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We present a calculation of the scattering of monochromatic radiation by a degenerate atom in the binary-collision
approximation. We limit ourselves to field strengths such that £27, <1, where {2 is the Rabi frequency for the atomic
transition, and 7, is the duration of a strong collision. Our calculation is not limited to the impact regime,
Aw<r", or to the region where thermal correlations may be neglected, i.e., 4w <kT/#. (Here 4w is the
difference between either the incoming or outgoing photon’s frequency and the atom’s natural frequency.) To do this
we derive an equation of motion for the correlation function, valid outside the quantum-regression regime, whose
solution for practical cases is straightforward. We present solutions for the weak-field (linear-response) regime in
terms of generalized absorption and emission profiles that depend on the indices of the atomic multipoles created.

I. INTRODUCTION

We shall now turn to the calculation of the cor-
relation function. This problem is similar to the
ones we tackled in the first two papers''?: We
start with the formal and exact equation of mo-
tion for the correlation function and attempt to
reduce it to a convenient subspace. The resulting
equations of motion now differ slightly from those
for the projected density matrix since the de-
struction terms must be kept (even when cal-
culating a steady-state spectrum) and appear as
separate inhomogeneous terms in the equation of
motion for the correlation function. As far as
weak-field scattering is concerned, the destruc-
tion terms play the same role with regard to
emission as the correction to the collision opera-
tors did with regard to'absorption. We obtain
corrections to the scattered spectrum from the
correlated events in absorption and emission.

It is found that the type of event where absorption
and emission takes place during a single strong
collision is, in the context of the binary-collision
approximation (BCA), of little importance except,
perhaps, for the Stark broadening of hydrogenic
lines. The same physical processes we include
have been considered in a somewhat heuristic
manner by Cooper.® Our treatment justifies his
analysis, while at the same time giving more
amenable expressions for the corrections to the
scattered spectrum due to the breakdown of the
factorization assumption.

The paper is divided as follows: In Sec. II, we
discuss the formal implications, for the correla-
tion function, of working outside the domain of the
quantum-regression theorem. In Sec. III, the
equation of motion for the dipole autocorrelation
function of a degenerate system is derived and
expressed in irreducible form. Using this equa-
tion, we derive the weak-incident-field scattered
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spectrum that includes all the effects of correla-
tions. In Sec. IV the new terms due to correla-
tion effects are discussed, their relative impor-
tance estimated, and their detailed evaluation for
cases of importance outlined. Section V givesa
summary and discussion of our principal results. -
It is shown how correlated events in the scattered
spectrum are related to those in emission that
may be observed by studying integrated inten-
sities of fluorescence.

The analysis of this problem is novel in the
following sense: We are able to calculate an ex-
act two-time correlation function outside the do-
main of the quantum fluctuation-regression theo-
rem. It shows clearly how extra dynamical in-
formation, from correlated events, appears in the
scattered spectrum when either the microscopic
process that causes relaxation cannot be assumed
to be Markoffian, or one studies a system outside
thermal equilibrium. We hope that as well as
providing a means of describing collisional re-
distribution, and showing how the extra dynam-
ical information—in this case for atom-perturber
collisions—may be extracted, it provides a con-
crete model for some fundamental issues in
statistical mechanics.

Alternative approaches*® to the redistribution
problem have been presented for nondegenerate
systems that are, as yet, valid in a more re-
stricted domain. They are, in the belief of the
authors, quite capable of being generalized and
we feel that they will reproduce the essential
physics of our discussion.

II. THE CORRELATION FUNCTION: FORMAL
CONSIDERATIONS

We want to calculate the amount of scattering
into a given mode of the radiation field and the
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way we do it is quite standard. First, we recog-
nize that the rate of detection of photons may be
related to the correlation function of the electric-
field operator, i.e.,®

(E=(t,) 6 (t,) - €» (2.1)

((...) denotes an ensemble average). Here E~
and E* are the negative and positive frequency
components of the electric-field operator. This
is, in turn, proportional to

Clty, t,) =(a' () &4 () &P, (2.2)

where d is the dipole moment of the atom.”

We assume that both £, and £, are times when
the atom has reached a stationary state in the
presence of the driving field and, consequently,
that C(¢,,¢,) depends only on the difference between
t, and ¢,. In that case it can be shown® that the ob-
served power spectrum is proportional to the
quantity

2Re fw ¢UA(t) &A@t +7) &Y. (2.3)

In this expression ¢ must be a fypical time in the
steady state, so that we do not ignore the effect
of initial correlations on the steady-state spec-
trum. We can write the ensemble average in the
form

C(t)=Tr[pd*@)d (¢t +71)], (2.4)
where

a*(t)=d"(t)-§,,

d~(¢)=d"(t) &,

and D is the complete density matrix for the atom
in the presence of radiation and perturbers. For
t in (2.3) to be a typical time we must be con-
sistent with our choice of initial conditions. We
take the origin of the time evolution as ¢ = -, so
that the Heisenberg picture operators (the d*’s)
coincide with the Schriddinger picture operators
at this time. In papersI and II we argued that it
was a very weak assumption to take f=-» asa ‘
time when the density matrix for the complete
system of atom + radiation + perturbers can be
written in product form

5("'“’) =ﬁltom X ﬁpeﬂ X ﬁm
=f).mxﬁb.,_h . (2.5)

It is then consistent to suppose that the d opera-
tors commute with the perturber and radiation
operators, i.e., are Schrédinger operators in the
atomic subspace at f = -,

Our aim is to reduce (2.4) to a single time aver-
age involving just the time difference 7. To this
end we write C(7) in the form

C(r)=Tr{U(n)[pE)d"1d}, (2.6)

where p(t) is the Schrddinger picture density op-
erator at time ¢, and the Liouville-space evolu-
tion operator J(7)! acts only on p(t)d*. From
papers I and II we know how to calculate the
steady-state density operator p(f) in Eq. (2.6).
We could directly reduce C(7) if we could make
the factorization assumption [Eq. (2.5)] at all
times. Then Eq. (2.6), rewritten thus,

C(T) = TT g1 (TTpuen 1T (T)[P()A* 1} d7), 2.7

could be further simplified to the following form:

C(1) =Tr,  {Tr, y, [T(B,, O[Byi0rn 1) "]} .

(2.8)

The equation of motion for P,.q(t)d* would then
have precisely the same form as the equation of
motion for the reduced density matrix p,(t) (ob-
tained using the factorization assumption). This
is the quantum-regression theorem.? In a sim-
ilar fashion we could reduce the correlation func-
tion in the case of thermal equilibrium. To see
this we write

C(1) =Tr[eX (Ppgd*)d" ]
=Tr[Pe(eX'd*)d"]
=Tr[?)eqd¢(7)d-]
=TT om 1 T e [Pogd” (7)]d7}. (2.9)

The equation of motion for the correlation function
would once again be obtained directly from the
equation of motion for the reduced density matrix.
Thus we would just need the equation of motion for
a single time variable, Try [P,d*(7)], to obtain
absorption and emission profiles. This is just
Kirchoff’s law for thermal equilibrium radiation
processes in a different guise.

