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Molecular dynamics of nonergodic hard parallel squares with a Maxwellian velocity
distribution
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Molecular-dynamics calculations were done for hard parallel squares (HPS) at areas relative to close
packing of 4.5, 2.0, 1.345, and 1.31. A Maxwellian velocity distribution (which was maintained in time) was
used. A phase transition was found at 1.345 which, from these previous results, appears most likely to be a
first-order transition. The normalized velocity autocorrelation function for the densities of 4,5 and 2,0
displayed a "long-time" tail whose decay approximates a minus-. one. power of the time. These results agreed
with other molecular-dynamics simulations using a different initial velocity distribution but disagreed with
Monte Carlo calculations. Speculation is presented on the ability of certain nonergodic systems such as the
HPS to mimic the behavior of an ergodic system with regards to a number of properties.

I. INTRODUCTION

In this paper we conclude our numerical molec-
ular-dynamics investigations of hard parallel
squares (HPS) in a square box with periodic bound-

ary conditions. Our interests in studying this
system are due, in part, to the fact that this non-
ergodic system possesses 2N extra analytic inte-
grals of the motion. These are the two initial
components of the K-particle velocities (momenta).
This system is the first nontrivial model for non-
central molecular interactions which seems to by-
pass the hydrodynamic stage in reaching a final
non-Maxwellian velocity distribution if started
with a general arbitrary initial velocity distribu-
tion. If the initial velocity distribution of the HPS
is Maxwellian, it remains Maxmellian. Because of
this property, we felt that in order to compare the
behavior of the HPS system for various initial
velocity distributions, we must also study it for

-the case of an initial Maxwellian velocity distribu-
tion. %'e shall focus our studies on the ultimately
achieved static pressure (and phase transition
behavior) and the velocity autocorrelation func-
tion.

The existence of a first-order phase transition
for hard disks and hard spheres has been estab-
lished by following the variation of pressure as a
function of density along an isotherm. The den-
sity (or equivalently the area or volume relative
to close packing) at which the transition from a
solid to a fluid state occurs is 1.266-1.312 and
1.36-1.50 for hard disks and hard spheres, re-
spectively. ' These transitions have been found in
both Monte Carlo' and molecular-dynamics' stud-
ies. The pressure is obtained in different mays

for these tmo methods. In Monte Carlo calcula-
tions one used the "contact" pair-correlation func-
tion; in molecular-dynamics simulations, the
virial equation is employed. In order for the
Monte Carlo ensemble averaged pressure to equal
the molecular-dynamics time-averaged pressure,
the Monte Carlo results must be scaled by JV/(N —1),
where & is the, number of particles under study. '

Similar investigations of phase transition behav-
ior have also been done for tmo-dimensional hard
parallel squares (HPS). The Monte Carlo work
of Ree and Ree' displayed isotherms which were
monotonically increasing functions of the density.
Systems containing 25, 64, 100, and 400 HPS were
simulated and Monte Carlo runs as long as 8 x 10'
trials/particle were generated. Their result was
in contradiction to the work of Rudd and Frisch'
and Carlier and Frisch. ' Rudd and Frisch' found
qualitative evidence for the existence of a solid-
fluid transition. 4 detailed study by Carlier and
Frisch, 7 using mainly 400 particles and some runs
with 900 particles, indicated a first-order phase
transition for 1.34&v&1.35 (7=A/Ao the area—
relative to close packing A, ). Here, A, is the
number of squares times the area of one square.
A van der W'aals loop mas obtained and a Max-
well equal-areas construction predicted the virial
at the phase transition to be 5.705. The disagree-
ment between the two methods may be due to the
fact that the hard parallel square system is not
ergodic' (in the sense that an arbitrary initial
velocity distribution mill not relax to a Maxwel-
lian distribution at long times). The Carlier-
Frisch study used an initial nonuniform unit-circle
velocity distribution. We have examined the use
of a Maxwellian velocity distribution in order to
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probe the effect of the velocity distribution on
the behavior of parallel hard squares. In addi-
tion, we have studied the behavior of the long-time
tail of the velocity autocorrelation function. We
will comment on the general significance of these
results in the discussion.

H. METHOD

Initially 400 parallel hard squares of side length
0 were placed on a two-dimensional periodic lat-
tice and given a Maxwellian velocity distribution.
At first, we sampled the Maxwellian velocity dis-
tribution with a rejection technique' but found that
the resulting numerical fit to the Maxwellian dis-
tribution was not sufficiently good for our pur-
poses. Hence, we developed the following sam-
pling method. Since the Maxwellian distribution is
an even function, we need consider only the posi-
tive velocity region. For a system of 400 par-
ticles, the area of this region &, is partitioned
into 200 equal-area strips. A velocity is selected
from each strip so that the area of the strip is
divided in half. Hence, for the first strip,

(1a)

the collision times involving the pair which has
just collided, since they now have new velocities.
If these new times are longer than the longest
one on the list, they are discarded; otherwise
they replace their old values. The next shortest
time is selected from the list and the process is
repeated until all the tabulated times are exhaus-
ted. The positions and velocities of all the par-
ticles are placed on magnetic tape after every 5
collisions.

