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Oscillator-strength trends in the presence of level crossings
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A configuration-interaction model is used to study line strengths and gf values for transitions in which
level crossing occurs in either the initial or final state. It is shown that the line strength varies continuously
for the lowest eigenstate, for example, but not for the eigenstate with a given dominant component. The
latter exhibits marked irregularities in the vicinity of a crossover. Some plots for line strengths are presented
showing the possible types of irregularities using a model interaction matrix. Computed gf-value trends for
3p or 4p 'P-(3s '4s, 3s3p ')'S transitions, as a function of Z, illustrate some of these irregularities.

INTRODUCTION

Systematic trends in the oscillator strengths
(or f values) have been found for many transi-
tions' in atomic systems. The trends most fre-
quently considered are those for transitions
along an isoelectronic sequence where only the
nuclear charge Z of the many-electron system
varies. Z-dependent perturbation theory is
usually used to study the highly ionized species
of such sequences with Z ' as a perturbation
parameter. ' For this reason, it is customary
to consider the f value also as a function of Z '
or occasionally (Z —o) ', where o is a screening
parameter.

There are several advantages to studying f
values for an isoelectronic sequence rather than
isolated atoms or ions. When the f value varies
systematically, known values may be interpolated
(or extrapolated) to neighboring atoms or ions.
In the case of experimental data, new values may
be compared with existing data for other atoms or
ions, not in the usual sense of values agreeing
but rather in the sense that values exhibit a
smooth trend. ' In their critically evaluated
tables of f values, Smith and Wiese~ relied ex-
tensively on the smooth behavior of f values in
predicting the most reliable estimates. Neither
of these procedures is valid when irregularities
are present.

Most of the trends considered to date have been
for resonance transitions where smooth trends
could be drawn. However, irregularities have
been found. ' One of the earliest examples was
the f-value trend for the 2s'2P 'I' -2s'Ss 'Stransi-
tion where the energy levels of the interacting
configurations, 2s23s S and 2s2P S, cross as
one proceeds along the isoelectronic sequence.
Irregularities were also found in the 4s'S -4P'I'
f-value trend of the AlI isoelectronic sequence. '
In this sequence each irregularity was associated
with the crossing of the energy level of a config-

uration interacting with either 4s'S or 4p'P, but
not all crossovers Produced irreguLarities.

It must be remembered that physical f values
are defined only for integral values of Z. Theo-
retical calculations are not restricted in this
way, but it is customary to perform calculations
for integral values only and then join these values
by a smooth curve. Clearly the structure of the
f-value trend in the vicinity of a crossover may
not be depicted adequately by such a procedure,
particularly if the crossover is rapid and does
not occur near an integral Z value.

As gneiss' pointed out, level crossings are
common in atomic spectroscopy and pose a
problem whenever systematic trends are used
for prediction. For example, energy-level data
for ions in an isoelectronic sequence often become
unavailable for multiply ionized atoms in the
vicinity of a crossover that causes an irregular-
ity in the level structure.

Level crossing occurs in an isoelectronic se-
quence whenever "plunging" configurations are
present. These are configurations whose ener-
gies lie above the ionization limit in neutral
atoms, but, as the nuclear charge increases,
their energy levels come down into the bound
spectrum, crossing many states with which they
interact. In the second- row isoelectronic
sequences (Mg and higher), these are configura-
tions involving one or more Sd electrons. For
larger atoms, configurations with 4f electrons
play a similar role. Because of the prevalence
of such crossovers in the more complex atoms,
a detailed study of f-value trends in the presence
of crossovers may be helpful in the analysis of
such trends.

In this paper, we investigate the behavior of
an f-value trend when the. energy levels of two
interacting configurations cross. A configuration-
interaction model will be used to predict the f-
value behavior analytically, under certain assump-
tions. Some examples will be given to show that
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theoretical f values exhibit similar irregularities
when not restricted to integral values of Z.
Finally, guidelines will be presented for the
study of f-value trends in the presence of cross-
overs.