We are, of course, unable to use either of
these simplifications. We cannot make the Markoff
(or factorization at all times) approximation -
since it does not hold for the atom-perturber
interaction® on the short time scales we want to
study. Making the factorization assumption in
calculating the emission spectrum amounts to
the assumption that no emission evident is cor-
related with a particular perturber state or atom-
perturber orientation. Since we know that emis-
sion in the far wings of a spectral line Aw>1/7,,
only occurs during a strong collision—when atom
and perturber are strongly coupled—the factor-
ization assumption must fail at some point.

Since, in addition, we are driving an atomic
system with an external field the steady state
cannot be thermal equilibrium and we must,
therefore, stay with the general equation (2.6).
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We shall proceed to derive an equation of motion
for C(7), using the same projection operators we
did in paper I. The Markoff approximation for
the matter-radiation interaction alone is, how-
ever, valid and it implies for our purposes that

Ppp(t)=p(t). (2.10)

Physically, this means that the driving field has
a negligible effect on the virtual processes that
cause radiative relaxation, a direct result of
their very short “memory” time. We can then
write

C(T) = Tri“’m{TrRAD [ﬁ(‘r)][ﬁnom (t)d’ ]d -} ’

(2.11)
where
8, Try,p [0(t)]=[L¥ +V +8 + LE(1)] Trg,p [0 ()]
(2.12)

[see Eq. (2.32), paper I].
We concentrate now on the equation of motion for

T (Ve ()d* =5(7), (2.13)
i.e.,
3,5(1) ={LM+V +§ + LB} 3(7). - (2.14)

'{‘he important quantity we need to calculate is
P_g(t). This is the projection of g(¢) onto the
, 1

factorized part of the atom-perturber system. -
Its equation of motion may be written ina sim-
ilar form to that for the corresponding projection
of the density operator B, p(t), i.e.,

8,B,5(t) =P LY+ LE(t)+5]P.2(t)
t
+f BPVQ.8(t,t)Q VP, z(t"at
0

+PVQ.8.(t,0[Q.2(0)]. (2.15)

Note that the initial condition at some typical
time, taken as =0, now plays an important role
since the last term in (2.15) is distinct from the
others and cannot be simply combined to give an
equation on the interval (¢, =) of any use to us.
Now @.2(0)=[Q.Pr(t)]d*, since we assume that
the dipole operator does not couple different
translational states of the perturbers, and we
have already calculated @,pg(¢) [Eq. (3.6),
paper I]:
t

3.5a®= [ §.0,00QTB,palthat’.  (2.16)
Here §.(¢,¢') satisfies the usual equation of mo-
tion [Eq. (3.2a), paper I], which is equivalent to

8,8.(t,t)=Q[LE+V +5 + LE(1)]8,(¢, 1)

So the equatidn of motion for }_Jc £(¢) may be writ-
ten in the form

~ -~ -~ - - - ‘.. tdd P el
8,P,2(t)=P LA+ LE(t)+S)B.8(t) + | P.VQ.S.(t,t)Q VP Z(t"at
0 0

+PVQ.8.(r, m[(éc f §.00, r’)QcVﬁch(t')dt')d'] :

Note that the object in large parentheses must be
calculated first, before it acts on the d* opera-
tor. Now that we have the equation of motion for
B_g(t), the initial condition through (2.13) and the
steady state for pr(f), we can calculate the spec-
trum. We shall, as before, concentrate on the
BCA to these equations of motion, i.e.,

8, PLg(t)=PYLy +3+ L*t))PL2 ()
+N, ]O-‘f’é‘;l%??é(t,t')ﬁlﬁég(t:)dt,
+N, PV Q.51 0)
<[ @i e prpanar)er).
(2.18)

Here N, is the number of perturbers in the nor-
malization volume we choose. These equations

(2.17)

—

describe the formation of the emission spectrum
via the time dependence of the correlation func-
tion. Emission can occur outside or during a
collision, and Eq. (2.18) describes all possible
sequences of radiative and collisional events. It
is, therefore, not limited to either the impact
t>> 71, or t>7/kT regimes where T is the trans-
lational temperature of the perturbers. To use
these equations we shall need to express them in
irreducible form, as we did with the equations of
motion for the density matrix. This is achieved
in the next section.

III. THE EQUATION OF MOTION FOR THE
CORRELATION FUNCTION IN IRREDUCIBLE FORM

We shall now consider the correlation function
for a driven two-level atom the upper and lower
levels having angular momentum j, and j,, re-
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spectively. There may be other states that the
collision couples into these two states, but we
assume that the direct coupling to these levels
via the driving field may be neglected. We shall
not be concerned with effects due to inelastic or
repopulating collisions from these other levels,
as this has been discussed elsewhere.®'° They
are mentioned since they are necessary for the
existence of an effective interaction within the
upper-state manifold (see paper II). Equation
(2.18) shows that we need the corrections to the
collision operator that we calculated in paper II.
We also need the destruction terms in Eq. (2.18).
The destruction terms, and corrections to the
collision operator, represent correlated emission
and absorption events and have, therefore, a
very similar structure when expressed in terms
of collision matrix elements. To show this we
use the same methods as we did above to expand
the exact propagator §.(¢,¢’) in powers of the
driving field. If we wish to calculate only the
weak-field scattered spectrum, an examination
of the destruction operator informs us that we
need only the first-order correction to the destruc-
tion operator. This is so because the presence
of the dipole operator in the definition of g(7)
makes the zeroth-order term in the destruction
operator equivalent to the first-order term in
the correction to the collision operator. By the
same token, we see that we only need to expand
- |

2T,

—if {5, (@) =f53,¢ = 0) =iele M (W) 55, () - =5y 75
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the destruction operator to first-order in the
driving field to obtain a consistent set of equations
in which the collision operator is expanded

to second order. The validity of the expansion in
the driving field is, of course, the same as dis-
cussed in paper I, i.e., 7,<1 where Q is the
on-resonance Rabi frequency. We shall limit our
detailed discussion to the weak-field case, but it
should be borne in mind that Q7. <1 is the only
fundamental limitation on our treatment.

