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Local approximations to interelectronic exchange are tested by comparing frozen-core relativistic Hartree-
Fock calculations with relativistic model-potential results. The calculations are identical except in the
treatment of exchange. Two new local approximations are suggested which appear significantly better than
the usual Slater-type potential at reproducing effects of exchange between core and valence electrons of
atoms. Results are tabulated for average radii and one-electron energies in Ag and Rb. Errors arising from
the local approximation of exchange have been reduced on the average by a factor of about 5 with no
increase in the complexity of the calculations.

I. INTRODUCTION

Simplifications of the Hartree-Fock (HF) pro-
cedure are often useful in calcul. ations of the in-
teractions between valence electrons and closed-
shell cores, especially in molecular and solid-
state applications. Two essential components of
most such simplications are (1) the mathematical
separation of "valence" and "core" electrons and

(2) a local approximation for exchange. The pur-
pose of this paper is to test the accuracy of 1ocal
approximations for the exchange between valence
and core electrons and to suggest simple improve-
ments to the common form of approximation based
on the Slater term (see Sec. Il)

The search for suitable simplieations has led to
various pseudopotential and model-potential (MP)
approaches' 4 as well as to frozen-core and pol-
arizable frozen-core HF techniques. ' The polar-
izable frozen-core method does not approximate
exchange effects. When applied to relativistic HF
wave functions, it appears to yield reliable re-.
sults' but is much more tedious and time consum-
ing than the corresponding MP calculation.

If the electron density of the core is known, the
resulting Coul, omb potential is easily found and,
together with the polarization potential, may be
incorporated into a model potential. The 0+~&

difference remaining between the MP and polari-
zable frozen-core approaches then lies in the ex-
change term, which is nonlocal in the HF calcula-
tion but is usually approximated by a local poten-
tial in the MP treatment. Comparison of MP cal-
culations with their corresponding frozen-core
HF counterparts permits a direct evaluation of the
local-exchange approximation used in the model
potential.

In order to draw valid conclusions about a l.ocal
exchange potential, it is obviously important that
other aspects of the MP and HF calculations be
identical. Otherwise, an inaccurate electron den-
sity, for example, might compensate for defic-

iencies in the representation-of exchange. It is
also important that the frozen-cire HF calcula-
tion be accurate in order to guard against false
conclusions based on incomplete calculations. In
our results presented below, both relativistic and
correlation effects are included, and the MP and

corresponding HF calculations are identical ex-
cept in the treatment of exchange.

II. SLATER-TYPE APPROXIMATIONS

Local exchange approximations are generally
based on the Slater term' (atomic units are used
throughout)

3 apl /3

where z= (3/n)'/' and p is the number density of
electrons. Expression (1) is derived from the av-
erage exchange energy of a free-electron gas of
constant density. With p taken to be the total den-
sity of atomic or ionic electrons, (1) has been used
in Hartree-Fock-Slater' calculations to represent
the sum of interelectronic and "self" exchange.
Consideration of the energy-minimization pro-
cedure suggests that the value of the exchange po-
tential (1) should be reduced by a factor of &,

' as
used in the Thomas-Fermi-Dirae calculations. '
Frequently & is taken to be an adjustable parame-
ter." The inclusion of self-exchange, which in
principle should cancel. the self-Coulombic repul-
sion, often creates difficulties in atomic calcula-
tions. In particular, the asymptotic form of the
potential energy is wrong and requires an arti-
ficial "correction. ""

In the MP applications discussed here, such dif-
ficulties are avoided since Eq. (1) is used only for
interelectronic exchange and p is.set equal to the
core-electron density p, . Thus the first type of
MP calculation we consider uses'

p 2 ggp 1 / 3
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to represent exchange between valence and core
electrons. The parameter ~ is adjusted to match
experimental ionization energies. At large r, p,
drops rapidly to zero, and the total effective po-
tential has the correct asymptotic behavior.