The virial JIA/NOT is obtained from the virial
theorem

PA
1

m dz
NkT NkT dt' all

coIlisione

where P is the pressure, A. , the area, N, the
number of particles, k, Boltzmann's constant,
T, the temperature, m, the particle mass, z,
the "momentum sum" for all pairs i and j which
collide, and V, ~ is the difference between the ve-
locities of i and j. The data were segmented into
batches of 100 points (representing 500 collisions)
and dz/dt was determined by a linear least-
squares fit of z vs time for each batch. The nor-
malized velocity autocorrelation function g(f) was
calculated from

where f(g„) is the x component of the Maxwellian
distribution. The second strip gives

(1b)

where two half strips contribute to the area. The
integrals are error functions which are easily
calculated. The other 198 velocities are deter-
mined in a similar way. These 200 positive ve-
locities are then reflected to give 200 negative
velocities so that there are 400 velocities whose
average is zero. The same set of 400 velocities
is used for the y components of the velocity.

Each of the 400 particles is randomly assigned
independently a unique x and y velocity compo-
nent. The final velocities are scaled so that the
temperature is 1.00 in reduced units.

The dynamics of this system is obtained via the
Alder-Wainwright scheme. " The initial condi-
tions determine the collision times for all col-
liding pairs. The shortest collision time is se-
lected from the list of collision times, and all
particles are moved for this time to their new
positions. At this time, particles i and j collide.
Since hard collisions take place, the equal-mass
particles exchange the velocity components which
are perpendicular to the sides in contact. The
collision time is subtracted from all the other
listed times. It is then necessary to recompute

where N~= 400 (the number of particles), N, is
the number of time origins the data are averaged
over, and V,(i) is the velocity vector of particle
j at time i. The velocities are spaced 100 col-
lisions apart in the g(t) calculation. In all cal-
culations, reduced units were employed for which
m, k, and o were set equal to 1.
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FIG. 1. Histogram of the fraction of collisions with a
certain virial. 7'=4. 5; 4= 0.003. 6 is the interval of
the virial v=2. 0; 6=0.02.
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TABLE I. The virials of this work compared to those
of Ref. 7 for different areas relative to close packing &.

NT is total number of collisions.
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FIG. 2. Histogram of the fraction of collisions with a
certain virial. v= &.31; 6=0.05. 6 is the interval of
the virial.

m. RESULTS

Four values of ~ have been studied: 4.5, 2.0,
1.345, and 1.31. The virial should remain con-
stant unless there is a phase transition causing
the system to randomly move between the virials
of the two phases. The virials of the data batches
were collected into histograms showing the frac-
tion of batches having a certain virial. At ~= 4.5
and 2.0, the histogram is sharp, indicating single
phase behavior. At v =1.31, the histogram is
broad, indicating the possible onset of the transi-
tion. At 7 =1.345, there are two significant peaks
which correspond to the transition region observed
by Carlier and Frisch. Figures 1, 2, and 3 dis-
play the histograms. The numerical value of the
virial is taken as the position of the maximum
peak; the error in this determination is taken to
be t;he half width of the maximum peak. The re-
sults are listed in Table I. They are essentially
numerically equal to those obtained by Carlier and
Frisch' using a different velocity distribution.

Figures 4 and 5 present the P(t) results for ~
= 4.5 and 2.0. The long-time tail is expected to
decay as t ' from studies of hard disks and ana-
lytic theories. " The data obey that decay law as
was also found by Carlier and Frisch. ' However,
as can be seen from Table II, the coefficients are
not the same.
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IV. DISCUSSION

We have shown numerically (see Refs. Q e and
this paper) that both the simplest static proper
ties (mechanical equation of state and those "ther-
modynamic" properties which can be derived from
it) and the simplest dynamical property, the ve-
locity autocorrelation function, for two very dif-
ferent initial velocity distributions of HPS (a) re-
semble each other and (b) resemble the qualita-
tive behavior of the ergodic hard-disk system.
Moreover, we have already shown' that the low-
pressure branch of the equation of state is in
excellent agreement with the free-volume theory
and the high-pressure branch with the (P3, 4)
Pade approximant of the virial expansion derived
from conventional statistical mechanics based on
the assumption of ergodicity for the justification
of the equal a priori probability principle of equi-
librium ensemble theory. Qualitatively, further-
more, the velocity autocorrelation functions of
the HPS for both initial distributions resemble
(remarkably) each other and that derived for the
ergodic hard-disk system. On the other hand,
we have conclusively demonstrated numerically
nonergodic behavior in that the one-particle ve-
locity distribution does not, in general, relax to
a Maxwellian' for an arbitrary initial velocity
distribution (see specifically the Carlier-Frisch
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FIG. 3. Histogram of the fraction of collisions with a
certain virial. 7=1.345; 6=0.05. Q is the interval of
the virial.
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FIG. 4. The normalized velocity autocorrelation, Q(t}
vs time (in collision times} for v=4. 5. The CF results
refer to Bef. 7. Note the decreased oscill. ations when a
larger system was studied.
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TABLE II. The coefficient C of the& decay of the
velocity autocorrelation function. C& are the results
of Ref. 7. ND is the number of collisions discarded and
Hp is the number of time blocks averaged over where the
spacing is 100 collisions apart. v is the area relative
to close packing.