We shall consider here the equations of motion
in the one interacting level (OIL) approximation,
as this case exemplifies the interesting physics
without unrealistically simplifying the problem.
In Appendix A, we give the form of the destruc-
tion operator for the more general case where
upper and lower levels interact with the perturb-
ers. We use the following, slowly varying,
quantities rather than the matrix elements of
g(1):

759, )= (KQjedel 22D,
I3, 0 =(KQjejel 20D,
F8,0) = (K@i e 22Y) €22,
ff,fe(t) «KQ]:JeIg(t)» e oLt

Here w; is the frequency of the driving field. Then
the Laplace transform of Eq. (2.18), written in
irreducible form, is

(3.1)

3, (@)

E 5@ D Gl A7) 3, CEE (1)< e1gra*@

X [1+CHK; ee; eg; w, w)] ffe',g' (w)

Z 8o(€,)o(delldll ) § 5,1,G8%(=1Ye e [1+ € (K; ee;ge, @, w)fFE Y (w),
g’e

<—z’(w+wL W) + f+1)f,a3'(w) f,e,‘(t 0)

(3.2)

=l ME @SSO 5 2 Gl @)-o8

+ J,J.,

X{7,:eG'-‘5'-o-(—l)"’“"°’°'f“'°'(w)

Jelg

GXE.o(-1)* ' [1+ € (K’, eg, ee, w, wy)1fT.5 (W)}

+D (K, eg, ee, w) + D{**V (K, Q; eg, ee, eg) +D{*¥) (K, Q; eg, ee,ge) + D{* (K, Q; eg, 22, g¢) -

Here

DK, g, ee,0)= 2 (@)oGelldle) 5, G5 -1V 1K, eg, ee, W), )

Then f

(3.3)

‘(w) can be obtained from the same equation for f¥ ‘} by using the tensor relation T%°(j,j,)

=T7kK-Q (‘], jo)¥(=1Ye¥*Q and dropping the destruction terms
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_iwf;{’j (w) = .fj (t 0)—9(]e,]nK)f,e,e(w)_'_ z: é'o(]e“ d”]g>(-€1) q( I)K’K'[j‘;ec ]( I)Je-j‘fxlo( )

-% E Gelldlljoy(=1)e ™36 @[5 | GERIEN* ST/ T (w).  (3.4)

‘The driving field has the form E(¢) = 8€ +8*&, §=8,e7'“L!, the outgoing scattered field has polariza- -
tion vector €2, and 6 is defined thus

8(jo, g, K) = (1Y X 1(2], + 1) (]a Je K> ar,, .
j{ jt 1
Here, we need the following quantities [for the definition of the G’s and C'(K, eg, ee, w), see paper II]:

C .. gk
eY(K’, eg,ee,w,wx.)-Z( 1)@ kerus (Je Je K) (Je Je )

Mo =Ws Q pe —pe —Q
/A 1
XN, lim <<Jeué1gu} Tr'(Vlﬂlww“L —xlieuiiens))
X ((Joudjerdl Hw+L " VA(-*)) J'eu;’jeue5>>, (3.5)

where the summation is over the u’s, @, and j;. Here the Tr’ indicates the angular part of the average
over perturbers, which has been performed. The number of perturbers in the quantization volume is N,
Note that the intermediate states in the collision operator include other excited states coupled to j, by the
collisional interaction:

D{"(K,Q,; 2,88, 8¢, w) = 1—1,; 2 (2K, + 112(2K, + 1)28,(=1)/ 6K K3

X (€)-0(€)-o 8P (Ky; ez, 22,80, W)UK, + 1) (B3 1 Ko (Ko 1K,
Q —-q9' Q, -Q; 9 @,

i Jo K\ (ic it
x (Fe 0 B} (e 2 ) Galdl el
Kl 1 Je K 1 .7:

where the summation is over the ¢’s, @,, K,, K,, j%, and j%; and

3 a1 PO )
. d(i)(Ka; eg,gg,8€, W) = Z <]e Je K3> < Je Je Kg ) (_1)u§-ué
3

BE -ps Q —ud W -Q;
A 1
XN, lim <'1u"u1 Tr’(V — 212 g, ut
'e_.o Jetelelle t 1i(w+wL)+L1+S+EI]eﬁe]gu'»
. . 1 - . .
X ((Jetg Jebtsl =2 JguZje1tE))
tw+L, +S+€

1

X ((Geu2G3us '——.——':VA)
<<J"“""]e“"|—iwL+€+L1 +S 1P

j,#§j3u3>>; (3.6)
the summation being over the p’s and Q..

D&u)(KLQ” eg, ee,ge, w) = Z(ZK1+1)1/2.(2_K2%L(2K 1)(_1)K2-02¢f2‘!: ,

xé’o(gl)-a(gz)-ql (1 S 1 K, K, Je Je 7
4 =@ Q) \-q @ @,/ \1 K; j

PR & T
x (gl dll 72 )33l e ) Je T\ 4D (ky; eg, ee, ge, w)o¥2%
i K K, e
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where the summation is over K,, K, j3, j3, ji, j3, all the @’s and ¢’s, and

1 43 6 4
d(“)(KS; eg, ee,ge, w) = E (]e Je Ks) (]e Jje Kg )(_l)xsoj;.j;’eu:.yg

we —kg @3/ \ug -pi -Q;
X ﬁmN,«j; g ut|Tr! (171 e 1 FHTES AT
€0 S+L, +i(w+wy)+€
x (72u2 usl TslT | jdudizusy)
X ((j,ufjguj’lmﬁlp)‘hﬂﬁgﬂ» . 3.7

The summation in this case is over the p’s and Q3.

D(lii()(KQ; eg, ee, eg, w)= Z(2K1+1)_1/2(2K2+1)1/2 ( 1 ’Ifa K1 ) <1 Ks Kz)
ql —Qa _Q1 q Qa QZ

1 4, 72 1 4, j° 0.+ 45 TR TR S
x( Je ”) < Je ’*)(—1)"2 9z 48-3 (2K, + 1)(j, | dll 72 )72l All )
it K, K,) \j} K, K,
*

- 8
X @D-o(@)-agFd MO K; g, ee, e9))2 %,

where the summation is over K,, K;, all ¢’s and @’s; and

d(i“)(Ks; eg, ee, eg, w)= Z <]; A Ka) <]e5 Jje K, ) (_I)A’a»}:o!gfu:wgn

Mo =43 Q3/ \mg —pe —Qs
xgn;lN, <<j;uzj,u“ Try (‘71 S +i(:)+wL)+€ FHT AT
S CHTHATH ﬁ |ansigue))
X ((Famddenss | TS ioie Vlfn), e e e ME» ; (3.8)

the summation being overthe u’s and 3. Here the o’s are the steady-state values of the reduced density matrix
expressed in irreducible form (see paper II). The generalizations of these operators to the case where
both levels interact with perturbers are given in Appendix A. We have labeled these destruction terms
@), (), and (i41) since they are, in essence, the correlation corrections to the F(¥), FU¥) ang F(i)
terms of Omont, Smith, and Cooper.'! Cooper® has considered these corrections, but was not able to ex-
plicitly separate them from the “uncorrelated” terms. Our analysis achieves this separation and as we
shall see clarifies his analysis. Now we note the following:

C(w) = Tryom[£(w)"]
A (Guma| () ) (gmy) Al jym, ) - EX

1 = - . [ ->
- B g @1 a0 € - .9)
The weak-field solution for g}';%(w)=f}';% (w - w,) is then
Jedg Jelg
7 1
Fliigg (W=wg)=— T, 7ol
—H@ = @) + m - s M (w)

i/n g . ax %Qs1-a* £K'Q* (4 _
% (—i(w— wg) K'Qz'q‘ Gl d"]'>(€1)‘°'8°gtfect‘°'(—l)x e fjljl ¢=0)

i €20 2 @il T, 6 1P e K, eg, e, 0% (i)
*Q'%’

+D(‘)(1, —q;¢€eg8,88,8€, w— wL) +D(“)(1’ -q; eg, ee,ge, w— wL) +D(“‘)(19 —q; eg, ee, eg, W — “"L)
(3.10)
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We need the following:
fh,lz(t 0)= «KQJIJZI O(t O)d’ ¢ g2»

= 2 oF T (<1 OE) (111 | Al )
K'Q'
x(zx+1)”-(zx'+1)*’=<" 1K\ (K1 KN 56,50,
-@ -¢' @) \ s j, je
So we have

fiee=0)= Z OFY(—1)T e e @),

K 1 1 K1 1\, y=y.
X V3 (2K’ + 1) (elldl gy .
-Q' q' -q j( je jc

We note also,

ff (t 0)= E "zg(-l)q"a(gz.q'(2K+l)‘/2(2K'+1)‘/2 <K, 1 K> (K' 1 K

) Gelldlie),

-Q' q’ +@ Je Je Je
where
1 +i*1=q’
afgfz(%)( _ — Yo ) @83 ey 1y 3
N —i(we,—wL)—,:,:M‘(wL)+-27¢:—i-

X8(K=1)6(Q =q").
Here, N, is the ground-state atomic population. Thus

758 e=0= T G iy @, (11 K
9% -4, q, +Q

X(]alld||]l><]¢“du]e>(2] +1)<1 1 K>(2K+1)1/2

Je Je Je

X 1 T, .
_i(we: - wL) - jeMl(wL) + '_L'f

From paper II we know also

qz -q

2 - - -> +J +q + K+
o%%(i, 7= Lol G d x4 T @@, <1 toK ) EARIDES ( !
9% . -9

N,
—Jede prx 2L (o,
( fete it (0)+(2].2+1)) 2j, +1)

X

Je

1
X 2Re . T
erM (wg) +i (W, w)+(2j )
e

Thus the weak-field scattered spectrum may be written in the following form:

1 K
Je Je

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

[1+C (K, ee, eg, w,,)]).

(3.16)
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fl.‘q _ .
Clw) = T el g2 =) (aye-te( a7, )(ED)- (3.17)
- 1
-i(w - ws:) - 4??:_1 - ;:;:M‘(w)

x 3 (-1ye el S

x[ D (=1)ete(E)e V3 2K+ 120 L7,

K'Q’qe’
X[1+01(K’, g, ee, w)] K 1 1 K11 Oxlal(jeje)
Q' ¢’ -q/ \j Jo Je
U T G )-8, G (10"

4 ——
-i(w—-w) g q

x 3 L Cpyerse @), @), 2+ 1%

Q%

1 1 K’ 1 1 K
X Gl Al gy el Al 2y e
<-q2 q, Q’) (]l Je ]e) (2.7 +1)

1 )
X - - T
(—1 ((‘-’er ~-wg) - ;::: M (wg)+ re(/(zfe +1)

+D{")(1, -q; eg, gg, ge, w — w; ) + D{ 'V (1, -q; eg, ee,ge, w - w.) + D\ (1, ~g; eg, ee, eg, w - "’L)]'

(3.18)

IV. CORRELATION TERMS IN THE SPECTRUM

Now that we have the formal result for the scattered spectrum we shall discuss the relative importance
of the uncorrelated, the D, and the C terms. First, let us consider the D(” term which is a correction to
the Rayleigh scattering, in the sense that the same sequence of density matrix elements occurs in it, as
does in the normal F*) term®7 that gives the Rayleigh scattering. This sequence includes a propagation
in a superposition of the initial and final states—this is Shown most clearly when one considers Raman
rather than Rayleigh scattering (see Fig. 1).

We write the spherically averaged operator that occurs in D' and d'*) in the following form:

z(_l)x-aaung-u} Jo Je K Je Je K
Bs —Mg Q A

r o L
X lim J‘ ~iAw,Tg de f eiAmlz'rz-e'r2 I dTl eiAwlrl
o 1]

€ -0
X Tr{[((]'aﬂ-ij:#}l ‘711, (T1 + T, + 73) ﬁ: (T], +Ty+ T3, Ty + Tz)'jep'gj:“;»
X ((ehgjoh2| T}(r,, OV} (00, (=)l jeEjond))]s 4.1)

the summation is over the w’sand Q. Here Aw,=w,, — w+iYy/2, Aw, =Wy — Wy =iYx/2, Aw,=w—wy,
and we have introduced interaction pxcture operators U, I (see II). This D (¥ term vanishes in the weak-
collision limit obtained by putting the T"’s equal to the 1dent1ty operator in Liouville space, since the
expectation value of the interaction Vx (7) in any given state vanishes. If we suppose that we can use an
adiabatic approximation, for the couplmg of other excited states of the atom into j,, then we can replace



2052 K. BURNETT AND J. COOPER 22
VI by V! 1eff, and treat |jore) as a complete set of states. We can then reduce the K =0 component to, the
followmg form. We shall only estimate the K =0 components of d‘*, d**), and d‘**?), since we expect
them to prov1de reasonable estimates for K # 0 also,

lim f -180,7y dr,
€—=0 (2.70 +1) 2

@ ) @
xf e{Awlzfz-rrzf e(Awl'rl

[\] ']
X Tr] [(Joril Vf('rs +7,) OX(7, + 75, TV (=1, T1(0, =7,)! lie].  (4.2)

If w-w;=Aw, is less than 7;', we can use the following argumenf to give an upper estimate to the
integral. We know that the integrand takes its maximum value (as a function of 7,) when 7,=0, and decays
ona time_ scale comparable with the duration of a strong collision.! An upper estimate is, thus, given by

. T, ° .
lim ) m[c e ‘A“’z’ad-rsf AT dr, Tr'[(]eu.,l V(1,) U7, O)V(—TL)UI(O M FATE

€—>Q “é

T, h W w
=limzz—j:+—1)(Aw2Aw1)fo -ia 'drsf $80,7 dr Tri{(e I [OF (75, 0) = 1][0F 0, =7,)T = 1]1jeus)} .

