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Rayleigh-Brillouin spectrum of compressed He, Ne, and Ar. I.Scaling
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The Rayleigh-Brillouin spectrum of He, Ne, and Ar is reported for 90' scattering at a number of densities spanning

the kinetic and hydrodynamic regime. A purely experimental test of scaling is made and it is found that deviations

from scaling at high density can be attributed to mean-field effects, At low densities there is evidence that deviations

from scaling, which arise from the detailed dependence of the spectrum on the intermolecular potential, are

detectable at the few percent level. Some insight into scaling is obtained by comparing the results at low densities

with curves predicted from a 3E kinetic model and from hydrodynamic theory.

It is well known that the Rayleigh-Brillouin spec-
trum S(k, (d) is the Fourier transform of the Van
Hove pair correlation function G(r, i),' where
G(r, t) is the probability of finding an atom at posi-
tion r at time t given that there was an atom at the
origin at t equal to zero. The wave vector k for
the space part of the transform is the difference
between the scattered and incident wave vectors of
the light and, to a high degree of approximation,
is simply given by

k= ~k, —k,. ~

= (2v/~)2 sin(e/2),

where A. is the wavelength of the light in the me-
dium and 8 is the scattering angle. At high den-
sities, . G(r, i) or the spectrum S(k, ~) may be cal-
culated explicitly starting from the linearized
equations for fluid mechanics, ' while at low den-
sities the spectrum may formally be derived from
the Boltzmann equation. '

The two regions are typically characterized by
the uniformity parameter y which is of the order
of I/kl, where l is the mean free path; y = I is the
kinetic region and y» 1 is the hydrodynamic re-
gime. (The region y « I is the free-streaming re-
gion and yields the well-known Doppler profile,
which is of no interest to us here. ) Physically,
I/O is the spatial dimension of the density fluctua-
tion probed by the scattering process so that the
medium appears as a continuum if this is large
compared to the mean free path; i.e. , the equations
of fluid mechanics may be used provided I/kl is
large compared to 1.

In the low-density or kinetic regime certain
scaling laws have emerged which are now common-
ly used in almost all papers dealing with the Ray-
leigh-Brillouin spectra in gases. In some respects

l

these laws follow rigorously from the Boltzmann
equation, while in others they are approximate. In
this article we wish to examine these scaling laws
experimentally for the gases helium, neon, and ar-
gon over a wide range of density. One might ex-
pect the scaling laws to fail either because of their
approximate nature or from the fact that the den-
sity was sufficiently large as to render the Boltz-
mann equation inappropriate.

The hypothesis of scaling as used in this paper
is that the spectrum S(k, &u), which in principle is
a function of 0, ~, the intermolecular potential and
the temperature of the fluid, is only a function of
two variables, a reduced frequency x given by x
= u/v 2kv„and y, the uniformity parameter given
by

y = v 2mn, v, /37ik.

Here v, is a mean molecular speed (ksT/m)'l', q
is the shear viscosity, n0 is the number density,
and m is the mass of a molecule. Other definitions
of y are given in the literature, 4 ' usually in terms
of an eigenvalue of the collision operator for a
particular force law.

It is appropriate to begin with a discussion of
kinetic scaling. (We follow the nomenclature and
approach of Sugawara et al. ') It may be shown that
the spectrum S(k, (k)) is given by

S(k, (d) =2Re) f,(v)f(k, v, u&)d'v,
0

where f(k, v, ~) satisfies the transformed, lin-
earized Boltzmann equation

(i~ —ik v)f(k, v, ~) =J (f(k, v, ~)]+ 1 .
The linearized collision operator J'N is given by

Z[f(k v rv)]=n J drr J( d'vf (v„v')]v —v]I(rr, ]v —v l)[f(k v', rv)+f(kv, ', rv) f(k v rv) -f(k v„rv)]. -(2)