A LEVEL4"ROSSING MODEL

Let us consider a gf value for a transition from
an initial state i to a final state k. Let the wave
functions for the states by g, and &1&2, respectively.
Suppose further that the initial state is a super-
position of two interacting configurations, i.e.,

4 —Cl@1+ C2+2 t

where @„&,are configuration-state functions.
In a configuration-interaction model, the mixing
coefficients are eigenvectors of the interaction
matrix

11 12

crossover and that they are positive for one
eigenvector, nega, tive for the other.

Many symmetries exist between the four com-
ponents of the eigenvectors. It is easy to show
that

c,„(a)= c,„(-a), c„(a)=c,„(a),
c„(a)= -c,„(a)= -c,„(-a).

The line strength 8 for a transition is proportion-
al to the square of the transition-matrix element
&rj2lrl g,&. By Eil. (1), this element may be ex-
pressed as

&42lr I 6& = ci(aX42lr
I
4 1&+ c.(a)&lalr I4.&

= c,(a)b, + c,(a)b, ,

where b, =&&1&2lrlC,& and i=1 or 2. We shall
treat these parameters as constants in the vicin-
ity of a crossover. Let us ass~me

I
bil

I
b2I ~

Then the matrix element is proportioned to
~ Ifa =&+~I H I+r&

H2, H2~,
M "&(a,b) =c,(a)+ c,(a)b, (4a)

Suppose that now, as S varies, the diagonal
energies, H» and H», cross and the values of
H12 H» remain essentially constant. If we
choose an energy scale such that this interaction
is unity with the average energy corresponding
to the zero of the energy scale, then the 2 &&2

interaction matrix is of the form

a

c,(a) = (a+ E)c,(a),

c,(a) = [2(1+a'+ aE)] '~2 .
(»)
(Sb)

For the upper (+) solution, the phases of the two
components are the same whereas for the lower
(-) solution, the phases are opposite in this
model. In a more general model, the relative
phase of the upper solution has the saxne sign as
the interaction, the lower solution having the
opposite sign. The important observation for
our purposes is the fact that the rel.ative phases
of both eigenvectors remain unchanged during a

In this model, the crossing of the levels occurs
as the variable a changes sign. The eigenvalues
of the matrix are

E, „(a)=+(1+a2)'~2 (2)

where E,(aj is the lower and E„(a) the upper eigen-
value. As is well known, the two energy curves-
one for the upper and one for the lower state —are
continuous and do not actually cross. The cor-
responding eigenvectors c(a) = (c,(a), c,(a))' are
given by the equations

where

and consequently, -1 &b &1. Similarly, when

I
b,

I

~
I
b,

I
we can define

M a&(a, b) = c,(a)b + c,(a) . (4b)

Finally, we define

S'i&(a, b) = [M "&(a, b)]2 i =1 or 2 .
Again symmetries are present. In particular,

S!2&(a,b) =S!'&(-a,b),
S' '(a b) =S"'(-a,b),

and so the function S&'~ need not be considered
further. Also,

S,(a, -b) =S„(-a,b),

so that the range of b may be restricted as well.
In Fig. 1, plots of S„"&(a,b) (dark) and Sf'&(a, b)

(light) are presented for a series of b values.
Several important points can be observed. The
line strength for both the upper and the lower
state varies continuously with a. In atomic
physics, however, it is customary to identify
states by their dominant component and plot f
values for transitions between states with speci-
fied dominant components. As a goes through
zero, the dominant component of the state changes

. and it then becomes necessary in Fig. 1, to
switch from a dark curve to a light curve or vice
versa. Only when b =0 does this result in a con-
tinuous line strength, that is, when a transition is
allowed to only one of the interacting configura-
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levels of the configurations 3s'4s'S and 3s3P"S
crossed between SiII (Z= 14) and PIII (Z = 15),
but no irregularity was observed. In order to
check the trend more carefully at nonintegral
values of Z, a model calculation was performed.
Transitions from both 3P 'P and 4P 'P were con-
sider ed.