€—+0 “: (

(4.3)

If, on the other hand, Aw,,>> 7;', we can replace 7. by 1/iAw,,. Thus, we can summarize our estimates,
for d and K = 0, in the following expression:

1 _ [(:;Ml(—w,,) _;;M‘(w)) . 1Aw1Au{z (GlMl(w) “M‘(—w,))] @.4)
Bw,+its )\ Aw, Aw, ) w=wy+ivy) \ Aw? IN%;

(see Appendix B).
We can estimate d‘**) in the same manner as we did d‘*); the weak-collision limit vanishes, and the
effect of the 7, propagatlon, now in the excited rather than the %round state, can be estimated by putting
=0 and replacing f d7, by 7.. Apart from angular factors d ) for K=0 may be written in the form

%%?f’ﬁ-ﬂ f dr, e™2" f d7, 21" Tr{(ut|[0% (75, 0) = 1][TX(0, -7,)" = 1] w2 )}

o ir [;;Ml(-wL) _uM'(w) _iAwdw, (;;M‘(w) +:;M‘(—w,,)) (4.5)
Aw, Aw, (w=wy+iyy)\ AWl At :
(where we have used the results of Appendix B). We have to take more care with the D{***) term, as the

weak-collision contribution does not vanish. We can, however, evaluate this contribution and express it
in terms of width and shift operators. We now consider the K =0 component of d*!? i.e.,

1 fn -{Aw,T, fw -y, T j. -{Aw. T
_— dr, e 273 e "N2dr, dr, e 11
,;,,;Eu: @er Dy € 247 ), 4n

(o]
X Tr![((Je b e kil VE(T, + Ty + 7) l-}'f('r1 + T, + Ty, Ty + T G2 25 L))
X (G w2 ja 2N T3y + 75 T G182 1a BEY)
X ((G2mdenE T (7y, O O)B(=)| i nSde u2)) - (4.6)
The weak-collision contribution is

1 o iAwt w© . w© . 1
§m£ drge™*® 2'31; dr,e .’N'z[o e '“”1'1( h’) Trl'[(]ep.e|VI(11+Tz+1'3)V‘(O)pl(—w)l],p.e)], (4.7)

where Aw} =w,, — wy —iyy/2. We note that we have taken the other states mixed into e to be degenerate with
it; this is true in the most important case, where this weak contribution may not be negligible, i.e., in the
Stark broadening of hydrogen. Equation (4.7) may be written in the form

(444) _ 'l.fM w(wg) 1.,1‘ (Gyy/2) fe:'M‘ (w)
dy ((wt, - w)[wg - w,,+(zy,,/§ﬁ [w=- we‘+(zyN/2ﬁ[wL - w"+(1-y”/2§] (wz - o)[w— w“_’_(z,yﬁ/a]) . (4.8)

Here
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Je, 1 u';(.).(/2)_12 . 51, \DI A .
::::M«‘a<w>=21—(2,-e+l) j; ¢ tem e W ) Trl[(o | V] (1IVIO)B, (=) o) ] (4.9)
He

The weak-collision contribution to the spherically averaged operator in D{***), d*¥) for K+ 0, may be
written in the same form with M, (w) replaced by M¥(w), where

ME@)=3 (j’ Je K)’ (2K + 1)(1)845 [ gttumcaptmyte

o

Mo —H3 @

X (o2 | TEI[V, (1)V (006, (=) ]| o i)

(4.10)

the summation being over the ©’s and Q. In estimating the relative sizes of the D’s and the other term in
the spectrum below, we use the fact that for Stark broadening of hydrogen lines, it may be shown for

l w= we:l < T;ly

igd .
,:,: ML(w)~ =y, =ty . T,Aw.

(4.11)

Here v, and 7, are, respectively, the weak- and strong-collision linewidths, and 7, is the duration of a
weak collision (inverse of the plasma frequency). We can estimate the strong-collision contribution using
the same method as we did above for d'¥ and d{*". We find the following estimate for (4.5):

iii T, Jod Jed
4 = e L ) - ).

(4.12)

Now that we have estimates for these extra collision operators we can compare them with the other terms

in the spectrum.'?
We define the following quantities:

' _1 Y'(Aw)
Faw)=7 [@= W = AN (W)P+7 (W)’
n(Aw)=l W= W, = AlAw)

T [w=we =AY AW)P +7 (Aw)?”

Here, y'(Aw)=y°(Aw)+ 37y, A'(Aw)=A°(Aw), where
7*(Aw) ==Re[; M'(w)],
£%(8w) ==Tm[2 M*(w)]

(4.13a)

(4.13b)

(4.14a)
(4.14b)

[see Eq. (3.10), paper II]. We can then write the frequency-dependent factors in the complete F{*) term
(Rayleigh scattering plus the D{*) correction) in the following form:

Aw,Aw,

Re{ 1 i [::M‘(—wL)_ng*(w)+

. + = =
iAW, +€ 1AW, +T;} Aw, Aw,

y (;M‘(w) , M (=wp)
Aa? AWt

This term is represented by the diagram given in
Fig. 1. The first term of (4.14), the ordinary
Rayleigh term, is obtained when we can average
separately over the three time intervals® (7, 7,,
and 7,). This is the same as ignoring the cor-
rections to the collision operators destruction
terms. The D{" correction to Rayleigh scatter-
ing represents the physical process where a single
strong collision overlaps the three time intervals.
Let us consider how the Dﬁ') correction modifies
the spectrum in the most important regions of the
spectrum. Suppose we excite the atom in the far

>]} {[f (6w +in(aw)][ £ (Aw,) -in(Aw,)]} .

(w=wg +iyy)

(4.15)

wing, Aw,> 7.}, the b function is modified by

(i) a term of order -y .(Aw,)7, times a function
with width v, and (ii) a term of order A;(Aw;)/Aw,
times a function with width 77!, both these are
negligible in practical circumstances. The mod-
ification to the 6 function can be understood as
follows. Rayleigh scattering occurs when the atom
is unperturbed and Y(Aw)7, represents the fraction
of atoms undergoing strong collisions. We should,
therefore, expect the Rayleigh scattering to be
affected to that order. The D(l") correction also.
affects the fluorescence, i.e., Aw,~7v.(0), by an
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N

D3 I 1e> 1 |
| T, T T3
—_—
2 3
<G| <el 9]
W w

FIG. 1. The Fyy term: ~ represents overlap of the
time Intervals in (1): D{", (2): €'(gg, eg), B): C(ge, gg).

amount of order yy/Aw, in the same limit

(Aw,> 7;'). This, again, is negligible. In the
impact limit Aw, and Aw, < 7! the D{* term mod-
ifies the & function by an amount -y.(0)7, times

a function of width ¥y, and may be neglected. Our
conclusion is that we may ignore the D{*) in all
important regions of the spectrum.

