-2.89(16)x10 &

-2.814

7.975

-7.383

2.002 29V 07
2.002 295

2.002 294 15(16)
-2.92(16)x10 6

-3.275

14.303

-13.723

2.002 292 33
2.002 295

2.002 33109(16) '

38.76(16)x10 &

Corrections due to departure from LS coupling not included.
Reference 3, and Refs. therein.
Reference 13.
Reference 18.
Reference 19.

factor arising from 5H, -5H5 and 5HN are denoted
by 5, -5, and 5„, respectively, i.e., 5, =(5H, )/
psBMz, and 5„e is given by Eq. (5). Table I lists
the results for the alkali ground states Li-Rb.
Experimental values and previous theoretical
results are also included in the table for compari-
son with the present theroetical ones. The
quoted theoretical results of Perl" for Na, K,
and Rb are without exchange terms, and are in
modest agreement with those of the present ac-
curate HF calculation. On the other hand there
is excellent agreement between the present SEHF
value and that of Hegstrom' for Li. In Li the
effect of spin polarization is quite considerable
for the correction 5„and the SEHF value of g~
is in complete agreement with the experimental
result. The effect of spin-polarization is not
very significant for Na, and neither the HF value
not the SEHF value is in satisfactory agreement
with experiment. The corrections due to the de-
parture from LS coupling are difficult to evaluate
for the alkali atoms, but Vanden Bout et al."
have given estimates of 6~s based on the theory
of Phillips. ' Their values of 6~s are 2&&10
5X10 6, and 5&&10 for Na, K, and Rb, respec-
tively. Hence the inclusion of 6~s would increase
the discrepancy between theory and experiment
for Na and K, whereas the predicted value of &~8
for Rb would bring the theory into much heter
agreement with experiment. In a recent paper
Flambaum et al."have pointed out that the
Phillips theory for 6~s may not apply to heavy
atoms. In the case of Cs they found that a third-
order correction (second order in spin-orbit
coupling, first order in Coulomb mixing of con-

figurations} dominates the fourth-order trems
considered by Phillips. For the 'S ground state
of Cs their improved value is &» ——3.7~10 4,

compared to the correction 1.4&&10 4 estimated
by Vanden Bout et al. from the Phillips theory.
A similar effect might also be expected in Rb,
but the present results for Rb, however, indicate
that ~~ is already slightly overestimated by the
Phillips correction. The most plausible explana-
tion for the discrepancy for Na and K is the insuf-
ficient electronic correlation which prevails even
for the SEHF functions. This deficiency of the
wave function will in particular affect the expec-
tation values of the two-body operator 5H~.

Table II shows the computed results for the
ground states of the first row atoms B, C, N,
0, and F. The values of &» are here taken
from the sources cited in the table. The most
prominent feature of Table II is probably the in-
creasing effect of spin-polarization from B to F,
i.e., with increasing number of electrons in the
unfilled shell; This effect is, as expected, most
clear for 5„which also in all cases represent
the largest correction. For fluorine the differ-
ence between the HF and SEHF values of 5,
amounts to almost 20%, and even for 54 there is
an 8% difference. Since the SEHF functions
should in particular yield more reliable expecta-
tion values for one-electron operators, it seems
clear that the Hartree-Fock values of the g~
factors for the first-row atoms are more uncer-
tain than previously believed.

For both B and C the SEHF values of g~ give
slightly better agreement with experiments than
the HF result. The experimental uncertainty is,
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TABLE III. gz-factor corrections for second-row atoms and Br and I computed from Har-
tree- Fock wave functions.

Atom

Al P3] 2

Pj,~2
Si

P1
p 4g

S
P1

Cl P3]2
2
Pg/2

Br PB(2
2
Pg)2

I Pg]2
2Pi/2

5)+62
(10

-4.06
-2.03
-7.51
-7.51

-14.53
-14.45
-14.45
-16.47
-8.24

-18.06
-9.03

-17.79
-8.89

3.50
-8.75

5.35
8.91

15.18
8.32

13.86
8.85

-22.13
15.33

-38.32
19.20

-48.00

-2.97,
6.61

-4.82
-7.25

-13.36
-7.75

-10.05
-7.13
12.91

-13.46
26.59

-17.36
35.61

-0.26
-0.53
-0.35
-0.35

-1.51
-1.51
-2.13
-4.26

3 0 77
-7.55
-3.90~
-7.80 8

-0.06
-0.12
-0.06
-0.06

-0.10
-0.10
-0.14
-0.29
-0.05
-0.10
-0.04
-0.07

0.0
0.0

-11.2
0.0

2702
-40.4

0.0
0.0
0.0
0.0
0.0
0.0
0.0

1.334 068
0.665845
1.500 974
1.501 097
2.001 920
1.500 601
1.501 037
1.333 936
0.665 674
1.333 906
0.665 610
1.333 908
0.665 602

~S ~4 ~S ~n &ra
'

(10 } (10 } (10 } (10 j (10 } gz(the or) gz(expt)

1.33474(5) '

1.333 927 5(30)
0.665 661 9(16)
1.333 921(5)
0.665 56(2)
1.333 980(6)

'
6z,s computed by use of Hartree-Fock values of C(3p), Ref. 17.
Reference 26.
Reference 27.
Reference 28.
Reference 29.
Reference 30.