Here f„the absolute Maxwellian, is given by
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Since the Boltzmann equation is valid within the binary collision approximation and neglects the duration
of a collision with respect to the time of flight between collisions, it follows that the J[f] te'rm which de-
scribes the rate of change of f due to collisions is proportional to the density and to some mean molecular
speed, say v,. The n, dependence. is explicit in J[f). In order to display the v, dependence which is impli-
cit in the ~v- v, ~

factor in J[f], it is convenient to express all velocities in reduced form v*=v/v, . It is
then trivial to show that Eqs. (1) and (2) can be written

i(&u —v,k v*)f(k, v*, e) =n, v, Jf(k, v*, &u)+1,

and

from which it follows that the spectrum is a func-
tion only of &o/kv„of n, /k, and, through the cross
section appearing in J[f], of th'e intermolecular po-
tential. Thus, the kinetic scaling law states for
atomic gases that experiments may be performed
at different scattering angles, density, tempera-
ture, or with different lasers, but the same spec-
trum will result when plotted as a function of
u&/kv, provided n, /k is a constant. [To be precise,
one has only removed the dominant part of the de-
pendence of J[f] on temperature or v,. There is
still a temperature dependence hidden in f,~v* —v,*~

xI(e, ~0* —v,*~) which is presumed to be very
small. ]

The commonly accepted scaling law for Brillouin
spectroscopy, which states that the spectrum is a
function only of x andy, is an approximation as
may readily be appreciated from the following ar-
gument. Consider the eigenvalue problem, J[g, ]
=A, g, Since f(k, v*, co) may be expanded in terms
of g, , it then follows by the usual matrix techniques
that the spectrum is a function of

If one extracts a particular A, say A„, then S(k, &u)

can be written

n,A, A2A,

The argument now runs that, although A, may vary
from potential to potential, the ratios A, /A, do not

vary significantly so that as an approximation the
spectrum is a function only of id/kv, and n,A, /k
The usual practice is to take the A associated with

shear viscosity as A, and to include a ~g factor in
the reduced frequency so that x andy are as de-
fined earlier. This is the form of scaling we wish

to examine experimentally.
The experimental apparatus was similar to that

used by Hubert and May, ' so only a few details
will be given here. The single-frequency Ar' la-

TABLE l. Typical signals (counts/sec).

Gas Dark count Stray light Signal count

He
Ne
Ar

0.45
0.45
0.45

0.93
1.18
1.0

y=19 y=1.5
477 13

1270 24
5335 155

ser had a combined jitter and drift of +30 mHz over
many hours and an output power of about 500-600
mW at 514.5 nm. The plane-parallel Fabry-Perot
interferometer had a finesse of 80 and was digital-
ly scanned. Typical count rates for the three
gases are given in Table I.

For the worst possible case, He at y equal to
1.5, the total number of counts recorded at the
laser frequency was 700+ 28. The measured stray
light was 57+ 7 counts. Thus the corrected spec-
trum was reliably determined even in the extreme
case. For the other gases, or at higher density,
the stray light was essentially zero. The absence
of stray light, which results from the 90' scatter-
ing geometry and the unique design of the light

trap in the cell,"has an important consequence.
'The experimental spectra can now be normalized
to unit area, and an absolute comparison can be
made with other gases or with theoretical. profiles.
Without this, one loses information near zero fre-
quency and, furthermore, must adjust the experi-
mental or theoretical spectra to match at some
point, such as the Brillouin peak, as Fookson et
a/. have done. " For further experimental details
and data-reduction techniques the reader is re-
ferred to the work of Ghaem-Maghami. "

As one object of the experiment was to test ex-
perimentally the scaling of Rayleigh-Brillouin
spectra without recourse to- theoretical calcula-
tion, it is important that the instrumental contribu-
tion to the line profile does not enter the problem.
For each gas the interferometer spacing was cho-
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sen such that the instrumental profile, as measured
in reduced frequency units x, was the same. Thus,
experiments at the same y value should yield iden-
tical spectra, independent of the instrumental pro-
file, provided of course that scaling is obeyed. The
test to be made is then to record the spectra of
He, Ne, and Ar, to normalize these to some fixed
area when plotted as a function of ~(~2kv„and
to compare the three sets of results at the same
value of y.

Figures 1, 2, and 3 are plots of the data before
correction for dark count of the photomultiplier
or for stray light. For the three gases, the den-
sities correspond to the same values of y. The
frequency scales while given in 0Hz have been
chosen such that 1 cm on the page corresponds to
the same number of x units for the three gases.
The figures display the usual evolution of Ray-
leigh-Brillouin spectra from a single continuous
profile in the kinetic or low-density region to the
well-resolved triplet structure in the hydrodyna-
mic or high-density domain. It is evident from
the figures that the data are of high quality, and
one can use them with confidence to examine sca-
hng.