We now turn to the F**) term which is repre-
sented by the diagram in Fig. 2. Again, dropping
the destruction terms and, of course, the cor-
rection to the collision operator, is the same as
averaging separately over the three time inter-
vals. The Dﬁ“) correction represents the process
where a single collision overlaps the three inter-
vals. For Aw,, < 7;! the analysis of this correc-
tion is identical to that for D{’, When we excite
in the wings, i.e., Aw, > 7;! then (3.23) shows
that D{**) produces a correction ~y,7, to the
fluorescence. Once again, this should be expected,
for the following reason. Once a photon has been
absorbed during a strong collision, the probability
that it will be reemitted during the same strong
collision must be ~Einstein A coefficient X duration
of collision, i.e., ~yy7.. Note that 7, is the dura-
tion of a siromg collision, since the correction
vanishes for weak collisions. If 7, was the dura-

wy w
3 DI >
. —_—Ym————
T4 T, T3
[ N —
2 3
Gl ¢l Gl
w w

FIG. 2. The Fy;, ter‘g}): ~= represents overlap of the
time intervals in 1): Dy, (2): €!(ee, eg), (3): €' (ge, ee).

wL w
1D . © 3
T T, I T
2 3
@l ¢l G|
W w

FIG. 3. The Fy;;) term: ~ represents overlap of the
time intervals in (1): D{®, (2): €l(ee,ge), (3): Cl(ge,ee).

tion of a weak collision 7,, then there are prac-
tical cases, e.g., in the Stark broadening of hy-
drogen where y,T, can be comparable with 1. So
we are just left with D{!'*) to analyze (see Fig. 3).
It appears in the scattered spectrum in the form

Re{d V[ f(Aw,) +in(Aw)][ f(Aw,) +in(aw,)]}.
(4.16)

Let us first consider the strong-collision con-
tribution Eq. (4.12). When Aw, > 7;! then we ob-
tain a correction ~yy7, to the fluorescence. This
is the same order as the D{** correction, and is
expected on the same basis as the argument we
gave for D{*"). For Aw,> 7!, the Rayleigh peak
(6 function) is changed in magnitude by the order
Ye(Aw,)7.. In the impact limit Aw, and Aw, and
Aw,< 7.1, the corrections to the Rayleigh and
fluorescence peaks are, respectively,
~YnTo[@(Aw)/dw ] and v 7 [dy(Aw,)/dw, ]
[ve=7°(Aw=0)]. Though we can always neglect
the strong-collision contribution from D{**¥), the
weak-collision contribution [Eq. (4.8)] needs a
little more care. When | Aw,|> 7, this weak-
collision contribution gives terms
(YxTw)[Ye/r'(Aw,)] compared to the fluorescence
peak and a term ~y (Aw,)/Aw, compared to the
Rayleigh peak. In-the impact limit the correction
is of order (y,+7y)T, compared to the fluores-
cence. For neutral perturbers we can ignore this
correction in most circumstances of interest.
For Stark broadening of hydrogen lines, however,

" it may (under extreme circumstances, e.g., in

the sun) be important if v, 7, [v*/7*(Aw)] is of
order one. Note that in this situation the correc-
tion to the normal collision operator, from the
effects of spontaneous emission [via the presence
of S in the definition of the M(z)’s, Eq. (2.17),
paper II], also becomes important. In fact, the
weak-collision limit is quite calculable, as we
saw above [Eq. (4.8)]. In the above discussion we
have been careful to show how the correction
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terms D', etc., may be estimated for both weak
and strong collisions. We note here that there
are also weak-collision contributions to the €*!
operators that may be of comparable importance
in the Stark broadening of hydrogen. In fact, for
Lyman a (in work performed in collaboration
with the late Yelnik), it is possible to show for
scattering from the far line wings, that a weak-
collision contribution from a €' term exactly
cancels the D'**) weak-collision contribution.
Once again, we stress these weak-collision con-
tributions are straightforward to calculate and
present no problem [similar to Eq. (4.8)].

We conclude that for most purposes we can ig-
nore the first-order [in LE()] terms in the de-
struction operator and need retain only the zeroth-
order terms. The important quantities we have
left in the spectrum that have to be calculated are,
therefore, the €'s thatarise in the first-order
corrections to the collision operator and the
zeroth-order destruction operator. We can see
from Figs. 1-3 that the destruction terms, for
emission, are the inverses of the corrections to
the collision operator for absorption. That is why
we use the same symbol €! for the angular-aver-
aged operators we need to calculate, in order to
emphasize their close relationship. The €'s
allow us to account for the physical processes
where a strong collision overlaps the processes
of absorption (or emission) and propagation of the
atom in the upper-state manifold.

V. RESULTS AND DISCUSSION

Now that we have a formal result for the scat-
tered spectrum, along with estimates of the rela-
tive importance of the correction terms, we
should like to cast our result for the scattered
spectrum in terms of generalized absorption and
emission profiles,® and link up our discussion with
that of papers I and II. To do this we use the fol-
lowing definitions (vahd in the OIL approxima-
tion):

f&(Aw) =f (Aw)[1+ReC! (K, e, g, w)]

+n(Aw)Im[C' (K, ee, eg, w)], (5.1)
fE(Aw)=f(Aw)[1 +ReC\(K, eg, ee, w)]
+n(Aw)Im[C (K, eg, ce, w)]. (5.2)

The scattered spectrum may then be written in
the form

ZMK(Ygiz)G(A 12)+?——, FEaw)fE(aw,)

- s F B n(aw) -n 80,/ (B0,)]).
(5.3)

The M* in this equation is defined in Ref. 11 and
contains all the angular information relevant to
the ingoing and outgoing fields. It is not related
to our collision operators (the authors apologize
for the double use of this symbol). Note that we
have left out the weak-collision contribution from
D{#*Y We should point out that there may be re-
gions of the spectrum where the other destruc-
tion corrections, ignored in our discussion, be-
come comparable with the terms in Eq. (5.3).
These regions are, however, ones where the
scattering is, in any case, negligible. Equation
(5.3) thus describes the spectrum accurately in
most regions of importance. This profile is valid
in the BCA and OIL approximation from line center
to the far 2T wings. The way in which the

C!(K, ee, eg, w,) describes absorption accurately
in the far 2T wings was discussed in paper I. The
C'(K, eg, ee, w), that appears in the destruction
operator plays exactly the same role in the emis-
sion spectrum. For K =0 we show in Appendix C
that this €! is of order y./(kT /%), when Aw<kT/k
and may be neglected in this region. This correla-
tion term allows for the effect the upper-state
potential has on the trajectories of the perturbers
as they come in and begin a collision with the
atom, during which a photon is emitted. For the
K # 0 terms we would, of course, also be con-
cerned with how the 7y levels were mixed by the
collision as well as the effect on the trajectories.
m; state mixing becomes important long before we

"get to the thermal correlation Aw 2 kT /% regime,

and the K # 0 terms have to be retained as soon
as we go outside the impact approximation. Since
the K # 0 terms contain extra information about
the mixing of m; states in the excited level of the
atom before the emission of a photon we believe
that they can be used to extract more detailed in-
formation about the interatomic potential than is
possible from the usual pure emission or absorp-
tion profiles. When Aw and Aw, <¥EkT/E, i.e.,

we can ignore the effects of the curvature of per-
turber trajectories, it is straightforward to show
that fX,(w) =f%,(w) (as is required by detailed
balance).