For each Z, a basis set of radial functions was
determined for which the energy

E = st&(3P) +&(«) + &(4p)]

-IO -8 -6 -4 -2 0
0

8 IO

FIG. 1. The line strengths S„'" (a, b) (dark) and
S," (a, b) (light), as a function of a for several values
-b = 0(0.25)1.0.

tions. In this case, the resulting curve exhibits
a cusp at a=0. Also, S„(a,0)+S,(a, 0)=1. As
the interaction increases the mixing, the line
strength is transferred from one state to the
other. Thus, one decreases whereas the other
increases until at a =0 the two are identical in
magnitude. Once the crossover has occurred,
the interactione again decrease and the reverse
process takes place. When b is not equal to
zero, a jumP discontinuity in the line strength
is present for transitions with a specified dom-
inant component.

This discontinuity results from the fact that,
as one changes from an upper state to a lower
state (or vice versa), the relative phase of the
two components changes. From Eq. (4) it is
clear that, for a specified value of b, in one case
the relative phase leads to an enhancement in the
magnitude of the matrix element, the two terms
having the same sign, whereas for the other
there will be cancellation, the two terms having
opposite sign. In following the line strength for
a transiton through a crossover, a transfer
occurs from an enhancement situation to a can-
cellation situation (or vice versa) resulting in
the discontinuity. On the other hand, when the
interaction is small "before" and "after" the
level crossing, then the line strengths in the two
regions will be similar that is, S„(-a,5) = S,(a, b),
as a becomes large.

was stationary. These functions were then used
to compute the interaction matrix for the config-
urations 3s'4s and 3s3P"S that define the two 'S
mixed states. The crossover of the two energy
levels in this model occurs very close to Z= 14.45.
For lower values of Z, the lowest 'S state ('S, )
has 3s'4s'S as a dominant component, but as Z
increases, the 3s3P' configuration comes plunging
down into the discrete spectrum from the continu-
um in AlI. For Z&14.45 it is the lowest 'S state
in the AlI isoelectronic sequence.

In Fig. 2, the gf-value trends for transitions
from 3P'P to each of these states are plotted,
namely, 3P 'P —'S, (lower) and 3P 'P —'S„(upper).
In this case, both transition-matrix elements,
(3s'3P

~

r
~

3s'4s) and (3s'3P
~

r
~

3s3P'), are nonzero
and the ratio corresponds closely to b =-0.9.
In fact, the curves are similar to the line-strength
curves in Fig. 1 for b = -1.0, though the interac-
tion builds up and dies down more rapidly. The
darker curve for the 3P'P —4s'S transition has
a marked discontinuity, going from an enhance-
ment peak in the gf value to a zero. The lighter
curve for 3P'P —3s3P"S does just the reverse.
On the other hand, since the crossover is dis-

1.0—

gf

0.5—

SOME gf CALCULATIONS I

13.5 14.5

The above analysis introduced several assump-
tions for simplicity. In this section, we present
some gf values calculated using a configuration-
interaction model and show that similar trends
are obtained.

In the earlier study of 4s'S-4P'P transitions
in the Al I sequence, it was found that the energy

FIG. 2. Theoretical gf values for 3P P- S& gower)
and 3P P- S„(upper) transitions as a function of Z. The
dashed curve depicts the shift due to relativistic effects,
the dark curve the gf va, lues for the 3P P-4s S transi-
tion, and the light curve the 3p P-3s3P S transition.
A single-configuration approximation was used for the
P state and two configurations for the S states.
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tinctly in the middle of an interval and the inter-
action has a short "range", the three values cor-
responding to Z = 13, 14, and 15 can readily be
joined with a smooth curve.