III. CALCULATIONS

We test V.&& [Eq. (2)] and two other simple local
approximations for exchange by comparing rela-
tivistic MP and HF calculations which differ only
in their treatment of the exchange interaction.
Relativistic HF calculations (RHF-CP) are made
with a version of the Desclaux" program modified
to include core-polarization effects. '"

Spectrum o. ' State rd re
2

Ag

11.15 s& /2 1.478 0.264 2.143 1.111

Pf /2 1.581 0.297 2.253 1.115

P3/2 1.596 0.309 2.363 1.142

ds /2 1.767 0.293 2.748 1.293

1.776 0.295 2.790 1.302

10.07 s& /2 1.326 0.281 2.013 1.065

p~ /2 1.279 0.230 1.895 1.018

p3/2 1.265 0.231 1.921 1.024

TABLE I. Parameters (in atomic units) used in the
calculations.

y ~~2(~2+ ~2)-3/z (3)
d3/2

dnh

1-377 0.365 2.607 1-157

1.392 0.377 2.728 1.182

where the dipole polarizability e calculated by
Fraga et al."is adopted and the value of &, is ad-
justed to reproduce the experimental ground-state
ionization energy. The MP calculations with core
polarization (MP-CP) employ polarization po-
tentials and densities identical to those found in
the HF case. The & parameter of Vxo [Eq. (2)] as
well as a parameter in each of the other two ap-
proximations tested (see next section) is used to
match energies of the lowest state of given sym-
metry to experiment, and hence to those obtained
in RHF-GP calculations. The adjusted values of
& and other parameters are found in Table I.

In order to avoid complications arising from cor-
relation effects among valence electrons, tests are
performed on atoms with one valence electron.
The atoms chosen, Rb and Ag, have enough elec-
trons to be fairly typical of cases for which sta-
tistical approximations of exchange are usually
thought to be appropriate. Furthermore, the
presence of the 4d shell in Ag and its absence from
Rb means that conclusions drawn from the tests
with both atoms are not liable to be structure de-
pendent.

In the tests, calculated ionization energies and

average radii of the orbitals are compared. These
quantities provide sensitive monitors of the over-
all potential. . The energy tends to be more sensi-
tive to the small-r region whereas the average
radius is more influenced by the potential at large

Comparisons are made for s, P, and d states
of principal quantum number n = 5-9.

IV. TWO NEW LOCAL APPROXIMATIONS FOR
EXCHANGE

The MP and HF energies and average radii of the

/ 29 p$ / 2 3 / 2 9 and d3/2 5/2 states are comp ared in
Table II for AgI and Rb I. The MP energies cal-
culated using Eq. (2) are-seen to be consistently

Dipole polarizability of the parent-ion core from
Fraga et al. (Ref. I4).

Cutoff radius in polarization potential [Eq. (3)] ad-
justed to give experimental ionization energies (Ref.
17).

"+'Parameters X, r„and r~ as used in local poten-
tials V,p Vx f 9 and p,'&, respectively (see text).

too high and the average radii too large for excited
states.

To find better local representations of the ex-
change interaction, we return to the electron-gas
model and note that the interaction of a single
electron with an electron distribution of density p
actually depends on the ratio P/Pz of the moment-
um P of the single electron to the Fermi moment-
um P~ of the distribution. The Slater potential (1)
results only after averaging the factor' '

4, F(q) = —
i
1+ —ln i, q =P/Pr (4)

2 ( 1 —q2 ~1+@
3 ( 2q 1-q

over P in the range 0&P&P~. For a valence elec-
tron interacting with a core, P & P~. One may,
therefore, expect Eq. (1) to overestimate the ex-
change. Indeed, this is confirmed by applications
of Eq. (2), in which the adjusted values of & are
typically only 0.2 to 0.3 compared to the average
electron-gas value of 1.0 used in the Slater poten-
tial (1). Furthermore, p/pz should increase from
about unity at r=0 to much larger values at large
r. Since E(q) =-,' at q =1 and decreases rapidly
with increasing q the electron-gas model itself
suggests that a Slater-type expression [Eq. (2)]
will tend to overestimate exchange, especially at
large &. We tried to improve on Eq. (2) by repre-
senting E(q) as a decreasing function of r, E(q)