The scattered spectrum [Eq. (5.3)] was obtained
using an equation of motion for the dipole auto-
correlation function for the atomic system de-
rived outside the validity of the quantum-regres-
sion theorem. The quantum-regression theorem
fails, since we are studying systems outside
thermal equilibrium, and outside the Markoff
(impact) approximation. The scattered spectrum
is expressible in terms of generalized absorption
and emission profiles, in the OIL case [see Eq.
(5.3)], the former of which may be studied via
the relative intensities of the integrated Rayleigh



2056 K. BURNETT AND J. COOPER 22

and fluorescence peaks if the polarization of the
light is studied (see paper II). Most importantly,
the scattered spectrum has been shown to con-
tain information that is not contained in the emis-
sion or absorption profiles alone. It is, there-
fore, as we stated above possible to extract a
great deal more information about the collisional
interaction from scattering experiments than is
accessible from pure absorption or emission
profiles. In particular, the polarization of the
scattered light is sensitive to the mixing of m,
states, and thus to the anisotropy of the inter-
atomic potentials, at large internuclear sep-
aration.
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APPENDIX A: DESTRUCTION TERMS IN IRREDUCIBLE FORM

In this appendix, we shall present the forms of the destruction operator, including corrections to it from
the driving field, thatare valid when both levels of a transition interact with perturbers. We shall not
give a detailed derivation, as it would follow the lines of Appendix B of paper II very closely.

The zeroth order in L® has two terms, the first of which couples | K,Q,ee)) into | K,Q,eg)), and is

DO(KI.Kz’ eg, ee, w) = E (2K1 + 1)1/2(21(2 + 1)1/2('€’2)q<je" a“]{) (_l)j’- @
L

Q]_ "Qz q

X (Kl K, 1) C'(K,, K,; eg, ee, w)azz,jz, A1)

see Appendix B, Eq. (B15), for the definition of €'(K,, K,; eg, ee, w). If the lower level does interact with

perturbers, this reduces to

q

E (2K, + 1)1/2(2Kz + l)uz(gz)q(je I allj'>(..1)’e”:'°z (

The other term couples | K,Q,; ee)) to | K,Q,; eg)):

K, 1 K‘) CY(K?, eg, ce, w) <K‘ K, 1) . (A2)

jl jC jB

Q], _Qz q

D (K,, K;; 88, €8, 0) = 3 (2K, + 1)2(2K, + 1)2(&,). (ol All 5y (~ 1)~

x el(Kl,Kz;gg, eg, w) <

e (K,, Ky 82, €2, W) =N, Y (=1) 2 méwe ( Je

X lim <€t“’;jﬂ"§

€—>Q

e’'e

K, 1 K_Q
2 0,22, (A3)
Q1 -Qz q

je Je Ki\ [ie Je 1\ (K, K, 1
I-L; _“-3 Q4 “': _I-"; Q5 Qa Qq Qs

= 1 . .
([ 7, Trior L33 Jekedekd)

X «j:“ije“; I

j,u;"j.uﬁ» .

(a9)

1 7.5
~twp+€+ L +S 1P

Here the summation is over all u’s and @’s. This term, of course, vanishes if the lower level does not
interact with perturbers. We now give the first order (in LE) correction to the destruction operator. The
first we consider is a correction to the normal F;, term; it couples |K,Q,j,j,) to |K,Q,7,j,). We have
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Di‘)(KlQu eg,88,86, w— wL)

=N2 (2K, + 122K, + 1) (%) 80(E)-o(&)-o((ell Gl )2
L]
x X (Kllx, 1 K, K,\ (K, 1 K\ (1 K, K, \ [ice Jc K,
T

K1Q,Q30,Q05Q49, Q 9 Q, 7 Q, -Q, Q Q, @, Qs @ —Q; He =Hs Qg

x jﬂ jl 1 jg je 1 j( je Kz

—us ke Q) \nf -u Q) \ -uE wl @

Xlim <<'3‘J’;jl“'; I Tr{ [‘71 : ! i § Ije“gjlp'?»

=0 tw+€+L, +

RPN 1 .4
X (Tt e ig] Mo ey rerL, Jekedeti))

Jebede “'Z>>
X,Q 2

X 0332 1) e ek 0 0} (A5)

X((Je e msd] ﬂﬁ(—w)]

_—
-twy+€+ L +S

'The OIL form of this operator has been given in the text.
The correction to the F¢**) part of the scattering can be written in the form

D(lu)(KU Ql; eg, ee, ge, w— wl.)

NS a1
=N,(2K, + DMK, + 122 20 (&) o&)-o((ell Al i) ? -
aq
y )> K, 1 K\ /1K, K,\ (K, 1 K, 1 K, K, \ [jo ic K,
WK KK K K oK7Q5Q3Q 4Q 5@ ,Q) Q, 7' @, q Q, -9,/ \Q; @, -1/ \Q;, @ -Q; He =l Qs
o (G de 1\ (i e 1 (,-, je Kn
pp =u? Q) \wé -1 @) \-ug v @

XlimN, <<je e jeki

€0

= 1 .o
Tr! ["xm'h“?h“?»

o 1 o
X ((oiidobe | oo 1A idend))

. . 1 ~
X Uebbiont sy =)
1

JelgJe IJ'Z>>

(A6)

plopb,0 ool -y2.,3
X (=1)le*dg=bgbgrQq = Q- 43 u,afzfz.
ede

Finally we have the D‘***) correction
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where the second summation is over K,,K,, the u’s and the @’s, except @,.

APPENDIX B: ESTIMATES FOR THE D) AND D) OPERATORS
We start with the RHS of Eq. (4.3), i.e.,

1 ®  idw i i o ~ .
Te Z: (24, +1) szAwlf etheas dar, f et 171d‘rlTr{{ (Jels I[U:("'s’ 0)- 1][U:(Ov _TL)T - 1]|]e“': >}
P o o

nd

= —Tcz a]—'lTﬁAwlsz f e'“w 2"s de
ul ¢ 0
x [ enmidn, Te{(io 1[03ry,0) = 1ot + (ol 020, =7)" = 1] Liowsd)
(o]
= (Ge kit [UL(74, 0)T2(0, =7,)T = 1] j )} .
(B1)

Consider the following integral:

f e-Jsz"'a dT3f e‘Aw"T"dTl Tl‘]'_[(]ellél ﬁ{(Tsy O)ﬁ},(o, -Tl)TIje“'éXI
] ]

=f e-lA uz‘rsd,raf eiAul‘rl d,rlf pzdp<]ep';§| eillo‘rs/h e-“l‘ra/hfd:Spll‘ﬁl)('ﬁll
] ]