Relativistic effects are usually small for light
atoms, but the effects such as the mass correc-
tion, Darwin term, and spin-spin contact which
shift the energy of a configuration as a whole
without being J dependent, may affect configura-
tions differently. Consequently, the crossover
point may be shifted. In Fig. 2 the dashed curve
shows a small shift due to these relativistic
effects. Because of the rapid change of the gf
value in the vicinity of a crossover, the shift
may produce an appreciable change, in the gf
value for a particular Z value. Clearly, rela-
tivistic effects become important in the level-
crossing region, even for light atoms.

In Fig. 3, 1gf
~

values are plotted for 'S —4P 'P
transitions (since these may now be either in

absorption or emission, only the absolute value
is considered). This is a case where 5= 0 with

only the (3s'4s
~

r
~

Ss'4P) transition matrix con-
tributing to the oscillator strength. The dark
curve represents the 4s'S —4P'P transition and
the light curve the 4s'S —SP'P transition.

A gf value is proportional to the product of the
transition energy and the line strength. Because
of the interaction, the two transition energies are
not precisely the same at a crossover. However, .

if the interaction is small compared with the
transition energy, as in the present case, then
this difference may be ignored and the curves
are essentially continuous with exactly half the

gf value distributed to each trend at the cross-

2.0-

S "4p P

S„—4p P+

1.5—

0.5-
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FIG. 3. Theoretical 1@ values for the S& gower)-
4p P and S„(upper)-4p P transitions as a, function of Z.
The dark curve depicts the gf values for the 4s S-4p P
transition and the light curve the 1gf1 values for the
3s3p S-4p P transition. A two-configuration approxi-
mation was used for the S states and a single configura-
tion for the P state.
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FIG. 4. Theoretical Igf ) values for 3p P-3g3p S and
4p'P- 3s3p S as a function of Z using the four config-
uration-interaction model (383p, 3s 4s, 3s 5s, 3s 68} S.

over. point. Clearly the values for integral Z
may again be joined by a smooth curve in, this
case without any structure.

Finally, it should be remembered, that the f
value trend for the plunging SsSP"S configuration
(light curve in Figs. 2 and 3) was computed from
a two-configuration-interaction model. In fact,
this configuration interacts with the whole Ss'ns'S
Rydberg series. To see the effect of this inter-
action, a second calculation was undertaken in
which radial functions were determined such
that E = -', [E(4s)+ E(5s) +E(6s) + E(SP) + Z(SP)]
was stationary. A configuration-interaction
calculation including the four configurations
(SsSp', Ss'4s, 3s'5s, Ss'6s)~8 determined the wave
function for the mixed state having SsSP"S as
a dominant component.

The effect on the 1gfi value is depicted in Fig.
4. As Z increases, the SsSP22S configuration
first crosses Ss'6s, then Ss'5s, and finally,
3s'4s. The ~gf~ value from Sp'P (lower portion
of Fig. 4) is quite different from that from
4P'P (upper portion). In the former, a transi-
tion to SP'P is allowed from all the interacting
'S configurations (corresponding to 5 e0 in our
model), whereas in the latter the transition be-
tween the dominant components SsSP 'S —4P P
is not allowed (corresponding to b =0). The
latter shows clearly that the interaction of SsSP'
with Ss'ns is largely a "local" interaction being
appreciable only in the vicinity of a crossover.
The peaks vary in magnitude mainly because of
the variation in the transition-matrix element
(4P

~

r
~

ns) and, to a lesser extent on the variation
in AE, which becomes zero at about Z =13.8
where 4P'P and SsSP22S cross. The lower por-
tion of Fig. 4 exhibits the type of discontinuities
associated with different b values. The discon-
tinuity at Z = 14.45-is similar to that of the light
curve in Fig. 2.
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CONCLUSION

