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Scaling properties of the dielectronic recombination rate
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Detailed theoretical calculation of the dielectronic recombination rate coefficient a "has been carried out for the

Be and Ne sequences, and the scaling properties of a " in the nuclear core charge are examined. Based on these

results an improved semiphenomenological formula is then constructed.

v.(t, i, d) = l «-I vli—, I.&I', (2a)

&g(d}= I', (d)/[I'„(d) +I', (d)] (2b)

and where l, is the angular momentum of the con-
tinuum electron. In (2b), 1', and 1"„are the Auger
and radiative decay widths, respectively, of the
state d. [The total DR rate may be obtained by

Dielectronic recombination (DR), which de-
scribes the electron capture by an ionic target via
initial excitation of inner-shell el, ectrons as the

projectile electron goes into an excited orbital, is
known to contribute significantly to radiation cool-
ing of hot plasma, and competes with the direct
radiative capture (RC} process. While several ex-
perimental attempts were made recently to direct-
ly measure the (DR) cross section, most of the
available information on the DR rate coefficient
0. " has thus far come from various theoretical
estimates. Thus, we recently reported' a detailed
study of the Ne sequence, which showed some re-
markable deviation in the scaling behavior of o "
from the previous formula. "' An extensive calcu-
lation of the a "for the Be sequence has now been
completed, 4 which further suggests modifications
of the existing formula. Based on these two stud-
ies, we propose an improved formula for a "with

more realistic Zc (and N) dependences, where Zc
is the nuclear core charge and N is the number of
electrons in the initial target ion, although the N

dependence is much less certain at present.
The DR rate coefficient n " is defined as the

thermal average of the product of electron velocity
e and the DR cross section cr ", and, in the non-

overlapping resonance approximation, assumes the
form

@DR(t) —(DVDR)

r t/t~ ~8-eq/0 V (i, I —d)v(d)2m,
(kT

where the collisional-excitation, radiationless-
capture probability V, and the fluorescence yield
u for the intermediate states d are expressed as

summing (1) over all the initial ionic configura-
tions. ] The cascade effect' has been neglected in

(1) for simplicity, but is included in the actual nu-

merical calculation.
The scaling property of the quantities V„, and

n "may be discussed first for a purely Coulombic
case, so that the scale-breaking behavior can then

be studied as a function of N and Zc. As noted

earlier, ' for an effective charge Z with ZI & Z & Z~
and ZI ——Z~ —N, we have the typical behavior for
the dominant b,nt0 transitions

~Z0 P ~Z0 P ~Z4
a ~ a )

so that

Z' for I'„»1, and u= 1,

~IZ' for I' «I', and u « 1.

By taking the kT values to scale like Z' and e, =E~
-E, -Z' by the resonance condition, we have

exp(-8, /k T) -Z',

in which case Eq. (1) gives

Z ' for ~=1,
~DR ~ (3)

IZ' for ap «1.
The behavior (3) will of course break down as the
number of electrons N in the initial ion increases.

Calculation of A, and A„, whose sums corres-
pond to I', andi'„, has been carried out for both
the Ne sequence (N=10) and the Be sequence
(N=4). The actual procedure adopted involves two

simplifying steps. Firstly, a complete set of
transitions are calculated in the simple angular
momentum-averaged (AMA) scheme' so as to be
able to cover as many intermediate states d as
possible. This provides a crude estimate of the
total n, and also allows us to select a small
number of dominant transitions for a more detailed
analysis. The second step is to recalculate the
contribution of the dominant transitions using a
more realistic coupling scheme (LS coupling in
the present case). The final aDR is then estimated
by proportionately scaling the AMA result. The

2896 1980 The American Physical Society



22 SCALING PROPERTIES OF THE DIELECTRONIC. . . 2897

N =10

fJ

0

8-M I

I

r
~ /

Al

'0

IO—

RC
~ ~

'~-o- ——%- ——

'~

IO 20 30 z 40
C

I

50

FIG. 1. Dielectronic recombination rate coefficient
a R for ten-electron ions are plotted for different ionic
species. The solid curve is obtained by a detailed cal-
culation, as given in Ref. 1, and coincides with the re-
sult of (6). The dashed curve is the prediction of Bur-
gess-Merts formula. The kT values are scaled as Z2,
and taken to be 1 keV for Fe~s+. The values denoted by
open circles are obtained with a different estimate of
the oscillator strength, indicating the magnitude of in-
accuracy involved. The Z dependence is still similar to
the BM curve.
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FIG. 2. Dielectronic recombination rate coefficient
n for four-electron ions. Both the An = 0 and 4n & 0
contributions are given explicitly. Solid curve (DR) is
the total sum. The temperature kT is scaled here as
Z, with kT=1 keV for Fe '. The direct radiative cap-
ture contribution is given by the dotted curve (RC).

cascade effect can be easily included in the AMA
scheme.

