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In this paper we establish the connection between the energetic instability encountered in stochastic oscillators

with Auctuating frequencies and the parametric instability of deterministic oscillators with time-dependent

frequencies.

I. INTRODUCTION

In this paper we provide a detailed physical in-
terpretation of the instability encountered in a
mechanical oscillator with a fluctuating frequency.
This instability has been noted by a number of in-
vestigators. ' ' Its physical origin, however, has
not in general been well understood. Oscillators
with fluctuating frequencies can be used to model

a variety of dynamical systems. ' ' ~ ' " A few ex-
amples are (1) scalar wave propagation in a ran-
dom medium, where the index of refraction in the
Helmholtz equation is a stochastic variable due to
fluctuations in the medium, ""(2) a spin preces-
sing about a noisy external magnetic field, ' (3)
electrical circuits with fluctuating circuit param-
eters, ' (4) certain models of turbulent flow fields, "
and (5) semiclassical models of the dynamics of
level population densities in lasers. ' An under-
standing of the origin of the instability is there-
fore essential.

The mechanical oscillator considered here, as
in Hefs. 5-V, is described by the equation of motion

«(t)+2~«(t)+~'(t)x(t) =f(t},

where x(t } is the oscillator displacement, X is a,

damping parameter, &y(t) is a fluctuating frequen-

cy, and f(t) is a random force. We assume that
the random force has zero mean, i.e.,

and is statistica11. y stationary in time with the cor-
relation function given by

(1.3)

The ( &I in (1.2) and (1.3) denote averages over an
ensemble of realizations of f(t}. For convenience
we have chosen a delta-correlated driving force
since the correlation properties of f(t) do not af-
fect the stability properties of the oscillator. '

%e partition the fluctuating frequency as

(o'(t) = 00+ y(t), (1.4)

where 002 is the average of &o'(t). The average of
the fluctuating quantity y(t } then vanishes by def-
inition, i.e.,

(r(t)& = o (1.5)

The unsubscripted brackets ( & denote an average
over an ensemble of realizations of the frequency
fluctuations. The cumulants of the fluctuations

y(t) are all assumed to be delta correlated, with

where the double brackets denote a cumulant aver-
age. The fluctuating quantities f(t) and y(t} a,re
assumed to be mutuaQy statistically independent.
This independence occurs physically when the
sources of the fluctuations are different. How-

ever, we have shown that the results to be dis-
cussed here are unchanged if f (t) and y(t) are
delta correlated. "

The most interesting feature of the osciQator
(1.1) is that the second-order moments ((x'(t)&~&,

{(P'(t)&&&, and ((x(t)p(t)&&& become unstable when

the second cumulant coefficient D, in (1.6) exceeds
the value 2XQO. Thus, when the frequency fluc-
tuations are sufficiently large, the oscillator (1.1}
is energetically unstable. "' In the unstable param-
eter regime the second moments grow expon-
entially. "%e interpret this instability in terms
of the parametric resonance instability encountered
in deterministic oscillators with time-dependent
frequencies. "' ' This connection has been ob-
served qualitatively by Stratonovich' but seems not

to have been explored otherwise in the literature.
Here we establish the quantitative connection be-
tween the stochastic oscillator instability and the
deterministic oscillator parametric instability.

(&r(t, ) r(t, ) r(t„)»=3"fl„6(t,—t,)"- 6(t„,—t.),
(1.6)
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In Sec. II we review the properties of the stochas-
tic oscillator and summarize previous results rel-
evant to this study. Section III presents a discus-
sion of parametric resonance for anoscQlator which

adiabatically switches between two frequencies.
In Sec. IV we establish the detailed connection be-
tween the resonances in the stochastic and deter-
ministic systems. Section V contains a discussion
of extensions of these ideas to other systems.

H. A REVIEW OF FIRST- AND SECOND-MOMENT
RESULTS FOR STOCHASTIC OSCILLATORS

r 0
(2.5)

Y,(t}=M, Y,(t)+d, ,

where

« '(t», &

Y,(t) = (&x(t)p(t)&, &

. «p'(t}),& .