The striking similarity of the spectra already
indicates, as a rough approximation, that scaling
is valid. For a careful check of scaling it is de-
sirable to carry out some manipulation of the raw
data. The dark count and measured stray-light
count were subtracted from the total counts. Then
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FIG. 2. A plot of the Rayleigh-Brillouin spectrum of
Ne at several densities for 90' scattering. The instru-
mental width (FWHM) is shown between arrows.
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the positions of the Brillouin peaks were deter-
mined in GHz from the known interferometer spa-
cing and from the measured separation of adja-
cent orders. (At least two complete Rayleigh-
Brillouin spectra were recorded at each density. )
For a given gas at a given density the four mea-
surements of the Brillouin frequency co~ agreed
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FIG. 1. A plot of the Rayleigh-Brillouin spectrum of
He at several densities for 90' scattering. The instru-
mental width Bull width at half maximum (FWHM)l is
shown between arrows.

FIG. 3. A plot of the Bayleigh-Brillouin spectrum of
Ar at several densities for 90' scattering. The instru-
mental width (FWHM) is shown between arrows.
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within +-'q'. If such spectra were superimposed for
data averaging then the Brillouin peaks would be
artifically broadened by +—,'%%uq. To avoid this we
made a minor adjustment to the frequency scale
for each section of the spectrum such that the
Brillouin positions all fell at the averag 1 fevaue or

ense y. The spectra for two orders of the in-
terferometer were then folded about the lae ser fre-
quency and averaged. Next the counts were nor-
ma ized to a common area measured from the la-

All data
ser requency to one-half the spectr 1 fc ra ree range.

ata points displayed in subsequent figures
have been treated in this manner. FinaOy, to fa-
ci itate a check of scaling, a smooth curve was
drawn through the points, and the thre

or eac gasj~were superimposed for each
value of y.

Figures 4 to 7 show a comparison of the s t
fox' foux' vvalues of the uniformity parameter. At

e spec ra

y equal to 1.94, one is safely in th k' t
y equal to 3.62, one is in the transition

etween kinetic and hydrodynamic behavior. At

y equal to 8.58 and 18.06 the spectrum ha
h dr

rum s pure
ydrodynamic characteristics. Clearly there are

differences between the curves for He, Ne, and Ar,
and one must conclude that departures from scal-
ing are readily detectable.

There is little doubt that the departure from
ideal scali at'ng large values of y arises from the
fact that ont one is no longer in a region of density

FIG. 6. An intercomparison of the experimenta1 curve
of He, Ne, and'Ar at y equal to 8.58~ ~
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those predicted by hydrodynamic theory, and the
differences in the spectra arise from the density
dependence of the various input parameters, i.e. ,
arise from the mean-field effects.

The situation is less clear at low values of y.
Results were obtained at y equal to 1.52, 1.94,
3.62, and 5.28. We do not reproduce all the results
here; the interested reader may refer to Ref. 12
for more details. There does not appear to be
any systematic variation among the spectra except
that small mean-field effects are detectable at y
equal to 5.28. The general level of disagreement
is of the order shown in Fig. 4. As this is the or-
der of the statistical spread in the points shown in
the raw-data curve of Fig. 1, one might dismiss
the differences as due to experimental error.
However, this is not completely justifiable. Typi-
cal counts per channel were 900, while the spec-
trum from x equal to zero to x equal to 1 was re-
corded in 100 channels. The fluctuation per chan-
nel is then+30 counts, or 3%, which is the level of
differences in Fig. 4. However, as a rough esti-
mate let us assume that the smoothing averages
five channels, each of which has four data points.
Thus, the error bar associated with the smoothed
curves should be f20 smaller than that for a sin-
gle data point, or less than 1%. We thus conclude
that scaling in the kinetic region is obeyed at the
3% level, i.e., is an excellent approximation, but
that differences of the order of say 2% or less may
exist for the gases He, Ne, and Ar. It is perhaps
coincidental that Sugawara et gE.' noticed differ-
ences of the same size between the theoretical
curves for Maxwell and hard-sphere molecules,
and that the differences occurred in the neighbor-
hood of the Brillouin component, as they do in Fig.
4. We have therefore confirmed experimentally
that Brillouin spectra in the kinetic region are
relatively insensitive to details of the intermolec-
ular potential. Although small differences may
exist at the few percent level, meaningful measure-
ments of these differences will only be possible
with an improvement in the signal to noise of about
10. This will require an increase of 100 in the
product of the laser power and integration time,
which in practice will be very difficult to achieve.