FIG. 5. The normalized velocity autocorrelation, P(t)
vs time (in collision times) for 7=2. 0. The CF results
refer to Bef. 7.

distribution"). Static, final properties such as
the virial of the system are numerically (essen-
tially) the same no matter which initial velocity
distribution has been employed, providing the
particles have the same mean kinetic energy. The
coefficients of the asymptotic t ' behavior of g(t)
reflect the different initial velocity distributions
employed. This is expected (see, e.g. , Dorfman
and Cohen" ), since the ring-sum operator of the
Liouville equation involves averages over the one-
particle velocity distribution which will give dif-
ferent numerical values for the different velocity
distributions that are finally attained in HPS sys-
tems started with different initial velocity dis-
tributions. The qualitative dynamic behavior of
the nonergodic HPS, like the final static behavior,
mimics extremely well the behavior of a similar
ergodic system, the hard-disk system.

This raises a number of interesting fundamental
questions which cannot be answered by numerical
computer experiments: (1) Under what general
conditions (nature of the Hamiltonian, container,
initial dynamical conditions, etc.) will a truly non-
ergodic system mimic the behavior of a system
described by conventional statistical mechanical
ensemble theory whose justification is currently
attributed to some kind of ergodicity of the dy-
namical system studied? (2) Are there real phys-

ical systems which are not ergodic but mimic
ergodic systems in a fashion similar, but not
identical to, that displayed by our HPS system'?
(3) Is this mimicry simply a consequence of the
kind of molecular chaos assumption which ulti-
mately randomly redistributes among the particles
any analytically conserved integral of the motion;
which is the case for the conserved velocity com-
ponents of the HPS system P (4) Finally, we ask
about the status of the conjecture made in foot-
note 10 of Ref. 8 which concerns the thermody-
namic limit.

Clearly, our studies cannot answer the question
of why Monte Carlo investigations' do not exhibit
an apparent first-order phase transition for HPS
at v - j..34-1.35. Should analytical studies ulti-
mately demonstrate the existence of such a transi-
tion for hard disks (or HPS), one can ask if all
convex hard particles exhibit such a transition
and does there exist a comparison theorem for
bounds on the reduced density location of the re-
spective transitions.

ACKNOWLEDGMENTS

This research was supported in part by the
National Science Foundation and by the donors of
the Petroleum Research Fund, administered by
the American Chemical Society. We thank the
S.U.N.Y. Albany computer center for generous
grants of computer time.

J. P. Hansen and I. R. McDonald, Theory of Simple
Liquids (Academic, New York, 1976) p. 356-59.

See, W. W. Wood, Physics of Simple Liquids, edited
by H. N. V. Temperley, J. S. Rowlinson, and G. S.
Rushbrooke (North-Holland, Amsterdam, &968), for
disks; and W. W. Wood and J. D. Jacobson, J. Chem.
Phys. 27, 1207 (1957), for spheres.

3See, B. J. Alder and T. E. Wainwright, Phys. Rev.
127, 359 (1962), for disks; and B. J. Alder and T. E.
Wainwright, J. Chem. Phys. 27, 1208 (1957), for

spheres.
4W. G. Hoover and B. J. Alder, J. Chem. Phys. 46,

686 (1967).
5F. H. Ree and T. Bee, J. Chem. Phys. 56, 5434 (1972).
6W. G. Rudd and H. L. Frisch, J. Comput. Phys. 7,

394 (1971).
C. Carlier and H. L. Frisch, Phys. Bev. A 6, 1153
(1972).

H. H. Szu, J. Bdzil, C. Carlier, and H. L. Frisch,
Phys. Bev. A 9, 1359 (1974).



FRISCH, ROTH, KRAWCHUK, SOFIA SKI, AND BISHOP 22

9H. Kahn, Report No. AECU-3259 (unpublished).
B. J. Alder and T. E. Wainwright, J. Chem. Phys.
31, 459 (1959).

"B.J. Alder and T. E. Wainwright, Phys. Bev. A 1,
18 (1970); W. W. Wood in Eundamental Problems in
S'tatistical Mechanics, edited by E. G. D. Cohen

(North-Holland, Amsterdam, 1975), Vol. III; and M. H.
Ernst, E. H. Hauge, and J.M. J. van Leeuwen, Phys.
Rev. A 4, 2055 (1971).
J. B. Dorfman and E. G. D. Cohen, Phys. Rev. A 6,
776 (1972).