& Computed by use of single zeta wave function. The deviation from the Hartree-Fock value
is estimated to be +3~10 and +6X10, respectively, for the Psg2 and P~g2 corrections.

however, in both cases too large to allow any
definite conclusion. The SEHF result for nitrogen
clearly comes much closer to the experimental
one than the HF value. The present result for N
thus disproves a conclusion arrived at by Beltrkn-
Lopez et al,." They found that the large discrep-
ancy between HF and experimental value of g~ in
N could not be attributed to the use of Hartree-
Fock wave functions. Their conclusion, which
was based on the results of an unrestricted
Hartree-Fock calculation, is rather a warning
against working with noneigenfunctions of S'.

In the cases of oxygen and fluorine the SEHF
results might seem rather frustrating since the
HF values represent much better agreement with
experiments (except for the 'P, I, state of F). It
is hard to find any reason why the HF functions
should be better than the SEHF ones for 0 and F.
The success of the HF calculation is probably
fortuitous and due to cancellation of errors. A
further discussion of this point will be given in
Sec. V.

Finally, Table III shows the results of Hartree-
Fock calculations for the second-row atoms Al to
Cl and for bromine and iodine. The values given
for 6t8 were obtained from Eq. (5), taking into
account the spin-obrit interaction between the
'P, and 'D, levels for Si and S, and between the
S3/Q and 'P, &, levels for P. Hartree-Fock values

of the spin-orbit parameter t(3P) were used. '
For the 'P, states of silicon and sulfur as well

as for phosphorus &» represents a substantial
and dominant correction to the g~ factor. Pre-
cise experimental values of these g~ factors
would then in fact mainly test the predicted cor-
rections due to the departure from LS coupling.

In the case of Al the discrepancy between theo-
retical and expreimental value is too large to be
attributed to uncertainties in the theoretical pre-
diction. Hence, a question mark on the experi-
mental result seems inevitable. For chlorine
there is also a clear discrepancy between theory
and experiment. However, in view of the
present results for oxygen and fluorine these
differences are not larger than what niight be
expected on the basis of Hartree-Fock theory.
The results for bromine are more indecisive due
to larger experimental uncertainties. In the case
of iodine the present difference g, f, (expt}
-g, &,(theor) = 7.3(6}&&10 ' probably indicates that
a significant effect of the departure from LS
coupling has been neglected. For a heavy atom
such as iodine one might also question the validity
of the Pauli approximation, i.e., the convergence
of the series expansion of the relativistic Zeeman
Hamiltonian which to order (nZ)2 yields the cor-
rections 5H, -5H, of Eq. (3).

V. CONCLUDING REMARKS

The SEHF wave functions satisfies an extension
of Brillouin's theorem which means that singly
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excited configurations will not interact with the
ground state. " Hence, the SEHF procedure will
in particular yield good approximations to expec-
tation values of one-electron operators. This
yroyerty also applies to the HF method, but due

to the greater flexibility of the SEHF functions in
the variational process they undoubtedly yield
the most reliable results. The judgement between
SEHF and HF results is more uncertain for two-
electron yroperties, since even the SEHF func-
tions include only a (small) part of the electronic
correlation, i.e., double excitations are neglected
in both methods. It then seems reasonable to at-
tribute the present discrepancies between SEHF
theory and experiments to inaccurate expectation
values of the two-electron corrections, although
significant errors in the one-electron corrections
cannot be strictly ruled out. The dominant two-
electron correction is 5H4, and even in the worst
case ('P, &, state in F} the discrepancy is less
than 30% of the computed values of 5,. For the
other examples the differences range from 0 to
15% of the complex two-electron tluantity 3,. A
characteristic feature of the present results is
shown in Fig. 1. The difference between SEHF
theory and exyeriment is seen to increase quite
regularly with increasing number of electrons
for the first-row atoms from Li to F. Hence,
Fig. 1 seem to indicate that for the first-row
atoms a very systematic error arises from the
lack of correlation in the wave function. The
great disparities of the SEHF and HF values of
the one-electron quantities 6,-5, for D and F
should also be noted. Altogether the previous
excellent agreement between HF theory and ex-
yeriment for oxygen and the 'P, &, state of fLuorine
seems quite fortuitous and due to cancellation of
errors.

The computation of accurate atomic g~ factors
which are comyarable with precise experimental
values still represents a theoretical challenge.

Li

g
&

(expt)-g &(theor)-5
)0

0, P2
3

F, P3~g Na2

-6
5.10

0

-6
-5x)0

FIG. 1. The difference between experimental and
theoretical gz factors for the atoms Li, N, 0, F, and
Na. Hartree- Fock results are shown by crosses,
whereas circles represent spin-extended Hartree-Pock
calculations.

Such calculations will surely enable valuable tests
of current atomic structure theories. In the case
of nitrogen the experimental accuracy of the g~
factor is at present 6.4X10 '. To obtain a theo-
retical prediction with similar accuracy one wiLL

have to pass several obstacles. First and fore-
most the calculations of the relativistic and dia-
magnetic corrections need to be improved, and
this task requires an accurate wave function with
a rather complete allowance for electronic cor-
relation. Thereafter the problem will be to com-
pute the correction due to the departure from LS
coupling more accurately, and finally one might
even have to consider bound-state radiative
corrections.
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