The above study has shown that the gf value,
when treated mathematically as a function of Z ',
may exhibit a jump discontinuity at a crossover
point, where the energy levels of two interacting
configurations cross. On the other hand, con-
tinuous gf trends are obtained for transitions
from the jth eigenstate of a given initial-state
symmetry to the 4th eigenstate of the final-state
symmetry. This suggests that IJ' values should
be plotted for transitions between levels rather
than configurations. Indeed, in a study of
3g 3d D and 3s3p D mixing in AlI it was shpwn
that mixing coefficients for the lowest 'D varied
smoothly with I/(Z —12) even though level cross-
ing occured at Z = 13.6.' For this reason the f
value trends for transitions from the 3s'3P'P
ground state in AlI are often plotted for transi-
tions tp the lpwest D pr the second lowest D, ' '

rather than for a given dominant component in
the final state.

The 3s 3d D and 3s'P2 D interaction is an ex-
ample of a "long-range'" interaction. Because
the two configurations are in the same complex,
the interaction remains strong for all Z values.
In such cases it seems reasonable to plot gf
trends in a fashion which assures continuity
mathematically.

In other instances the interaction is of such a
"short-range" nature that, in proceeding from
one atom (or ion) to the next in an isoelectronic
sequence the effect of the crossover may not be
noticeable unless it occurs near an integral Z
value. In such cases it seems more reasonable
to plot gf trends for a specific transition, keep-
ing in mind that an irregularity has occurred.
Since solid lines often imply continuity, it may
be more appropriate, then, simply to link points
for integral values of Z in some fashion.

With these comments the 4s'S —4P 'P f-value
trends published earlier may be interpreted more
accurately. Plunging configurations with three
outer electrons in the n=3 shell cross either
3s'4s or 3s'4P in different intervals. The
Hartree-F pck energies pf 3s3P S and 3s3d S
cross the 4s 'S energy in the intervals (14, 15)
and (23, 24), respectively, and 3s3P('P)3d 'P
and 3s3P('P)3d 'P cross 4P'P in (16, 17) and

(17, 18), respectively. All are short-range in-
teractions with the effect of reducing the f value
(the transition-matrix element of 4s'S or 4P2P

with the interacting configuration of the other
state is zero, that is, b =0 in our model analy-
sis). Interactions with other configurations in
the n=3 shell such as the interaction of
3P'('D)3d 'S with 3s3d'('S)'S merely modify the
crossover point somewhat. In any event, only
two crossovers occurred near an integral value
of Z, producing noticeable irregularities in the

f value. In retrospect, the theoretical f-value
trend as a function of Z ' should have had four
sharply pronounced reductions to about half the

f value in the vicinity of each crossover.
The structure of a gf-value trend for a plung-

ing configuration, as depicted in Fig. 4, is
reminiscent of line shapes for transitions to
autoionizing states or plots of photoionization
cross sections. There is an important differ-
ence, however. We saw earlier that, even though
3s3P"S interacts with the whole 3s'ns-Rydberg
series, in the vicinity of a crossover the domi-
nant effect is from the two-configuration inter-
action. A bound configuration lying above the
ionization threshold, interacts with a continuum
of unbound states, lying partly above and partly
below the bound configuration. Thus there is a
continuum of interactions and as the energy of
the final states passes through a resonance, the
transition probability changes rapidly but con-
tinuously from an enhancement to an interference
phenomenon.

In this paper, we have focused on one type of
irregularity in a gf-value trend, namely, the
irregularity that results when energy levels of
interacting configurations cross either inthe
initial or final state. Other types of irregular-
ities may also occur. For example, the transi-
tion-matrix element between the dominant com-
ponents of the initial and final state may have a
zero. The latter was found by Curtis and Ellis"
to be the cause of a pronounced minimum in the
f-value curve for the 4P'P, &,

—5d 'D»2 transition
in the CuI sequence. Such irregularities, how-
ever, lead to a continuous f value curve -and are
solely due to the fact that the transition-matrix
element is squared. The latter may well exhibit
a regular trend.
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