0
X 30| w2y (ul e Hon /N gt TN iy

ug

i j D 1 . -
= “22 ’l:) Pzdp fd‘ifh(]e“épl (z/h—)(Ea'FE(-f))—H)—zsz l]e“gp,}

e 1 e
X <]e”’e p1I —(l/ﬁ)(E3+E(-§I) —H)+_Z'Aw1 I]e“’e p) . (Bz)

When Aw, > 7;!, we can use a quasimolecular picture for the absorption process and the Franck-Condon
principle then tells us that the internuclear (atom-perturber) translational motion is not changed in the
absorption process. We can then put E(p’) = E(D) in the second resolvent [i.e., in (z —H) '] and remove
the complete set of intermediate states to obtain -
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1

|, P e =BT ms, ~emiE TR ATiAs, P

1 1

— ® : b - 1 3 1
- f P iR, —inw, <’e“8p ((i/ﬁ)[E.,+E<§)—H]-isz FLEmE, +E<ﬁ)-31+mw1)"¢"ef’>

7 1

= (wg — w+i7N) fo pzdp<j,,p.,}p

1
((i/ﬁ)[E,, TE(D) -A)-ibw, ' ~G/M(E, +E(D) —H]+iAw1)

JoiB). ®9)

So this term gives a function of W1dth Y5, Peaked around w=w;, which will appear, therefore, as a mod-

ification Rayleigh scattering.

Using (B3) we can write the complete expression (B1) in the form

(24, +1)

-TcZ (-z'Aw.)(+iAw )f e"AwZTS, def eo(Awl'rl dT;(]'eﬂ-;l TI‘; ([ﬁ{(fa’ 0) - 1]+ [0{(0, —TL)T - 1] :
ué V] L[] A )

__Lz___[ul(o, -r)' =1]

(w - w+iyy)
-Aw,

o s (B, 0) - 1]) )

o (/) g /)
¢ (-tAw,) EAw,)

This argument ignores one important feature of
the problem. The average in (B1) may be ex-
pressed if we use semiclassical wave functions as
integrals over velocity and distance of closest
approach b. The largest contributions to the inte-
gral over b comes from points of stationary phase
of the semiclassical overlap integrals. These
points of stationary phase occur at positions
where the potential can make up the energy defect
7ZAw directly (since the translational motion only
takes up the energy as the collision is completed).
For each trajectory there’are two such positions,
one on the way in and one on the way out. That is
why one obtains a factor of two outside the inte-
gral when one writes y°(Aw) in the quasistatic
limit, i.e., fwice the quantity

f " 4nR%R 8[V(R) -hAw]. (85)

(wg = w+ivy) |\ Aw,

(52 )20 (orrar+ (522 : Moozt ra/2)]
‘ B4)

Remembermg for small 7, that U(r, + 7, + Tgy Ty + Tp)
e T /NI e can for Aw, ~ Aw, express
(B1) in the same form as (B5). We obtain

const X fﬂ 47R%dR 6(V (R) - 1A w,)6(V (R) - FAw,).

(B6)

If 7,>0, i.e., there is any propagation the first 6
function must correspond to absorption on the

way in, and the second to emission on the way out.
This excludes the other three points of stationary
phase that we would pick up by putting 7,=0. We
should expect, therefore, that we would obtain

a better estimate of Dg“) and D‘l‘) if we divided
(B1) by a factor of four.

APPENDIX C: QUASISTATIC LIMIT FOR €! EMISSION OPERATORS

In this appendix we shall discuss the physics of, and give estimates for, the collision operator that
gives the effects of correlation events in emission. We shall concentrate on €!(0, eg, ee, w), which is

given by

e'(0, eg, ee, w) =

‘é‘é‘é . (2]e+1)<]e“‘e](”'l

Tr] (V1 €+iw+L, +S

Ijé“gj(“: »

. 1 =~ .4
X iutsontl g Tibu ) Ao 1
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If we ignore bound states, the effect of the spontaneous emission damping operator, and use an adiabatic
approximation for the coupling to other excited states, we know the following identity holds:

Enm—TV,pl(-w)lJeueJ.;u;‘» exp[-(A° +A ) /kT] - ElyeueJeue))p,(-w)

[ad /]

= Do (RT) = By(kT) .

(C2)

Here, H* H ¢ +H §+V {, where A ¢ is the atomic Hamiltonian for the upper-level manifold, A? is the free-
perturber Hamlltoman, and Vf is the effective interaction with the perturbers when the atom is in the
upper level. (The effective interaction is obtained by making the adiabatic approximation.) This identity

implies

1

® 1 f - . 5 . aw
1 = 2 [ — 3 1 e 2
60, eg, ee, w)—f0 b dp% T R O At rwrserraeprey oy oy [

X (Je b2 Dy | [Pe (BT) = Do T)]| je i D), (C3)

where E(p) =iwg =P,/2m, m being the mass of a perturber. We can use the same method as we did in
paper I to estimate (j, 129, | P.(8T) = Po(*T)| j. i P) [see paper I, Eq. (4.15)]. We find

1 = g TEGD -EG) T

(o2l BOT) = o) s By = o725 47

E(p,) - E(D)

)zl P51t (c4)

Inserting this in (3.37) we find, for Aw=w — w,, <kT /K, that

1

2d,
€' (0, eg, ee, w)Nf p pZ(ZJ +l)<p]e“’el

LAGE+ w— wyp — w5 =

-y /7) llp]cﬂ'e)’ (C5)

i.e., €Y(0, eg, ee, w) = (-v, —zAc)/(kT/h'). Thus the K =0 term for a correlated emission event is negligible
unless Aw 2 kT /7. The physics is the same as we discussed for the corresponding term in absorption

[see Eq. (4.18), paper I].

Now in the wings of the line one can show (as we did in paper II) that it is only the part of (3.37) with
the full density matrix p, that contributes. Thus, we need just

hmf pdp 2 (27 +1)fd pl(p]euJVxﬁ[“"'w Wee

€0 ulu

o (He/ﬁ)]Ijeuff),)(jeuiﬁlbe(kT)Ijeuéf))

1 . 1 (Bl V1| g E(D) +)(e b2 E(D) + |jeke B -5on ar
—}Ef)lf pidp 2 (2]e+l)fd3p1 ) e e

ulu?

—llmf pzd? Z fd3P1 |(Dje el jo 12 E(D’ )+)|

€ =0 Hlie+w=- w,,+w,—w,)

Here'?

1
I]ep'eE(p)*’) !‘}3} (1+E(§)+Ee _He+,i€

02 )liuzy.

F(€+w— Wep + Wy — Wyr)

e BT R (e — z,) ‘ (ce)

Then the real part of the RHS of Eq. (C6) is just the type of overlap integral we should expect to obtain if
we approached the emission problem in the thermal equilibrium case using a quasimolecular picture.
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