(2.6)

(2.7)

The second moments obey the transport equation

The oscillator equation (1.1}can be rewritten as
the set of two first-order equations:

0 0

(2.6)
«(t) = p(t), (2.1a) 2g, -20,' -4~
p(t }= -0,'x(t) —y(t }x(t) - 2Ap(t) +f(t) . (2.1b)

Moment transport equations for the oscillator can
be obtained by a variety of methods. One method
is to construct the equation of evolution for the
probability density P(x, p, t i x, ,p, ) for the oscil-
lator displacement and momentum to lie between
(x, p) and (x+dx, p+dp) at time t conditional on
the initial values (x„p,).' The equation of evolu-
tion is'""
„J(x, p, t i x„p,}

d, =

p

(2.9)

2D

Equation (2.6) is obtained by multiplying (2.2) by
x', p', and xp and integrating over all x and p.

The solution of Eq. (2.3) for the average oscil-
lator displacement and momentum is found by
standard methods to be'

a a Q=
i
-p + (2'+ tl'x)+D

8P ap'

xP(x, p, t i x„p,)
Oo gyt

+ pa„e „P(x,p, t ix„p,}. (2.2)

((x(t}}}=e
~

costa, t+ —linty, t)x,
1

+ Sill((}}t
i P(}

Qo«p(t}) &=e '
i

0 sin((},t i«2

(2.10a}

k,(t) =M, Y,(t}, (2.3)

where

' «x(t)», '
Y,(t) =

~ ((p(t))&&.
(2.4)

In (2.2) we have assumed f(t) to be Gaussian.
This assumption does not limit the generality of
our results since only the second cumulant of f(t)
enters the oscillator moments of concern here. ' '
The terms in the large parentheses on the right
side of (2.2) then correspond to those of the usual
Ornstein-Uhlenbeck-Wang equation for a damped
oscillator of constant frequency Qo." The remain-
ing terms result from the frequency fluctuations.
Transport equations for the mean oscillator dis-
placement and momentum are obtained by multi-
plying (2.2} by x and p and integrating over x and

p. This procedure leads to the moment equations

+ cosa, t- —sine, t po,
40j )

(2.10b)

where

{fl2 y2)(/2 (2.11)

These results are identical in form with those of
Wang and Uhlenbeck'~ for a damped harmonic oscil-
lator. The frequency Quctuations only appear in
the frequency shift from +~ to Qo wherever the for-
mer appears in the Wang-Uhlenbeck results. The
fluctuations y(t } thus do sot affect the average
dynamics of the oscillator.

The transport equation (2.6) for the second mo-
ments can also be solved straightforwardly. If
the solution exists as t , then it can be found
directly from (2.6) by setting f2(t) =0 and per-
forming a simple matrix inversion. This pro-
cedure leads to the expression" '
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D
t~~ 0 2

0

,00.

(2.12)
«+(u'(t) x =0, (3.1)

Landau and Lifschitz. " They specifically con-
sider an oscillator obeying the dynamical equation

D2~2&Qo ~ (2.13)

The approach of Y,(t) to the result (2.12) is de-
termined by the full solution of Eq. (2.6),

Y,(t) =e8~'[Y,(0)+M,'d, ]-M,'d, . (2.14}

The eigenvalues of the matrix M2 determine the
stability of Y,(t) and are given by'

e, =A+ B—2~,

e, = -D. ——', (A + B) + pi &3(A —B),

e, = -u. ——.'(A+ B) ——.'i W3(A —B),
where

A- f2D +[4D +(4 (g )3]'~ ] '~

(2.15a)

(2.15b)

(2.15c}

(2.16a)

The interesting feature of (2.12} is that the second
moments are stable as t only if the frequency
fluctuations are sufficiently small, i.e., if

where the time-dependent frequency &o(t) is peri-
odic. The form

&o'(t} =~0(1+h cosPt) (3.2)

with Q«1 is considered in detail and leads to ex-
ponential growth of x(t), i.e., to parametric reso-
nance, provided the parameter P lies within a spec-
ified h-dependent range. They also consider the
effect of damping on the behavior of the oscillator
and find that the range of values of P leading to
parametric resonance is narrowed. For sufficient-
ly large damping, the range of parametric reso-
nance disappears and the motion is stable.