2
j ~-r/t~

+pl/3S rIrj ~ (3/z)1/$
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TABID II. Percent errors in ionization energies & and in average valence-shell radii (r) of Rb and Ag as calculated
by the model-potential method (MI') with three different local approximations to the exchange interaction between the
valence electron and the parent-ion core as compared to frozen-core relativistic Hartree-Fock (RHF) results. All cal-
culations include core polarization (CI') and are otherwise identical except for their treatmerit of exchange.

gRHF+CP

(a.u. )

100x (&~+P—ERHF~) /gRHF+cP

(0)' (1)' (2)'
( )RHF+CP

(a.u. )
1 00 )( (( )MP+CP ( )RHF+CP) /( )RHF+CP

(0) (1) (2)

Rbnsiy2
n=5

6
7
8
9

Rbnpi(2
n=5

6
7
8
9

0.153514
0.061 791
0.033 625
0.021 160
0.014543

0.096 197
0.045 429
0.026 665
0.017 560
0.012 442

0
-1.10
-0.90
-0.75
-0.63

0
-0.53
-0.48
-0.41

0.09

0
0.01
0.03
0.03
0.05

0
0.07
0.08
0.08
0.09

0
-0.11
-0.06
-0.05
-0.03

0
-0.01

0.00
0.01
0.02

5.182
12.328
22.445
35.556
51.666

7.178
15.778
27.331
41.878
59.424

1.81
1.31
1.01
0.71
0.63

0.35
0.73
0.60
0.50
0.37

0.00
-0.06
-0.04
-0.06

0.02

-0.38
-0.15
-0.18
-0.13
-0.07

0.27
0.06
0.04

-0.05
-0.08

-0.24
-0.09
-0.05
-0.02
-0.10

Bbnp3(2
n=5

6
7
8
9

Rbnd3y2
n=5

6
7
8
9

Rb nd&i2
n=5

6
7
8
9

Ag nsgy2
n=5

6
7
8
9

AgnPg/
n=5

6
7
8
9

Agnp, ~,
n=5

6
7
8
9

0.095 114
0.045 076
0.026 505
0.017474
0.012 391

0.036 405
0.022 804
0.015 545
0.011255
0.008 519

0.036 392
0.022 794
0.015 538
0.011250
0.008 515

0.278 419
0.084 339
0.041 926
0.025 133
0.016750

0.143 771
0.058 252
0.032 111
0.020 383
0.014 094

0.139576
0.057 303
0.031 729
0.020 191
0.013 983

0
-0.49
-0.45
-0.38
-0.33

0
-0.64
-1.04
-0.77
-0.70

0
-0.64
-0.77
-0.76
-O.69

0
-0.31
-0.33
-0.27
-0.22

0
-1.48

1~ 22
-1.01
-0.84

0
-1.47
-1.22
-1.02
-0.86

0
0 ~ 07
0.09
0.08
0.08

0
-0.18
-0.27
-0.19
-0.18

0
-0.17
-0.21
-0.20
-0.19

0
0.32
0.28
0.24
0.20

0
-0.05
-0.03

0.00
0.01

0
-0.06
-0.03
-0.02

0.00

0
-0.01

0.00
0.02
0.02

0
-0.26
-0.42
-0.31
-0.27

0
-0.27
-0.32
-0.29
-0.29

0
0.30
0.26
0.21
0.19

0
-0.15
-0.11
-0.07
-0.06

0
-0.17
-0.12
-0.09
-0.06

7.273
15.908
27.504
42.091
59.676

17.003
29.437
44.889
63.346
84.815

17.019
29.461
44.918
63.379
84.848

3.174
9.130

18.052
29.967
44.879

4.598
12.131
22.550
35.951
52.348

4.744
12.341
22.829
36.300
52.766

0.25
0.64
0.48
0.48
0.29

1.97
1.57
1.33
1.00
1.09

1.94
1,54
1.28
1.10
1.05

4.25
0.32
0.34
0.28
0.27

3.70
1.92
1.40
1.06
0.92

3.50
1.97
1.42
1.06
0.84

-0.43
-0.17
-0.18
-0.21
-0.,12

0.55
0.42
0.43
0.37
0.38

0.53
0.45