Fookson et aE."have also reported on the Ray-
leigh-Brillouin spectra of He, Ne, and Ar at low

y values. They compared their results with those
calculated for Maxwell molecules. They do not
comment on the large discrepancy between the
calculated and observed spectra at low frequency
for He and Ne. Presumably, the disagreement
arises from an uncertainty in the stray-light cor-
rection. In the region between the central and
Brillouin peak and around the Brillouin peak, there
is general agreement between theory and experi-

ment. For He, however, they find slightly better
agreement if y was determined from the thermal
conductivity rather than viscosity. For a consis-
tent use of y this indicates that they also have de-
tected small differences between the spectra for
the three gases; i.e. , they have detected small de-
partures from scaling.

Clark" has examined the Rayleigh-Brillouin
spectrum of Xe for values of y from 0.1 to 6 and
compared the results both with kinetic and hydro-
dynamic calculations. In the kinetic regime Fig.
6 of Ref. 13 appears to show that the spectra are
very slightly better described by a hard sphere
rather than by a Maxwell molecule calculation.
While not an explicit test of scaling, Clark's re-
sults are consistent with those presented here.

Some physical insight into the near success of
scaling at low densities can be obtained by com-
paring the experimental results with certain theo-
retical curves. Starting with Boltzmann's equa-
tion the only exact calculations of Rayleigh-Bril-
louin spectra which have been carried out are for
Maxwell molecules and for hard spheres. ' As the
existence of only two solutions is solely du+ to the
mathematical complexity of the problem, it is not
surprising that several authors" '" have resorted
to model solutions. We choose to compare our re-
sults with what we call the S6R model, This in
terms of the jargon of the field, is a 3E model and
can be obtained from the S6 molecular relaxation
model" by suppressing the effects of internal de-
grees of freedom. (We are indebted to G. Tenti
for supplying us with the program for the compu-
tation. } This theory is particularly satisfying as it
has no adjustable parameters, requires only the
viscosity and thermal conductivity (or equivalently

y) and the Eucken ratio to specify the molecular in-
teraction, has the correct free-streaming limit at
low densities, and yields at high densities the cor-
rect hydrodynamic spectrum. By "correct hydro-
dynamic" we mean the ideal-gas hydrodynamic
limit, or one in which mean-field effects are neg-
lected. The second set of theoretical curves are
those predicted by Mountain' using pure hydrody-
namics. For both cases, the theoretical curves
were convoluted with the instrumental profile, with
allowance made both for overlapping orders of the
interferometer and for the spread in wave vectors
resulting from the finite cone of observation. They
were then normalized to the same area as the ex-
perimental profiles. The input data were obtained
from Refs. 16 to 23.

Figure 8 shows the experimental points for Ar
compared with curves computed for S6R and by
Mountian' at the two lowest values of y. The mod-
el solution describes the experimental results
within the spread in points at all frequencies, ex-
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cept for a small region near zero frequency at y
equal to 1.52. This is remarkable agreement con-
sidering the simplicity of the model. The hydro-
dynamic curves, while not as successful, do ap-
proximate the experimental spectra. At lower
values of y, one expects the model solution to give
an adequate description, since as y approaches
zero it becomes exact, whereas it is well known
that the hydrodynamic curves diverge rapidly. As
the major input parameters to the S6H calculation
are the hydrodynamic quantities, viscosity, and
thermal conductivity, one can conclude that the
hydrodynamic modes dominate the collision term
J[f], i.e. , they dominate the spectrum at all den-
sities, the Knudsen region obviously being ex-
cluded from this statement. This in turn gives us
a clearer insight into why the scaling law is so

FIG. 8. A comparison of the experimental points for
Ar at y equal to 1.94 and 1.52 with the curves predicted
by hydrodynamics (Ref. 2) and by kinetic modeling (SGR).

closely obeyed. The S6R spectrum, while a func-
tion of x, y, and the Eucken ratio E, is in fact in-
sensitive to the variation in E at least over the
range encountered in nature. That E varies but
little simply reflects that it is a ratio of transport
coefficients, both of which are a measure of the
mean free path. The introduction of E into the
theoretical spectrum is thus equivalent to a rein-
troduction of y, and therefore redundant. Thus the
spectrum is a function of only two parameters.