A somewhat simpler system that exhibits param-
etric resonance is an oscillator with an "adiabatic-
ally switched" frequency, i.e., one in which &u(t)
= Q, for a time t„then it switches to Qb and re-
mains at that value for a time t, , and continues to
switch back and forth in this fashion. Thus,

(2D [4D2 + (
4 (g&)3] U & ] v 3 (2.16b)

m(t, t,} t (m+1) t, +mt
fl„(m+1)t.+ mt, & t &(m+1)(t. + t,),

We note that the second-order statistics of the
oscillator and, in particular results (2.12}-(2.15},
depend only on the second cumulant coefficient D,
and not on the coefficients of the higher cumulants.
The quantities A and B are real and A&B. There-
fore, the real parts of E2 and E, are negative for
all parameter values. The stability of the second
moments is thus determined by the eigenvalue c, .
We have shown elsewhere' that E'y is negative if
(2.13}is satisfied and becomes positive when D,
&2XQ0'. The second moments then grow exponen-
tially in this parameter regime [cf. (2.14)].

It is our purpose in this paper to relate the
second-moment instability described above to the
instabilities encountered in parametricaQy reso-
nant systems. In the next section we describe the
behavior of a purely deterministic oscillator with

a time-dependent frequency and in Sec. IV we ex-
plore the relation between the stochastic and de-
terministic systems.

III. PARAMETRIC RESONANCE
FOR DETERMINISTIC OSCILLATORS

A simple example of an oscillatory system with

a time varying frequency has been described by

where

Qy 1
y 2y ~ ~ ~ y ~

This model was considered in detail by Tabor" in

the absence of damping in the context of his stud-
ies of chaotic motion in dynamical systems. We

extend his analysis to include damping, i.e., we

consider the solution to the equation

x(t)+u. x(t)+~'(t)x(t) =0, (3.4)

with v(t} given by (3.3}.
The solution of (3.4) at times that a,re multiples

of the basic period (t, + t, ) with initial conditions

x(0) =«4 and x(0) = po can be written in matrix form

as

LP0i
(3.5}

for t=m(t, +t~} with m=0, 1, 2, .. . , . The solution
at these times is sufficient to examine the stability
properties of the oscillator (3.4}. The matrix M,
is given by

A, sino) t + 47 coscc)
a

-(v', +X') since, t,
since, t,

-A. sine, t, + co, cosa, t, .
(3.6)
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where «&, -=(O', -X')"'. The matrix M~ is of the
same form with the replacement («&„t,} (&d&„t»}.
The stability of the motion is determined by the
eigenvalues of the evolution operator (M~M, )
If we denote the eigenvalues of the product M, M,
by c, and e, then the eigenvalues of the evolution
operator are (e,)" and (e )". The solution (3.5)
is clearly unstable with increasing t if one (or
both} of ) e, ) and ) e ) is greater than unity.

The eigenvalues of M, M, are given by

f =e ~&&a+&/& [Q y(Q2 1) 1~] (3.7)

where

{~2+~2)
Q=—costa, t, cosco, t~ — 2' ' sin~, t, sin&, f, .

247~ GOy

(3.9}

If Q& 1, then from (3.V) we conclude that
~ e, )

=e "~"&'. The motion in this case is stable and
the oscillator position and momentum are damped
to zero as t -. . Parametric resonance occurs if
Q &1 and e,&1. The condition Q &1 places restric-
tions on the values of the switching times t, and t„
for given frequencies +, and v, , giving ranges of
these times where parametric resonance is at all
possible. This is the condition found by Tabor"
in the absence of damping (with &d, , = Q, ~, in that
case). The additional condition e,&1, which is
automatically satisfied when Q &1 in the absence
of damping, places a restriction on the dissipative
parameter X. According to this condition, param-
etric resonance can occur only if the dissipative
parameter satisfies the inequality

ln[Q+(Q' —1)~']
t, +t~

(3.9)

The condition (3.9) gives a limiting value of X that
depends on the parameters &d„«&&,(which also con-
tain X), t, and t, . We note, however, that the
right-hand side of (3.9}is bounded for all values of
the parameters. If X exceeds this absolute bound,
then the dissipation wi11 quench the parametric in-
stability and the motion is stable for all frequen-
cies and switching times.