0.25
0.30
0.06

0.38
-0.47
-0.32
-0.25
-0.23

0.30
0.00
0.00
0.00
0.01

0.30
0.06
0.03

-0.06
0.05

-0.27
-0.03
-0.01
-0.05
-0.15

0.85
0.72
0.61
0.34
0.51

0.85
0.67
0.50
0.50
0.22

0.69
-0.44
—0.30
-0.30
-0.24

0.57
0.16
0.04
O.ll
0.06

0.55
0.16
0.10
0.03
0.11
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TABLE II. (Continued )

State
g RHP+CP

(a.u.)
Ipp && (ehB pCF eRHF+CF) /eRHF+CP

(0) (1) (2) (a.u.) (0) (1) (2)

Ag nd3(2
n=5

6
7
8
9

Agndsy2
n=5

6
7
8
9

0.056 319
0.031450
0.020 076
0.013 925
0.010224

0.056 221
0.031400
0.020 049
0.013 909
0.010213

0 .

-0.25
-0.28
-0.26
-0.22

0
-0.23
-0.26
-0.24
-0.21

0
0.00
0.00
0.01
0.03

0
0.01
0.01
0.02
0.02

0
-0.04
-0.03
-0.04

0.00

0
-0.03
-0.03
-0.02
-0.01

10.380
20.920
34.425
50.921
70.419

10.411
20.964
34.481
50.988
70.435

0.02
0.43
0.32
0.23
0.20

-0.03
0.42
0.31
0.15
0.24

-0.11
-0.08
-0.05
-0.10

0.20

-0.12
-0.00
-0.03

0.02
-0.11

-0.06
0.00

-0.01
-0.07

0.14

-0.08
0.00
0.05
0.06
0.06

versions (0) (1) (2) used the local potentials U„o, U„&, and U„2, Eqs. (2), (5), and (8) respectively, to represent
the exchange interactions between the valence electron and the parent-ion core. In each case, the one free parameter
was adjusted to match & ~ (and thus to the experimental ionization energy) for the lowest state of each symmetry.

Now &, can be adjusted to match the lowest ener-
gies of a given symmetry. With V„, in place of
V p the MP results usually lie much closer to the
HF values (see Table II).

Additional support for using V„ in place of V„,
can be found in Fig. 1, where the ratio of the ef-
fective local exchange VR«(r) to —Kp', ' [Eq. (1)]
is plotted. Here V„»„(r) is calculated from the
large and small components, P and Q respective-
ly, of the radial Dirac equation, to be that local
potential which when added to the other local po-
tentials V.e (for the direct Coulomb interaction
with a point nucleus and core electrons), Vnucl (for
the effect of the finite size of the nucleus), and
Vpcl (for the core polarization) gives the same P
and Q components as the HHF nonlocal exchange
interaction. From the radial Dirac equation (see
for example Desclaux") it is easily found that

V p=c—
+ & Ves Vnucl Vpol q

where c =137 is the velocity of light, l~ = / for
j=l-&, and l~= —/ —j. for j=l+&, and & is the
one-electron orbital energy. Although V„«F has
singularities wherever I' vanishes, it still is ap-
parent that VxRHF/(- lip' ') (the solid line in Fig. 1)
is better represented by a decreasing function of
r (as in V») than by a constant (as in V„,).