The high-density behavior is related to these
comments. If one neglects the density dependence
of the velocity of sound, thermal conductivity, etc. ,
and takes the Eucken ratio as a constant, then it is
easy to show that the hydrodynamic equations can
be expressed as a function of x andy alone. As
the density dependence of the various parameters
is not large, we understand why the spectra in the
hydrodynamic region are similar at the same val-
ues of y. With mean-field effects included, one
could make the spectra more nearly identical by
modifying the frequency scaling from [(-,')'~')o/kv,
to [(y/2)'~'je/kCO. This would place the Brillouin
positions at the same value of x at all densities.
However, it is not possible to modify the definition
of y to simulate the kinetic scaling law. Intrin-
sically, the spectrum is a function of four parame-
ters, as the reader may easily verify by examining
Eq. (13) of Ref. 2.

In summary, we have carried out an experimen-
tal test of scaling for the rare gases He, Ne, and
Ar. At high densities, departures from scaling
can be attributed to mean-field or non-ideal-gas
effects. In the kinetic region, although scaling is
obeyed at the 3% level, the experiments indicate
that differences of the order of 1 to 2% may exist.

~L. I. Komarov and I. Z. Fisher, Zh. Eksp. Teor. Fiz.
43, 1927 (1962) ISov. Phys. -JETP 16, 1358 (1963)].

R. D. Mountain, Bev. Mod. Phys. 38, 205 (1966).
M. Nelkin and S. Yip, Phys. Fluids 9, 380 (1966).

. S. Yip, J. Acoust. Soc. Am. 49, 941 (1971).
~A. Sugawara, S. Yip, and L. Sirovich, Phys. Rev. 168,

121 (1968).
~S. Ranganathan and S. Yip, Phys. Fluids 9, 372 (1966).
M. Nelkin and A. Ghatak, Phys. Rev. 135, A4 (1964).
A. Sugawara, S. Yip, and L. Sirovich, Phys. Fluids 11,
925 (1968).

M. Hubert and A. D. May, Can. J. Phys. 53, S48
(1975).
B. K. Gupta, Ph. D. thesis, University of Toronto,
1971 (unpublished).

~J. E. Fookson, W. S. GornaQ, and H. D. Cohen, J.
Chem. Phys. 65, 350 (1976).

2V. Ghaem-Maghami, Ph. D. thesis, University of
Toronto, 1978 (unpublished).
N. A. Clark, Phys. Bev. A 12, 232 (1975).

C. D. Boley, R. C. Desai, and G. Tenti, Can. J. Phys.
Phys. 50, 2158 (1972).

5G. Tenti, C. D. Holey, , and B. C. Desai, Can. J.
I hys. 52, 285 0.974).

6J. O. HirschfeMer, F. C. Curtiss, and R. B. Bird,
Molecular Theory of Gases. and Liquids 5V'iley, New

York, 1954).
'~J. M. H. L. Seggers, M. Klein, and J. S. Gallagher,

Natl. Bur. Stand. (U.S.},1971, Heat Division, AD719, 749.
~ A. L. Clark and L. Katz, Can. J. Phys. 21, 1 (1943).

A. Van Itterbeek, W. Van Dael, and W. Grevendonk,
Physica (Utrecht} 25, 640 (1959}.
A. Michels, T. Wassenaar, and G. J. Wolkers,
Physica (Utrecht) 31, 237 (1965).

2~J. Kestin and W. Leidenfrost, Physica {Utrecht) 25,
537 (1959); 25, 1033 (1959).
W. G. Kannuluik and E. H. Carman, Proc. Phys. Soc.
London B65, 701 (1952).
G. A. Cook, Argon, Helium, and the Rare Gases
(interscience, New York, 1961), Vol. 1. '