The reason for the instability found above can
best be understood by considering the phase plane
of the oscillator shown in Fig. 1. We follow Tabor
and depict two sets of orbits of the oscillator in
the absence of damping. The orbits drawn with
solid curves are for oscillators of frequency 0
with different energies; those represented by
dashed curves are orbits for oscillators of fre-
quency Q~. When the frequency of an oscillator is
instantaneously switched from 0, to A~, the phase-
space point of the oscillator moves from its old
0, orbit onto a new 0, orbit at the point of inter-

)sP

FIG. 1. Phase-space orbits for undamped mechanical
oscinator of frequency 0, (solid lines) and Q~ (dashed
lines). The orbit of the adiabatically switched oscillator
is indicated by the arrows.

section of the two orbits. If the switching is done
at the proper time, one can insure that the new or-
bit is "larger" (i.e., corresponds to a higher max-
imum displacement and momentum and hence to
higher energy) than the old one. This is shown by
the thick line with arrows on the figure. If the next
switch is again performed at an appropriate time,
the oscillator can move from the Q~ orbit onto an,
0, orbit corresponding to even higher energy. The
condition Q&1 insures that the switching will cause
the oscillator to move onto orbits of higher and
higher energy, thus causing the parametric in-
stability. The arguments in the presence of damp-
ing are entirely similar except that now the phase-
space orbits are spirals towards the origin rather
than ellipses. The instability can now occur only
if the inward spiraling is not too rapid, as given
quantitatively by Eq. (3.9).

IV. PARAMETRIC RESONANCE AND STOCHASTIC
OSCILLATORS

In this section we interpret the instability de-
scribed in Sec. II for the stochastic oscillator in
terms of the parametric instability discussed in
Sec. III. We view the stochastic oscillator of Sec.
II as having a time-dependent frequency that can
take on values according to a distribution, with
switches among these frequency values occurring
at random times. In Sec. III we saw that a deter-
ministic oscillator whose frequency can take on
two values exhibits parametric resonance if the
switching times between these values are chosen
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appropriately (and the damping is not too large).
Had we considered switching among several fre-
quencies, appropriate conditions on the switching
times would also have led to parametric resonance
for sufficiently small damping.

In a stochastic oscillator, switchings among a
prescribed finite or infinite set of frequencies oc-
cur at random times governed by a distribution
function for each switch. . Some of the switching
times occurring in these distributions fall outside
of the ranges leading to parametric resonance (in
the sense of Sec. III} and others are within these
ranges. Consider an ensemble of undamped oscil-
lators for each of which a particular sequence of
switching times is chosen from the distributions of
switching times. Some of the oscillators of the
ensemble are stable while others have exponential-
ly growing displacement and momentum. The os-
cillators that exhibit the unstable behavior are
those for which a finite fraction of the switching
times are within the ranges that lead to parametric
resonance. This description is also valid in the
presence of damping provided the dissipation pa-
rameter is sufficiently small.

Ye associate the ensemble of oscillators dis-
used above with the ensemble of realizations of
stochastic oscillator of Sec. II. An average of

the displacements and momenta of all the oscil-
lators in the ensemble can then be identified with

the first-order statistics of the stochastic oscil-
lator. We found in Eq. (2.10) that the first-order
moments of the stochastic oscillator are always
stable even in the absence of damping. The ex-
planation of this stability in terms of the param-
etric oscillator description is that in the averaging
procedure, displacements (momenta) that grow ex-
ponentially in the positive direction are canceled

@(t)=ve "' (4.1)

The average time between switches is I/v. The
probability that n switches occur in the time inter-
val (0, t) with the first switch occurring at time t, ,
the second at time t„etc., is

by others that grow exponentially in the negative
direction. Because of this cancellation, the ef-
fects of parametric resonance first appear in en-
semble averages of the square of the oscillator
positions and momenta. These averages are iden-
tified with the second-order statistical quantities
that were found in Sec. II to be unstable for small
damping [cf. Eq's. (2.12) and (2.13)]. The corre-
spondence of the model described here and the
stochastic oscillator of Sec. II is established
quantitatively below.

In Sec. II we pointed out that for delta-corre-
lated frequency fluctuations only the average
square frequency AD' and the second cumulant co-
efficient 2D, enter the first- and second-order
oscillator statistics. One can therefore choose
any convenient stochastic process &o(t) for the
oscillator frequency provided the average of aP(f)
is 0,' and provided the fluctuations y(t) =—aP(t) —Qo
are delta correlated with the second cumulant co-
efficient equa1 to 2D, . Here we choose a dicho-
tomous Markov process, '"which is the stochastic
analog of the adiabatic switching process between
two frequencies considered in Sec. III.