Another local approximation for exchange is
also suggested, this one based on the fact that the
exchange interaction arises from a reduction
caused by the Pauli exclusion principle in the in-
terelectronic Coulomb repulsion. The combined
interelectronic Coulomb and exchange operator for
a closed-shell core operating on a valence elec-
tron at r can be written

P

p, =g p, (r, )
~

r - r,
~

p - exp~ —(p, —p) (r —r) p, (r, )), (7)

V „,=V, [1 —(a/8,' ' e " "2]-=V, + V„, , (8)

where a= —,
' (2/2e)'~'=1. 018, Z, is the number of

where y, (r, ) is a doubly occupied core orbital,
p, and p are momentum operators for core and
valence electrons, respectively, arid the exponen-
tial operator exchanges the valence electron with
a core e1.ectron of the same spin orientation. The
new approximation consists of replacing Eq. (7)
by

core electrons, and

V. =2+&~.llr-r. l 'l~. & (8)
C

is the interelectronic Coulomb repulsion. The
coefficient aZ, ' ' is determined by comparing
Coulomb and exchange energies of an electron gas
of constant density in, a spherical container. Ad-
justment of r, was made to match energies of the
lowest states of a given symmetry. Results indi-
cate that V„, also represents the exchange better
than V„, (see Table II).
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FIG. 1. Ratio of the effective local exchange deter-
mined from the radial Dirac wave functions (see text)
to the statistical exchange term —mp (solid line) for
the 5s~i2 state of Bb r. Singularities occur at nodes in
the large component P. The radial dependence of r~p ~3

is also shown (dashed line) as is the. average radius
(r) of the 5s~i2 orbital (arrow).

V. DISCUSSION

The percentage errors given for the calculated
ionization energies e and the average radii (r) in
Table II provide a direct measure of deficiencies
in the local approximations to the exchange inter-
action between the valence and core electrons. The
ionization energies e are more sensitive to the
inner regions of the potential, and the average
radii (r), to the outer regions. (Since the single
parameter in the local exchange potentials was
adjusted to match the ionization energy of the low-
est state of given symmetry to the RHF-CP value,
the energy error for these states is zero).

When the Slater-type potential V„, [Eq. (2)] is
used, energies and radii seem to be typically
about 1/0 in error. The ionization energies are
uniformly too small and the average radii are too
large, an indication that with the adjusted value of
~, V„, tends to underestimate the exchange inter-
action near the origin and to overestimate it at
large &. This is in accordance with conclusions
drawn above from Fig. 1. The error in (r) is as
large as 4.25% when V„, is used for the 5s, ~,
state of Ag, a state for which the error in & has
been adjusted to zero.

In contrast, errors arising from the use of the
local potentials V„or V„, are typically tenths of
a percent or less. Also V„, and V„, follow the

form of the effective local exchange V„R„„(except,
of course, for the singularities of V„R») more
closely than does V„, (see Fig. 1), and as a con-
sequence their associated errors (Table II) do not
display the strong systematic trends seen with

V„,. In no case studied are the errors with V„,
or V„, as large as 1~i() and, except for the excited
s, g, states of Ag (for which errors are compar-
able) and for a few i'solated cases for which the
errors in V„, appear fortuitously small, errors
with V„, and V„, are generally a factor of 2 or
more smaller than the corresponding ones for V„,.
The root-mean-square errors for the calculations
with V„„V„„andV„, are 0.72, 0.13, and 0.17%,
respectively, for energies and 1.34, 0.24, and
0.34%%up, respectively, for average radii.

Thus we have found two local approximations
which appear significantly better able to repre-
sent true nonlocal exchange effects between val-
ence and core electrons than the Slater-type term
V„, [Eg. (2)]. Oscillator strengths are rather less
sensitive to the form of the exchange potential
than are average radii and eigenenergies, , but they
too show some improvement when V„, is replaced
by V„or V». Of course, V„, and V» are both
as simple to use as V„, and, like V„„ they each
have one adjustable parameter.

The MP-CP calculations discussed here are
identical to the RHF-CP ones except in the treat-
ment of exchange. This is necessary in order to
isolate. effects arising from approximations of the
exchange from other sources of error. Had 1'ess
accurate densities been used, for example, errors
arising from the densities might have compensated
errors due to V„. Indeed, in calculations with
Gombas-Szondy densities, ' which tend to be too
compact, V„, has been found to give results some-
what closer to the RHF-CP values than when V„,
or V„, is used. " However, this in no way alters
our conclusions about the relative ability of V„„
V», and V„, to represent the exchange interac-
tion between valence and core electrons.
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