Figure 1 shows the dependence of n "for N = 10
on Z~ when kT is scaled as Z', with the effective
charge Z taken here to be roughly Z = (Zz+ Zc)/2
and kT =1 keV for Fe'~. Of course only the bn
40 transitions are possible in this case; in parti-
cular, the 2p electron exci]ations to 3dnd and 3dnf
configurations are some of the dominant transi-
tions ~ The variation in Z is given by

Z~ & 60. However, the hntO contribution remains
dominant for most cases. Details of these calcu-
lations will be published elsewhere. '4

Based on the results of explicit calculations for
the N=4 and 10 sequences, we proposed here a
modified form of the semiphenomenological for-
mula with an improved Z dependence. Following
the original parametrization by Burgess' and a
later modification by Merts' for the case hnWO,
we set

(yD R ZW (4) +DR +DR(Atr/At) (5)
with y~-', for this case, being rather close to the
limit (3) for &o «1. The curve BM is the result
of a semiphenomenological formula of Burgess' as
modified by Merts. ' (There are some ambiguities
in the input data used in generating these points,
but the general Z~ dependence is not affected by
them. ) The case with N=4 is plotted in Fig. 2,
where the Lnc0 and En =0 contributions are both
given. The total o. is then compared with the
radiative capture rate (RC). Again the fit for Zc
~ 35 indicates that &=1, thus nearly saturating
the limit (3), although the relation (3) is obtained
in the purely Coulombic limit. Apparently, the
hn=0 contribution becomes quite large as Z~ in-
creases, perhaps exceeding the b,nWO value for

A"/A' = x[0.39 exp(-v N/3)]. (6)

Note especially that A" has a different x depen-
dence from A', while the N dependence in (6)
should not be taken seriously as it is obtained us-
ing only two data points at N=4 and 10. The for-
mula (5) fits our calculated results very well, both
for the N=4 and N=10 cases, but deviates con-
siderably from the BM values. Of course the form

where n~MR is the Burgess-Merts formula, where

A'=0 5x'i (1+0.21x+0 03x )

x = (Z + 1)(n-,' -n-').

The new adjustment factor'we introduced in (5) is
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FIG. 3. Dielectronic recombination rate coefficient
n for four-electron ions. The theoretical calculation
is given by curve T, and the formulas (6) and (5) give
curve H. Curves B and M are the results of the Bur-
gess and Merts formula. The kT is scaled as Z2, with
kT =1 keV for Fe22'. Note again the Z dependence of the
curves T and H. The values denoted by the open circles
are obtained with a slightly different estimate of the
oscillator strength.

(5) should be checked further by comparing it with
additional theoretical calculations for other se-
quences with different N (including both open- and
closed-shell ions), and also possibly with some

experimental results. Just as in the original BM
formula, the form (5) should be regarded as an
empirical fit to the calculated values, specifically
in the range Z~ ~42. Figure 3 contains compari-
son of the various formulas for the case N=4 and
kT=1 keV for Fe '. The curve B is obtained
from the Burgess formula for An=0, and the
curve M from the Merts modification using A' for
the hn IO transitions. Apart from the overall
magnitudes, the Z dependence is again seen to be
quite different from the calculated values given by
the curve T. The modification (5) with A" is
given by the curve H. The N dependence in (6) is
approximately derived from the result for N=4
and 10 only. Extensive theoretical investigations
of other systems with larger N various corrections
to the DR rates are in progress.

As is well known, the DR process discussed
above often dominates over the direct radiative
capture' in the overall electron capture reaction
involving highly stripped ions. Such an enhance-
ment of higher-order effects is also seen in Auger
ionization'-' and in the photo-Auger effect' (which
is the inverse DR). This important dynamical
property of heavy ions is probably caused by a
disproportionately heavy concentration of transi-
tion strength to low-lying discrete orbitals and by
the Pauli exclusion effect. The Z~ dependence of
the screening effect also plays an important role.
More study is needed, however, to understand
this peculiar property. "
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