In the dichotomous Markov process the oscillator
frequency &u(f ) switches between the values 0, and

Q~ at random times governed by a distribution 4(t)
which we choose to be exponential, i.e., the prob-
ability density for the time between two consecutive
switches to be 8 is given by

~ 0Q(t„t„.. . , f„;t)=v dt, dt %(t, -t„) ~ 4(t, -t,)4(t, —t ).
t oo

(4.2)

For the probability density (4.1), Eq. (4.2) yields
the simple form

y(f
„

t„.. . , f„;f) =ee (4.3)

dt y df] t j
D Dt

(vf)" (4.4)
nl

independent of the switching times. An integral of
(4.3) over all the intermediate times f, &t, & ~ ~ ~ &t„
with ty &0 and t„&t leads to the Poisson distribution
for the probability that exactly n switches occur
in the time interval (0, t}, i.e.,

t
4(N; t )-=d t

„

D

I

The probability that an even (odd) number of
switches have occurred in the time (0, t) is given
by the sum of (4.4) over all even (odd) n. Perform-
ing these sums we therefore obtain

Prob(a&(t+ v) = 0, ~
a&(t ) = 0,}

=Prob((o(t+7) = 0, )(u(t) = 0,) = —,'(1 e'"'), -
(4.5a)

Prob(&u(t+v) = Q~ ~
&o(t) = 0,)

=Prob(ru(t+r) =0, (&o(t) =0,)= —,'(1+e '"').
(4.5b)

From these expressions it is then straightforward
to obtain the correlation function for the frequency
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fluctuations y(t) =—&o'(t }—02O as

(r(t)r(t+r)) =g fto

where the average square frequency is

and where

g2 (g2 g2)2/4fi4

(4.6)

(4.7a)

(4.7b)

plicitly or implicitly, and it fixes the relative
scaling of the other parameters. To see this, we

identify the cumulant coefficient D, of the delta-
correlated frequency fluctuations of Sec. II with

the integral of (4.6) over v:

D2= 2D,6 ~ dv
0

lim g Q&e "'dT
v- Oo

In order to compare the results obtained here
with those of Sec. II, we must go to the limit of
delta-correlated frequency fluctuations, i.e., to
the limit v . This limit must be taken with

some caution for the following reason. As switch-
ing between fixed frequencies Q, and Q~ becomes
more rapid, the effects of switching ultimately dis-
appear and the oscillator in effect behaves like an
ordinary oscillator of constant frequency. In order
to preserve the features that we have been dis-
cussing (e.g., parametric resonance), as switch-
ing becomes more rapid we must also increase Q,
and/or Q, , i.e., we must scale the frequencies as
mell as the mean switching time. A full discussion
of the implications of various scaling relationships
that can be chosen will be given elsewhere. " We
wi11 here consider the case where the dissipation
parameter A. is fixed and unaffected by the scaling. "
This is the assumption that is generally made ex-

n4
11m g ~.

y -coo, Q ~m 2p
(4 8)

Since X is unaffected by the scaling, to ultimately
recover the stability criterion of Eq. (2.13) we
must require that D, and Q,' scale the same way.
Hence the scaling relation between v and Q,' must
be such that 0,'/v-const as each separately goes
to infinity.

consider then the oscillator (3.4} with ar(t } de-
scribed by the dichotomous Markov process (4.5).
We wi11 construct the first and second moments of
the oscillator by direct integration of the equation
of motion followed by an average over switching
times. We note that the stability properties of the
oscillator can be discussed independently of the
stochastic forcing function f (t) of Eq. (2.1), so
that with no loss of generality, we have set f(t }
equal to zero.

A. Firstwrder properties

We begin observing our oscillator at time t =0 with initial displacement x(0) =x, and momentum p(0) ~p .
W«ahe the initial frequency to be 0, (our conclusions are independent of the initial state of the oscillator}.
The evolution of the oscillator from the initial time t =0 until the first frequency switch at time t, is de-
scribed by the matrix equation

=M,(t), 0&t&t, (4.9)

where
e ' '

&a, costs, t+X sin&a, t

-(&o', +X') sine, t

Sin(0

+,cos+, t —A. sin&, t.
(4.10}

and where co,'= Q,'- X'. Note that this is precisely
the matrix (3.6) occurring in the parametric oscil-
lator of Sec. III. At time t, the frequency switches
to Q~ and the oscillator position and momentum are
given by

.p(t).
=M)(t —t„}' M~(t4 —t~}M,(ts —t,}

XM~(t, —t,)M,(t,), t„&t&t„~,
=M (t —t,)M,(t,) ', t, &t &t, (4.11}.p(t) . .p, .

g PO

(4.12)

where M, (t t,) is of the -same form as M, with

the replacement ~, re~, and where t, is the time
at which the next switch occurs. For a sequence
of n switches we obtain

where i =a if n is even and i = b if n is odd. Since
the switching times t„t„.. ., t„arerandom, we

must average them over the distribution (4.3) and
sum over a11 possible numbers n of switches:
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f=f d't
„ f dtf, dt, d„(t,, t, .,. . , t„;t)M,(t —t ) „M(t,-t )M., (t,,)'"''

(p(t)) 0M 0 0 0 0
. (4.13)

where

r g
x M, (s+ v)

I Pop

(4.14)

MI(s+v}= — e "%(t)MI(t)dt
0 t

e "'""M (t)dt
0

1 2k + p+g
(X + V + S) + It)I i -(07;+~ ) V+Si

(4.15)

with i =a, L The sum in (4.14) must be carried
out separately over even n and odd n. The result
is

Because of the convolutions in (4.13), it is con-
venient to consider the Laplace transform of the
oscillator displacement and momentum with re-
spect to time,

x(s} = Q v"MI(s+ v) ~ M, (s+ v).&P(e)& .

I

now be found by performing the inverse Laplace
transform of (4.16). To do this one must find the
poles of (4.16} in the s plane. These poles arise
from the inverse matrix (I —v'M0M, ) ' occurring
in (4.16}, i.e., they are the solutions of the de-
terminantal equation

det [I—v'M0(s+ v)M, (s+ v)] =0. (4.1V)

In general, E(I. (4.1V) gives an eighth degree poly-
nomial equation in s. The eight roots Sy S8
then determine the time evolution of (x(t}) and

(p(t)). We note that with these eight roots one can
construct the first-order statistical properties of
the oscillator with a dichotomous Markov frequency
having an arbitrary correlation time. Since our
primary interest here is the recovery of the re-
sults of Sec. II, we consider (4.1V) in the limit
corresponding to delta-correlated frequency Quc-
tuations, i.e., we scale the variables according
to the arguments presented earlier in this section.
If we introduce a scaling parameter a, then v-e',
ar;-a, and X-o.'. Expanding s in a power series in
e of the form s = s, +spy + $2''+ ~ ~ ~ and consider-
ing (4.1V) in the limit a-~, we find that the eight
roots degenerate to only two distinct ones, given by

=KM. +I( )(I-~M, M. ) '-IZ ].g(e)& . .P )0 S, = a~i ~-(0I.'+(d',)"'. (4.18)

(4.16}

where I is the 2x 2 identity matrix and the argu-
ment (s+ v} of the matrices M, has been sup-
pressed.

The time evolution of the average moments can

Using the definition of 00 given in (4.7), we see
that S,= -A+i(d~ with (dI given by (2.11).Thus these
are precisely the roots that yield the time evolu-
tion (2.10) for the mean motion of the stochastic
oscillator.

B. Second-order properties

The evolution of the second-order quantities of the dichotomous oscillator for a sequence of n switches
is given in analogy with E(I. (4,.12) by

' x'(t) Xo

x(t)p(t) = NI(t —t„)~ ~ ~ N0(t0 —t,)N, (t,) x0p0 t t„~t&t„„.
. u'(t

(4.19)

We have again assumed the oscillator to initially have the frequency 0, . The evolution matrices N, can
be constructed directly from the matrices M,- occurring in the calculation of the first-order properties
and are given by

NI(t) =
COg

where

(g';)'
-g'I(0)';+X') sin0IIt

((d)I +x')' sin'I0, t

2g',. sino&; t

g', g, —((dI'+X'} sin'(dI t

-2g, ((d,'. +X'}sin(d) It

sin2~,.t

g,. sinu&,.t

(gI }'
(4.20}



2178 KATJA LINDENBERG, V. SESHADRI, AND BRUCE J. WEST 22

g,'(t}=(d,-cos(t), t +A. sinru, t. (4.21)

Averaging (4.20) over all switching times t„.. . , t „andsumming over n gives the second-order moments,

1,e.y

(x'(t))

(tt( t ) tt(t ) ) = I f ttt J. d t t)„(t„ t
„

. . . , t„;t ) ttt ( t - t l . N ( t - t,,) N ( t, )

. (p'(t}) .
Following our earlier procedure, we Laplace transform (4.22) and arrive at the analog

X20

x,p, . (4.22)

PO

of (4.16}:

(P(s}) '
(xp(s}) =[(N, +I/v)(I —v'N N, ) '- I/v]

(p (s})

x'
0

+0PO

PO

(4.23)

In (4.23) the column vector on the left side denotes
the Laplace transform of the column vector on the
left side of (4.22), I is the 3 x 3 unit matrix, and

N&
= N,.(s+—v)

1 ~-st%t N tdt
0

phenomenological construction not based on an un-

derlying process with a finite correlation time. "
Since &, is the only eigenvalue whose leading con-
tribution is independent of a, our procedure is to
search for a root S of (4.25) that is also of O(n'}.
If one then assumes in (4.25) that s is of O(a') and

collects terms in powers of a, one obtains a lin-
ear equation for s whose solution is exactly (4.26):

e &""&'~, t dt.
0

(4.24)

To find the inverse Laplace transform of (4.23) one

again needs the roots of a determinantal equation,

1.e.y

det [I—v'N, (s+ v}N,(s+ v)] =0. (4.25}

e, = -2k+ D, /fi +O(2lO/n) . (4.26)

This expansion in orders of the scaling parameter
is necessary because the model of Sec. II is a

This equation is an 18th degree polynomial in s.
If we restrict our attention to delta-correlated
fluctuations by again introducing a scaling param-
eter a, then in the limit n ~, Eq. (4.25) has only

three district roots corresponding to the eigen-
values e, , e„e,of Eq. (2.15}. The eigenvalue e,
is the one that leads to the instability of the second
moments. It is this instability that we want to ex-
plain in the context of the above model. It is there-
fore necessary to identify the root of (4.25} that
corresponds to this eigenvalue. To establish a
criterion that will aid us in this identification we

analyze the behavior of the eigenvalue e, in terms
of the scaling parameter a.

With the sealing relations v-a', (d&-a, X-a,
g -no, and D, -a' one can~easilyestablish from Eqs.
(2.15}and (2.16) that e, - no, Re@, and Res, - a',
and Im&, and Ime, -a. An expansion of &y in 1n-
verse powers of a leads to

S = 2l(+D-2 /Q. o (4.27)

Our procedure therefore leads to the 8ume con-
dition for stability and to the same exponential
growth rate as in Sec. II. We finally note that a
direct comparison between the stability bound
X =D, /2Q', found here and in Sec. II, and that
given by (3.9), is not possible, because the latter
is appropriate for specific switching times, where-
as in the former an average over switching times
has been performed.

V. DISCUSSION

In this paper we have explained the physical
origin of the energetic instability of stochastic
oscillators with Quctuating frequencies in terms
of the parametric resonance of deterministic oscQ-
lators with time-dependent frequencies. While the
details have here been presented only for a mech-
anical harmonic oscillator, the same physical pic-
ture can be used to understand more complicated
mechanical systems. For example, a harmonic
oscillator with a fluctuating dissipation parameter
can also exhibit an energetic instability under ap-
propriate conditions. '~ This can be understood in
terms of the orbit pictures used in Sec. III. These
arguments can also be extended to systems with

more than two degrees of freedom.
We noted in Ref. 5 that not all physical systems

that are described as a harmonic oscillator with a
Quctuating frequency correspond to the mechanical
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oscillator. ' For example, the Kubo oscillator'
governed by the mode amplitude equation

A(t) =-z~(t)A(t) (5.1)

and its complex conjugate cannot be cast in the
form (1.1). Oscillators of this type do not ex-
hibit the instability discussed in this paper. The
reason can again be given by picturing the orbits
describing the motion of the oscillator. The effect

of changing the frequency (5.1) with time is simply
to change the phase point of the system from one
location to another on a given orbit. In other
words, the frequency fluctuations in this case af-
fect the oscillator phase but not its energy.
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